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A GEOrlETRI CALLY ABERRANT BANACH SPACE 

WITH ?JOWL STRUCTURE 

An example i s  g iven  o f  a  Banach space  wi th  normal s t r u c t u r e  which 

does not  s a t i s f ' y  t h e  geometr ica l  cond i t i ons  commonly expected  t o  

be r e l a t e d  t o  normal s t r u c t u r e .  

A Banach space  i s  s a i d  t o  have n o m z  s t r u c t u r e  i f  f o r  each non- 

t r i v i a l  bounded convex subse t  K t h e r e  e x i s t s  a  po in t  p e K such t h a t  

sup{llp-XI( : x € Kl < diam K . 
A Banach space  i s  s a i d  t o  have mfformzy n o m Z  s t r u c t u r e  i f  t h e r e  e x i s t s  a  

0 < k < 1 such t h a t  f o r  each bounded convex subse t  K t h e r e  e x i s t s  a  

poin t  p e K such t h a t  

sup{llp-x/( : x e K] i k diam K 

Normal s t r u c t u r e  was in t roduced  by Brodski i and M i  lrnan [ 2 ]  and has been 

s i g n i f i c a n t  i n  t h e  development o f  f i x e d  p o i n t  t heo ry .  A r e c e n t  survey of  

r e s u l t s  on normal s t r u c t u r e  has been g iven  by Swarninathan [ 1 1 ] .  

Considerable r e sea rch  has  been d i r e c t e d  i n t o  f i n d i n g  geometr ica l  

cond i t i ons  which imply normal s t r u c t u r e .  

A Banach space  i s  s a i d  t o  be unfformZy ro tund  i f  f o r  any given E > 0 

t h e r e  e x i s t s  a  6 > 0 such t h a t ,  f o r  X ,  y  , 1 = y = 1 , 11x-y1/ < E 
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when 1lx+yl > 2 - 6 ; such a space has uniformly normal s t r u c t u r e ,  C51. 

A Banach space i s  s a i d  t o  be uniformly rotund i n  every direction i f  

f o r  any given z # 0 and E > 0 t h e r e  e x i s t s  a 6 ( E ,  z )  > 0 such t h a t  

/ A (  < E f o r  X ,  y , llxli = liyil = 1 and x - y = Az when llx+yll > 2 - 6 ; 

such a space has normal s t r u c t u r e ,  [ d l ,  but  not  n e c e s s a r i l y  uniformly 

normal s t r u c t u r e ,  [ b l .  

A Banach space i s  s a i d  t o  be weakly uniformly Kadec-Klee i f  t h e r e  

e x i s t s  an E < 1 and a 6 > 0 such t h a t  f o r  every sequence (xn! , 

Ixnll 5 1 which converges weakly t o  x and inf{llxn-xmcm)( : m # n }  Z E we 

have ilxll 5 1 - 6 . Van Dul s t  and S  ims have r e c e n t l y  shown t h a t  such a 

space has weak norm2 structure,  t h a t  i s ,  t h e  normal s t r u c t u r e  proper ty  

holds  f o r  weakly compact convex s e t s ,  [721. 

A Banach space i s  s a i d  t o  be ZocalZy uniformzy rotund i f  f o r  any given 

x , 11x1 = 1 and E > 0 t h e r e  e x i s t s  a 6 ( ~ ,  x )  > 0 such t h a t  12-yll < E 

f o r  ilyll = 1 , when Ilx+yll > 2 - 6 . Smi th  and T u r e t t  have r e c e n t l y  

provided an example o f  a r e f l e x i v e  l o c a l l y  uniformly ro tund  space which 

does not  have normal s t r u c t u r e .  [lo].  

I n  t h i s  paper we give an example o f  a r e f l e x i v e  Banach space which 

l a c k s  a l l  o f  t h e s e  geometrical  p r o p e r t i e s  but  which does have normal 

s t r u c t u r e .  

I n  o rde r  t o  produce an example o f  a d iscont inuous  me t r i c  p r o j e c t i o n  

Brown devised  a geometr ica l ly  i n t e r e s t i n g  equ iva len t  renorming o f  H i l b e r t  

sequence space z 2  , [31. Given n a t u r a l  b a s i s  e n  and w r i t i n g  

and 

Mk 5 sP{el, e k }  f o r  k z 3 , 

l 2  can be given an equivalent  ro tund norm ( 1 . 1 1  such t h a t  i t s  r e s t r i c t i o n  

2 
t o  M remains t h e  o r i g i n a l  2 -norm / 1 - 1 1 2  and i t s  r e s t r i c t i o n  t o  Mk is  

an ~ ~ ( ~ - n o r r n  h e r e  p ( k )  + a s  k + . 
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Brown's space i s  not  uniformly rotund i n  every  d i rec t ion .  For 

xk (e +e ) / l ie  +e I and y k  = (-e +e )/lI-e +e 1 1  , 1 k  1 k  1 k  1 k  

2 x k -  yk ==-  e and l/xk-yk/l + 2 as k + m 
2 1 / p ( k )  1 

but  

B r o w ' s  space i s  no t  weakly uniformly Kadec-Klee. For 

xk - (el+ek)/  Iel+eklJ and any y 5 1 %en , 

S O  t h e  sequence { X  converges weakly t o  e 
1 ' 

But 

C 'f2 as k , l + r n .  

However, ( l / d F )  /(x(I2 5 l(xll 5 ( / x / ( ~  for  a11 x C l2  so 

l i m  i n f  Ilx -x  1 1  1 1 . 
k,Z- k 2 

There fore ,  for  every  0 < E < 1 , 

l i m  i n f { / x  - x  ( 1  : k # I }  2 E ; k 2 

b u t  J ( e l ( (  = 1 . 

Bmwn's space i s  n o t  loca l l y  uniformly m t m d .  For 

xk ' ( e l f e k ) / l e l + e k / l  3 
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But 

Nevertheless,  as  a r e f l e x i v e  Banach space conta in ing a H i l b e r t  subspace o f  

codimension one, Brown's space does have normal s t r u c t u r e  a s  i s  evident  

from t h e  following genera l  r e s u l t .  

LEMMA. If a Banach space X con ta ins  a c losed  subspace M of f i n i t e  

codimension wi th  wliformly n o m 2  s t r u c t u r e  then X has norma2 s t r u c t u r e .  

Proof.  S ince  M has uniformly normal s t r u c t u r e  it i s  r e f l e x i v e ,  [ 9 ] ,  

and s ince  X conta ins  a r e f l e x i v e  subspace o f  f i n i t e  codimension it too  i s  

r e f l e x i v e .  Suppose t h a t  X does not  have normal s t r u c t u r e .  Then by t h e  

c h a r a c t e r i s a t i o n  theorem of B r o d s k i i  and Milrnan [21, t h e r e  e x i s t s  a weakly 

compact convex subset  K conta in ing a sequence {xn} such t h a t  

d ( ~ ~ + ~ ,  C O { X ~ ,  . .. , xn]) + diam K as n + m . 

Subsequences of {xn} sa t is f 'y  t h i s  proper ty  s o  we may, by weak compactness 

assume t h a t  {xn} converges weakly; by t r a n s l a t i o n  we may assume t h a t  

{xn} i s  weakly convergent t o  0 ; by s c a l i n g  we may assume t h a t  

diam K = 1 . Consider a l i n e a r  p ro jec t ion  P from X onto M . Since 

{xn} converges weakly t o  0 s o  {xn-~xn} i s  convergent t o  0 i n  t h e  

f i n i t e  dimensional complement o f  M . 
Given 0 < k < 1 t h e  constant  a s soc ia t ed  with t h e  uniformly normal 

s t r u c t u r e  o f  M , choose 0 < E < ( I -k ) /b ( l+k)  . Then t h e r e  e x i s t s  a v 

such t h a t  
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Consider K' : co{x : n > V }  . Now K' has  t h e  diarnetmZ prope r ty  t h a t ,  n 

f o r  any x C K' , 

sup(llx-yll : y C K ' )  = diam K' = 1 . 
Since  I ~ X - P X ~ ~  < E f o r  a l l  x C K' , it follows t h a t  diam P(K' )  5 1 + 2E . 
From t h e  uniformly normal s t r u c t u r e  o f  M t h e r e  e x i s t s  a p C K '  such 

t h a t  

IjPp-PxII 5 k ( 1 + 2 ~ )  f o r  a l l  x C K' . 
2 u t  t h e n ,  f o r  a l l  x C K' , 

xnd t h i s  c o n t r a d i c t s  t h e  d i ame t r a l  p rope r ty  o f  K' . 
Berna I  and Sul I  i v a n  have r e c e n t l y  provided  a cond i t i on  under which an 

s q u i v a l e n t  renorming o f  H i l b e r t  space  has normal s t r u c t u r e ,  [ I  1. Given a 
.. . 
: ~ l l b e r t  space (1, I *  1 1 2 )  and a norm ( 1 ' 1  on X such t h a t  

I 
IlxIl2 5 llxl r 1 1 ~ 1 1 ~  f o r  a l l  x C X 

-*-here 1 5 B < fi , t hen  t h e  Banach space ( x ,  I I a I ( )  has  normal s t r u c t u r e .  

'!-wevery Brown's renorming o f  H i l b e r t  space  has B = fi and i s  t h e r e f o r e  

--1 example which shows t h a t ,  f o r  equ iva l en t  renormings o f  H i l b e r t  space t h e  
L ::erna I-Su l  l i van cond i t i on  i s  not  necessary  f o r  normal s t r u c t u r e .  

As a r e f l e x i v e  Banach space  con ta in ing  a c lo sed  subspace wi th  

: iscontinuous me t r i c  p r o j e c t i o n  it can be deduced i n d i r e c t l y  from Fan and 

/ I  i c k s b e r g  C61 t h a t  Brown's space l a c k s  a v a r i e t y  o f  geometr ica l  

r o p e r t i e s .  Brown's space  has  a l s o  been used by Gi 1 es C71 t o  demonstrate 

:ne r e l a t i o n s h i p  between geometr ica l  p r o p e r t i e s  used by V ~ ~ S O V  i n  t h e  

~ 3 n v e x i t y  o f  t h e  Chebychev s e t  problem. 
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