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A characterization of 
Banach-star-algebras 
by numerical range 

Brailey Sims 

It i s  known t h a t  i n  a  B*-algebra every s e l f - a d j o i n t  element i s  

h e r m i t i a n .  We g i v e  a n  elementary proof  t h a t  t h i s  c o n d i t i o n  

c h a r a c t e r i z e s  B*-algebras among Banach*-algebras. 

By A we mean a  complex Banach*-algebra w i t h  a  one,  e  , where 

llel = 1 . Following F . F .  Bonsall [ 2 ]  we d e f i n e  t h e  aZgebra nwnericaZ 

range  of  an element a  6 A by ~ ( a )  = { f ( a )  : f C ~ ( e ) )  , where ~ ( e )  

i s  t h e  s e t  of  normalised s t a t e s  of A , t h a t  i s  

We say t h a t  an element h  f A i s  seZf -ad jo in t  i f  h = h* , and fo l lowing  

G .  Lumer [3] we say t h a t  h  i s  hermi t ian  i f  ~ ( h )  C R . Furthermore we 

c a l l  h  p o s i t i v e  hermi t ian  i f  V(h)  c [ o ,  m )  . 
G .  Lumer C31 has  proved t h a t  i n  a  Bh-algebra every s e l f - a d j o i n t  

element i s  h e r m i t i a n .  By improving a r e s u l t  o f  I .  Vidav [ t i ] ,  T.W. Palmer 

[4] has  shown t h a t  t h i s  p r o p e r t y  c h a r a c t e r i z e s  Bh-algebras  among 

Banachh-algebras . 
The aim o f  t h i s  paper  i s - t o  f u r n i s h  a  s impler  proof  o f  Palmer 's  

r e s u l t .  More p r e c i s e l y  we e s t a b l i s h  t h e  fo l lowing  theorem. 

THEOREM A. A i s  a  Bh-aZgebra if and onZy if every seZf-adjoint  
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element o f  A i s  hermit ian.  

Palmer a c t u a l l y  shows t h a t  a  Banach a l g e b r a  i n  which every element a 

has  a  decomposition a = u + i v  , where u and v a r e  h e r m i t i a n ,  i s  a  

B L a l g e b r a .  However i n  t h i s  c a s e  a I-+ a" u - i v  d e f i n e s  a n  i n v o l u t i o n  

[ t i ,  H i l f s s a t z  2 c l  f o r  which every  s e l f - a d j o i n t  element i s  h e r m i t i a n ,  a s  i n  

Theorem A. 

A . M .  S i n c l a i r  C71 has proved t h e  remarkable e q u a l i t y  

( a )  v ( h )  = lihl , f o r  a l l  h e r m i t i a n  h C A . 
Using t h i s  we show t h a t  every  s e l f - a d j o i n t  element i s  h e r m i t i a n  i f  and 

on ly  i f  t h e  square  of  every  s e l f - a d j o i n t  element i s  p o s i t i v e  h e r m i t i a n .  

This  equ iva lence  and S i n c l a i r ' s  r e s u l t  p rov ide  t h e  e s s e n t i a l  t echniques  

f o r  our p r o o f .  

It i s  w e l l  known [L'] t h a t  t h e  spectrum, U ( a )  of any element a , i s  

con ta ined  i n  t h e  numerical  range of  t h a t  element. Def in ing  t h e  s p e c t r a l  

r a d i u s  of a by v ( a )  = sup{lX/ : 1 C u ( a ) }  , and s i m i l a r l y  t h e  numerical  

r a d i u s  of a by w ( a )  = sup{ l X I  : C V ( a ) )  , we t h e r e f o r e  o b t a i n  t h e  

i n e q u a l i t y  

( b )  v ( a )  5 w ( a )  , f o r  a l l  a C A . 
H.  Bohnenblust and S .  Karl in  [ I ,  p.  1291 have proved t h e  fo l lowing  

i n e q u a l i t y  between t h e  norm and t h e  numerical  r a d i u s .  

( c  
1 ; ilail 5 w ( a )  5 //all , f o r  a l l  a 6 A . 

We now i n v e s t i g a t e  p r o p e r t i e s  of  A when every s e l f - a d j o i n t  element 

i s hermi t  i an.  

LEMMA 1 .  I f  every s e l f -ad jo in t  element o f  A i s  hermit ian,  then: 

l i )  every hermit ian element i s  se l f - a G o i n t ;  

(ii) V(a" = m ,  for a l l  a C A ; 

l i i i )  t he  i nvo lu t ion  U s  continuous. 

Proof.  Take any f  C ~ ( e )  and a C A , l e t  a = u + i v  , 
a* = u - i v  ( u ,  v s e l f - a d j o i n t )  t h e n  

( i )  i f  a i s  hermi t ian ,  f ( a )  = f  ( u )  + i f ( V )  C R , t h e r e f o r e  

f ( v )  = O  , a l l  f  C ~ ( e )  , so  w ( v )  = 0 and hence by ( c ) ,  
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v  = 0 and a  = u  , which i s  s e l f - a d j o i n t ;  

( i i )  ? ( a * )  = f ( u )  - i f ( v )  = f ( u )  + i f ( v )  = ? ( a )  C , t h e r e f o r e  

V ( a * )  5 and by  symmetry ~ ( a * )  = V(a) ; 

( i i i )  from ( i i )  w ( a )  = w ( a * )  and consequent ly ,  by  ( c ) ,  

LEMHA 2 .  The s e l f - a d j o i n t  elements o f  A are hermit ian i f  and only 

i f  the  square o f  every s e l f - a d j o i n t  element o f  A i s  p o s i t i v e  hermit ian.  

P r o o f .  Let t h e  square o f  every s e l f - a d j o i n t  element o f  A be  

pos i t i v e  hermi t ian;  t h e n  f o r  any s e l f - a d j o i n t  h  C A and f  C D ( e )  , 
f ( h )  = f ($(h+e) '-$hL-;e)  . There fore  

f ( h )  = $ f ( ( h + e ) 2 )  - i f ( h 2 )  - C R and so V ( h )  c R . 
Let every  s e l f - a d j o i n t  element be hernii t ian.  Clear ly  we need only 

consider s e l f - a d j o i n t  h  w i t h  ~ ( h )  C 1  ; t h e n ,  s ince  v ( h 2 )  C 1  , we 

have U ( h 2 )  5 [ o ,  11 . Hence ~ ( e - h 2 )  5 [ 0 ,  11 and t h e r e f o r e  

~ ( e - h 2 )  5 1  . By ( a )  and ( b ) ,  v ( k )  = w ( k )  f o r  any s e l f - a d j o i n t  k  C A . 
Hence it fo l lows  t h a t  f o r  any f  C ~ ( e )  , 

and t h e r e f o r e  f  ( h 2 )  1 0  . / / 

LEMMA 3. I f  every  s e l f - a d j o i n t  element  of A  i s  hermit ian,  then  

l l~ i l / 1x* (  C 41ixx*11 f o r  a l l  x  C A , ( t h a t  i s ,  A  i s  an Arens*-algebra). 

P r o o f .  Let x  = u + i u  , x * =  u  - i v  ( u ,  v  s e l f - a d j o i n t ) ;  t h e n  

xx* + x*x = 2uL + 2v2 . F O ~  any f  c ~ ( e )  , by  Lemma 2 ,  f ( u 2 ) ,  f ( v 2 )  1 0 , 
so we have 2 f ( u 2 ) ,  2 f ( u 2 )  C 2 ( f ( u 2 ) + f ( V 2 ) )  = f ( x x*+x*x )  and t h e r e f o r e  

2max{w(u2) ,  w ( v 2 ) }  5 w(xx*+x*x) w ( x x * )  + w ( x * x )  . 
But 

and 

w ( u 2 )  = v ( u 2 )  = v ( u ) ~  , ( s i m i l a r l y  f o r  0 )  , 

by ( a )  and [ 5 ,  Lemrna 1.4.171. 
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Therefore ,  

(max{v(u), v ( v ) ) J 2  5 V(XX*) = IIXX*II  . 
F u r t h e r  

~ I ~ * I I ,  I I ~ I I  5 llull + livli = v ( u )  + v ( v )  -r 2maxIv(u) ,  v ( v ) )  , 

 emma ma 2  ( i i i ) )  t h e r e f o r e  

Combining t h e s e  i n e q u a l i t i e s  we have, 

llxll!lx*ll 5 41lxx*Il . / / 

S. S h i r a l i  and W . N .  Ford C61 have proved t h a t  A i s  symmetric, t h a t  

i s ,  -1 { ~ ( x x * )  f o r  any x E A , provided a ( h )  c R f o r  a l l  s e l f - a d j o i n t  

h  E A . We show t h a t  when every  s e l f - a d j o i n t  element of A i s  h e r m i t i a n ,  

t h e i r  proof may be shor tened ,  a s  i n  t h e  fo l lowing  lemma. 

LEMMA 4. If every s e l f - a d j o i n t  e lement  of A i s  hermi t ian  then A 

i s  s y m e t r i c .  

Proof .  For any f E D ( e )  , by Lemma 2 ,  

~ ( x x * )  + f ( x * x )  = 2 f ( u 2 )  + 2 f ( v 2 )  2 0 ( u ,  v  a s  i n  Lemma 3 )  

so  ~ ( x x * )  l - f ( z *  x )  . Therefore  i f  A i 0 , A C U(X*X) = ~ ( x x * )  t h e r e  

e x i s t s  f E D ( e )  such t h a t  ~ ( x x * )  1 -A  2 0 . Hence 

But 

sup{f (xx*)}  = supCA : A C ~ ( x x * ) )  , 

o t h e r w i s e ,  f o r  a > / x x * ) /  , we would have 

w ( w + n * )  = s u p { f ( w + x x * ) }  # sup{A : A C a ( w + x x * ) )  = v ( w + x x * )  

c o n t r a d i c t i n g  ( a ) .  Therefore  sup{A : A E ~ ( x x * ) )  2 -inf{A : A C ~ ( x x " }  

t h u s  e s t a b l i s h i n g  t h e  r e s u l t  of C6, Lemma 51. The r e s u l t  now fo l lows  by 

t h e  r e a s o n i n g  of [6,  S e c t i o n  3, p .  2781. / /  

LEMMA 5.  If every  s e l f - a d j o i n t  e lement  of A i s  hermit ian,  then, 

f o r  an e q u i v a l e n t  renorming, A is a B*-algebra. 

Proof. From Lemmas 2 and 1 ( i i i ) ,  we have by C5, Theorem 4.7.31 t h a t  
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f ( x x A )  3 0 (f C ~ ( e ) )  whenever ~ ( x x * )  c [ 0 ,  , but i f  -ti2 C ~ ( x x * )  , 

then  -1 C a ~ - ~ ~ ( d - ~ ~ ) ~ ]  , cor l t rad ic t ing  lemma 4. Therefore  f ( u A )  2 0 , [ 
f o r  a l l  f C ~ ( e )  , i n  which case  t h e  Cauchy-Schwartz i n e q u a l i t y ,  

I f (~? j*)1~  5 f ( x x * ) f ( y y A )  , holds  [ 5 ,  4.5 ( 2 ) 1 .  Using t h i s  and ( a )  i t  i s  

e a s i l y  v e r i f i e d  t h a t  lxli: = IlxxAil = ~ ( x x * )  = sup{f (ax*)  : f C D ( e ) }  i s  a  

norm on A s a t i s f y i n g  / X I ) :  = / x x * ~ ~  . But 

by Lemmas 3 and 1 ( i i i )  ; a l s o ,  

iIxxAll 5 l~xl l l~x*~i  5 e1lxil2 , 

by Lemma 1 ( i i i l .  So 

t h a t  i s  1 1  [ l o  and I /  / I  a r e  e q u i v a l e n t .  / /  

COROLLARY 5.1.  The two norms of Lenrma 5 a g r e e  on t h e  s e l f - a d j o i n t  

e  lements . 
Lemma 5  a l s o  fo l lows  froni a  r e s u l t  of B. Yood [ 9 ,  Theorem 2.71.  For 

i f  every  s e l f - a d j o i n t  element h  of A i s  h e r m i t i a n ,  t h e n  i t s  spectrum 

i s  r e a l  and by ( a )  (Ihl = v ( h )  . However, because of t h e  a d d i t i v e  

p r o p e r t i e s  of  t h e  numerical  range  we have been a b l e  t o  g i v e  a  more conc ise  

and r e v e a l i n g  proof .  

We now i n t r o d u c e  t h e  fo l lowing  Lemma, which i s  i m p l i c i t  i n  t h e  work 

of Palmer  [41 .  

LEMMA 6. I$ A i s  a  B*-algebra i n  an e q u i v a l e n t  norm , such 

t h a t  f o r  a l l  s e l f - a d j o i n t  e lements  h  of A , h l r  = h I l o  , then A i s  a  

B*-algebra i n  t h e  g i v e n  norm. 

Proof .  S ince  A w i t h  / i l o  i s  a  B*-algebra, by [4, Lemma 11 i t s  

u n i t  b a l l ,  Bo = {x C A : i/xllo 5 1 )  i s  t h e  c losed  convex h u l l  of t h e  s e t  

of e lements  of t h e  form e x p ( i h )  , where h  i s  h e r m i t i a n .  By [ 8 ,  

H i l f s s a t z  11, l e ~ ~ ( i h ) ~ l  = 1 so Bo c B , t h a t  i s  llxl/ 5 ~ l x / ~ ~  , f o r  a l l  
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x 6 A ; t h e r e f o r e  / IxxX*(/  5 ilx111lx*1 5 ~ ~ X J ( ~ / / X * / ~  = ( / x ~ * 1 1 ~  = / ( x x X *  and s o  

A w i t h  / I  1 i s  a  B L a l g e b r a .  / /  

Combining Lemma 6 wi th  Lemma 5 and C o r o l l a r y  5 . 1  we o b t a i n  t h e  

s u f f i c i e n c y  i n  Theorem A. Necess i ty  fo l lows  from [ 3 ,  Lemma 201. 

As i n  [ T O ,  Corol la ry  11 Theorem A can be s t a t e d  i n  t h e  a p p a r e n t l y  

s t r o n g e r  form: 

THEOREM A' .  A i s  a B*-algebra i f  and only i f  the  s e t  o f  hermit ian 

s e l f - a d j o i n t  elements of A i s  dense i n  the s e t  of  s e l f -ad jo in t  elements.  

Since  t h e  s e t  of  s e l f - a d j o i n t  e lements  i s  c losed  i n  A , it i s  

s u f f i c i e n t  t o  e s t a b l i s h  t h e  fo l lowing  lemma. 

LEMMA 7 .  The s e t  of  hermitian elements of  A i s  closed.  

Proof .  Let { h  1 be  any sequence converging t o  h , with  n 

v ( h n )  C R , f o r  a l l  n . For any E > 0 t h e r e  e x i s t s  PJ s o  t h a t  

llh,-hll 5 E whenever n 1 1 V  . I f  A C V ( h )  then  A = f ( h )  f o r  some 

j C D ( e )  . Let An = f  (h,) f o r  a l l  n , t h e n  

/ A,-A I = 1 f  (hn-h) I 5 jlh -hi1 i E f o r  n l N . So A i s  t h e  l i m i t  of a  

sequence of  r e a l  numbers and t h e r e f o r e  A i s  r e a l .  / /  

[Added 16 November 19701. We g i v e  a n  example t o  show t h a t  

I f  every h e m i t i a n  e l emen t  i s  s e l f - a d j o i n t ,  then A i s  not 

necessar i ly  a B*-algebra even under equivalent  renorming. 

Let X = I: and t a k e  A = L ( X )  , a l l  t h e  2 x 2 m a t r i c e s  wi th  

complex e n t r i e s .  

I f  a = k:: ] i s  such t h a t  ~ ( a )  c R , t h e n  it i s  w e l l  known 

[ 2 ]  t h a t  fx(arc) C R f o r  a l l  x C X w i t h  ( / X I /  = 1 and a l l  f x  C X X *  such 

t h a t  f X ( x )  = J\f l(  = 1 . Let x = ( 1 ,  0 )  ; then  f x  = ( 1 ,  0 )  and so  

f x ( m )  C R i m p l i e s  t h a t  a l l  C R . S i m i l a r l y  a22 C R . 
Now choose x = ( 1 ,  A )  f o r  any complex A where 0 < 1 1 < 1 . Then 

f  = ( 1 ,  0 )  , f ( m )  = a l l  + a12A C R and t h e r e f o r e  a12 = 0 . S i m i l a r l y  x 



a1 = 0  . I t  fo l lows  t h a t  a C A i s  h e r m i t i a n  i f  and only i f  

a = E  4 f o r  a , B c R .  

Define t h e  i n v o l u t i o n  * on A by 

t h e n  every h e r m i t i a n  element i s  s e l f - a d j o i n t  ( b u t  no t  c o n v e r s e l y ) .  

However * i s  n o t  p roper  ( t h a t  i s  aa" 0  does not  imply a = 0 )  ; f o r  

example t a k e  a = i] ; and s o  A cannot be a  B*-algebra f o r  any norm. 
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