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Using lx + yl S!le + |y|, show that |x~y| €§|x~zi + Iz—y|.
Show that dl(x,y) = lx—yl is a metric on R.

{(i.e. Verify that dl satisfies Miyooo M
Sketch the following subsets of R:

W)

A

{y: 4, (0,3 <1}, {y: qa,(,y) =1}

2}

di{x,y) = {O ifx=y is a metric on R.

1 if x £ vy

Sketch the following sets {y: ato,y) < 1}
{y: a(0,y) =1}
{y: d(o,y) = 2}
Let x = (xl,xz) be an element of R?
d(x,y) = max{|x; - y;[, Ixz - yzl}
Sketch the sets {(1,y): 4((0,0), (1,v)) = 1}
{(x,v): d((0,0), (x,y)) = 1}
{{x,v): d((1,1), (x,v)) = 1}
{(x,y): d((1,1), (x,v)) = %}

Sketch the region where: d({x,y) <1, when X lies in the line segment

x = (0,a), |a] < 1

Repeat Q3 for the metrics

d']_ (}f'g) = le_yll + |x2_Y2l

It

dy (5,y) = Y(x-y )2 + (%,-y,)7



METRIC SPACES - TUTORIAL SHEET 2

1. Define [[xll = max{|x1|, |x2[} for x = (x;,%;) ¢ R2.

(a) Show that .l is a norm on R?

(b) Sketch the sets {§: H%H = A} for various values of A.
How are these sets similar?
Is this the behaviour yvou would expect for every norm?

(Consider n3.)

(c) Sketch the sets {x: |§-y0“ = A} for a fixed Y

0
How are these related to the sets in (b).

2. For the discrete metric, di{x,vy) = (0 if x=Y
{l ifFx #y
Here x = {x_,x_) € RZ.
- 172
Sketch d(x,0) = &, and d(g,g) = ) for various values of A.

Compare these sketches with @1 (b) and (c)}.

Prove that the discrete metric cannot be induced by a norm.
3. P1[0,l] iz the linear space of all polynomials of degree 1, i.e. things
like p(x) = ax + b, x ¢ [0,1].

Define llpx)ll = Max [P(x)l-
o xe[ 0,11

{(a) Show that |.|Im is a norm on Pl[O,l] {sketch things in most cases).

(b} Describe (by a sketch, or in words) the sets

Hp(x)”m =1, [[p(x)llOo <1,
HP(X)-—x”m =1.

4. Try a similar thing when the norm is
1
”P(x)ﬁ1 = [ |p (x) | ax.
0
Part () is more difficult to describe.
5., Define d({x,y} = {0 ifx=1v
| x]+]y] x £y

(x,¥vy £ R)
Show that it is a metric on R,
(a) Sketch the sets
d(x,0) <1, di{x,0} <2, ...
and describe di{x,0) = A.



{(cont'd)

3
(b) Sketch d(x,1) =1, d{x,1) 45, 2, ...

and describe d(x,1) < A

(d) Finally describe d(x,v) < A.

In view of the properties of a norm {e.g. the pictures in QI1), do

you expect this metric can be induced from a norm?

e () —g Gl
1+ Hp(x)—q(x)!!m

Define dip(x),gi{x)) =

where ”p(x)”m is the norm from 03.
Show that d(p(x),{g(x)) is a metric on p,[0,1].

Sketch the sets di{p(x),0) <
d(p(x),0)
d{p(x},0) <
dip(x),0) = 2

Il
ol

Nl

show that d(p(x),g(x)) is not induced by any norm.

Prove your conjecture.




2.
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In the space Pl[O,l] with norm ”p(x)”w defined as in Q.3 of Sheet 2,

define
(x) =1 +=
Pn n
{a) Compute Hpn(X)“oo
”pn(x) - pm(x)ﬂm
(b) Show that {pn(x)} is a Cauchy Sequence
(e) Compute [fpn(x)-lllm and show that {pn(xj} is convergent.

What is the limit of {pn(x)}?

C[0,1] is the set of continuous functions on the closed interval [0,1].

llf(x)llDO = max lf(x)[ is a norm on this space.
xel[0,1]

Find sequences of elements qn(x) in €[0,1] such that an(x)ﬂm < 1 and

qn(x) converges to

(a) g(x) = -1 + x
(b) gix) = x2
{c) g(x} = sin =wx .

(Note that every element of Pl[D,l] iz in c[0,1].

Let X be the class of all finite subsets of R. (The empty set is one of
these subsets.) For any x, v € X define do(x,y) to be the number of
elements in the symmetriec difference x A yv. [x A y=(xny')u (ynx")]

dn is a metric. (Show this.)

{a) Take a sequence of elements X € X convergent to y € X. Can X differ

from y for all values of n? (Notice that do(x,y) can only take integer

values.}

{b) Does the sequence

1 2 -
X1={l}1 xz"—"{li.r 1}r reay X ={—, 1 . ’n_';"" 1}, e

n n’ n v n

converge?

{c) Let {xn} be a Cauchy secquence in X. Does it converge? (Refer to (a}.)

Is the space ¥ with this norm, complete?



4,

Consider the set of continuous functions on [0,1] that look like

)4 /{;Ul)

Kinl

¢ T ¥

2

n 1
J |f(x)|dx, does the sequence fn(x) converge?
0

(a) Using |l £(x)|

(b} Using I £ (=)l max 'f(x)|, does {fn(x)} converge?

xc[0,1]



