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Given finitely many closed convex sets Cy, Co, - - - , Cpy in R™ with

N, Ci # 2. Let xo € R". The sequence of cyclic projections, (Xi)ken,
is defined by

X1 = P~|X0,X2 = PoXy, -+, Xm = Pme,1,Xm+1 = PiXm ...,
where P; denotes the Euclidean projection to the set C;.

Bregman showed that

m
Xk — X0 € ﬂ Ci.
i=1
In this talk, we study

m
how fast (xx)ken converges a point in ﬂ Ci.
i=1
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Notation and definitions

Throughout this talk,
@ R"is a Euclidean space with the norm || - || and the inner product
<'7 >
@ Let C C R”. The interior of Cis int C and C is the norm closure of
C.

@ B(Xp,8) == {x e R" | |x — xo| < 6}.
@ [a]+ := max{a,0}.
@ The distance function to the set C is dist(x, C) := inf.cc || X — C]|.

@ The projector operator to the set C is
Pc(x) :={ce C||ly —c|| = dist(x, C)}.
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Notation and definitions

distc (o) = [l#o = Pe(zo)||

Figure : The projection of the point xp to the set C.

® 53(n) := (|57 is the central binomial coefficient with respect to n.
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Notation and definitions

@ f: R" — R is a polynomial if

)= D Aax®,
0<al<r
where A\, € R, x = (Xy,--- , Xp), X* == x{"" - - - x5", o € NU {0},
and || := E/’-"':1 aj. The corresponding constant r is called the

degree of f.

’A polynomial f is constant on [x, y] = f is constant on aff [x, y]. ‘

@ We say that C is a semi-algebraic convex set if

C:{XGRn|gi(X)§0,i:1,'--,N},

where g; is convex polynomial for every i =1,...,N.
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Notation and definitions

@ From now on we assume that

meN,veN, i=1,....m
9i1,9i2, - ,0i~ areconvex polynomials onR"

Cii= {Xx €R"| gi1(x) £0,g,2(x) < 0.+ , gy (x) < 0}

Pi = Pg,
m

C = ﬂ Ci#9o.
i=1
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Auxiliary results

Fact 1. (Kollar, 1999)

Let g; be polynomials on R" with degree < d forevery i=1,--- . m.
Let g(x) := maxy<j<m gi(x). Suppose that there exists €9 > 0 such that
g(x) > O forall x € B(0,20)\{0}. Then there exist constants ¢,e > 0
such that

1
x|l < cg(x) 70", Vx| < e.

Fact 2. (Li, 2010)

Let g be a convex polynomial on R"” with degree at most d. Let

S :={x]g(x) <0} and x € S. Then there exist constants ¢, > 0
such that

1

dist(x, S) < c[g(x)]* """, V|x - x| <e.
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Theorem 1. (Local error bounds for convex polynomial systems)
Let g; be convex polynomials on R" with degree at most d for every
i=1,--- . mLetS:={xeR"” |gi(x)<0,i=1,---,m}and x € S.
Then there exist ¢, > 0 such that

dist(x. S) < c<maX1g,-§m[g,-(x)1+)T x - x| <,

where [a]. := max{a, 0}, 7 := max { gz=ty7: gnar }» (0 — 1) is
the central binomial coefficient with respect to n — 1 which is given by

([(nrlq;/z])-
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Theorem 2. (H&lderian regularity)
Let & > 0 and K C R” be a compact set. Then there exists ¢ > 0 such
that

m T
dist’(x, C) < C<Zdist9(x, C,-)) . VxeK,

i=1

._ 1 Y I
where 7 := i (B 5o )00 and B(n — 1) is the central binomial

coefficient with respect to n — 1 which is given by ([(n 1 /2])
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Our Main result

Theorem 3. (Cyclic convergence rate)

Suppose that d > 1. Let xo € R” and the sequence of cyclic
projections, (xk)ken, be defined by

Xq = P1X07 Xo 1= P2X1, e, Xm = Pme,1, Xmy1 = P1Xm. R

Then xi converges to x., € C, and there exists M > 0 such that

]
Xk = Xoo| < M2

P Vk € N,

: 1 _
where p := i {@a—Ty1, 25132} and 3(n— 1) is the central

binomial coefficient with respect to n — 1 which is given by ([(n 1)/2])
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von Neumann alternating projection

When m = 2, we can consider the general case where the intersection
of these two sets is (possibly) empty.

We assume that

gi, h; are convex polynomials with degree at most d
A={xeR"|gi(x)<0,i=1,--- . m}
B:={xeR"| h(x)<0,j=1,---,1}

bo € Rn, ak1 = Paby, bk+1 = PBak+1.
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von Neumann alternating projection

Theorem 4. (von Neumann alternating projection)
Assume d > 1. Thena, — ac Aand b, — b e Bwithb—a=v
where v := Pg_,0. Moreover, there exists M > 0 such that

~ 1 1
llax — a|| < Mﬁ and ||bx, —b| < Mﬁ’ Vk € N,

- 1 . .
where p := i {@a—Ty1, 25 1ya2) and 5(n— 1) is the central

binomial coefficient with respect to n — 1 which is given by ([(n 1)/2])

Remark 1. The intersection of these two sets A and B is (possibly)
empty.
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Examples and Applications

Example 1.
Let

Ci={(x,y) eR? | (x+1)2+y?>—1<0}

Co={(x,y)eR? | x+y—1<0}

Cs:={(x,y) eR? | (x =12 +y?>—-1<0}

Cs:={(x,y) €R®? | x + (y +2)> -4 <0}.
Take X9 € R2. Let (Xx)xen be defined by

X = P1X0, Xo = /:,2X17 X3 1= P3X2, X4 = P4X3, X5 = P1X4 C

Then [x| = O(-).
k6
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Examples and Applications

Example 2.
Let > 0 and

A:=(-1,0)+B(0,1) and B:={(x,y) e R?| -x+a<0}.
Let (ax)ken and (bk)ken be defined by
bo € R?, i1 := Pabk, biy1 = Pgaky1.
Then for every k > 2
t
by = (o ‘ )
V(a6 4 2521 4 )
o+ 1

: ; |
\/(a +1)2+ (1+a)2k=D 12 YK 2((14a)?

t
SEGI

\/(1 +a)k 4 2K ((1+a)

ak+1=(—1+
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Example 2 continued

Consequently,

If « =0, ax — 0 and by — («, 0) at the rate of K~z
if o # 0(then AN B = ©),

ax — 0 and by —> («, 0) at the rate of (1 + a)*.

Remark 2.

According to Theorem 4, we can only deduce that (ax)ken in
Example 2 converges to (0,0) and (byk)xen converge to (a, 0) at the
rate of at least of k5.
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Examples and Applications

Example 3.
Let

={(x,y) eR?| (x+1)?+y*-1<0}
={(x,y)eR® | (x—1)2+y? -1 <0}.

Let (xo, o) € R? and (xx, yx)ken be defined by

(X1, ¥1) :== Pa(x0, ¥0), (X2, ¥2) := PB(X1, 1), (X3, ¥3) := Pa(X2, y2),

Figure 2 depicts the algorithm’s trajectory with starting point (0, 2).
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Example 3 continued

Figure : The iteration commencing at (0, 2).
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Example 3 continued

Since (X, yk) € bdry AU bdry B, r := /X2 + y? satisfies r? = 2a,
where oy = |xk|. Hence

A tak
S+ 4y,

Linearizing the above equation, set wy := 4ay to obtain

1— k1 =

1 1 1
~ 1— h - = .
Wit ~ W( wg) and then Werr  We - T— W

When summing and dividing by N, leads to

N—1
im —— = lim L — L lim 1
N—oo NWN N—oo \ Nwy NWO N N—>oo 1-—
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Example 3 ended

Then we have
XE + y2 ~ L
kT Yk ok
Hence (xx)ken and (yk)ken converge to 0 and at the rate of k3.

Remark 3.
According to Theorem 4, we can only deduce that (xx)ken and (Y« )ken
in Example 3 converge to (0, 0) at the rate of at least of k3.
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Examples and Applications

Example 4.
Let A, B be defined by

A={(x,y)eR?|x<0} and B:={(x,y) eR?|y?—x <0}.
Let byp € R x Ry with||bg|| < 1, and (ax)ken, (bk)ken be defined by
k41 = Pabyk, bki1 = Ppakys.

Then

(ak)ken and (bk)ken converge to 0 at the rate of at exactly of k2.

Remark 4.
According to Theorem 4, we can only deduce that (ax)ken and (bx)ken

in Example 4 converge to (0, 0) at the rate of at least of k3.
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Conclusion and questions

@ Our explicit examples show that, in general, our estimate of the
convergence rate of the cyclic projection algorithm will not be tight.
It would be interesting to see how one can sharpen the estimate
obtained in this talk and get a tight estimate for the cyclic
projection algorithm.

@ Can we extend the approach here to analyze the convergence
rate of the Douglas-Rachford algorithm?
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Thanks for your attention

Thanks for your attention.
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