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Summary. Let X be a Banach space, C a closed subset of X ,  and T  : C -+ C a non- 
expansive mapping. Conditions are given which assure that if the fixed point set F ( T )  of 
T  has nonempty interior then the Picard iterates of the mapping T  always converge to a 
point of F ( T ) .  If T  is asymptotically regular, it suffices to assume that the closed subsets 
of X are densely proximinal and that nested spheres in X have compact interfaces. Such 
spaces include, among others, those which have Rolewicz's property ( P ) .  If X has strictly 
convex norm the asymptotic regularity assum tion can be dropped and the nested sphere 
property holds trivially. Consequently the re ult holds for all reflexive locally uniformly 
convex spaces. 

9 

1. Preliminaries. In 1979 J.  Moreau [13] proved that if C is a closed 
subset of a Hilbert space H, if T : C + C is nonexpansive, and if the fixed 
point set F ( T )  of T has nonempty interior, then for every x E C the Picard 
iterates of T at x converge strongly to a point of F ( T ) .  Subsequently B. 
Beauzamy observed that this result also holds in uniformly convex spaces; 
see e.g., [7, pp. 219-2221, for a proof. In this note we show that this fact 
extends to reflexive locally uniformly convex spaces. We also show that if 
either C is convex or T is asymptotically regular, similar results hold for 
spaces satisfying Rolewicz's property ( P ) .  

We begin with some definitions and basic facts. Throughout X will de- 
note a Banach space. We use Bx and Sx to denote the respective closed 
unit ball and unit sphere of X. For brevity BT will denote the closed ball 
centered at the origin with radius r 2 0, and S, the surface of B,. Thus 
Sx = {x E X : IIxII = 1) and, for r # 1, ST = {x E X : llxll = r ) .  In  
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general we use B T [ x ]  and S T [ x ]  to denote respectively the closed ball and 
sphere centered at x E X of radius r .  

DEFINITION 1.1. A mapping T : C + C is said to be asymptotically 
regular if 

lim llTn(x) - T"+'(X;I 1 1  = 0 for all x E C .  
n-00 

A mapping T : C + C is said to be nonexpansive if ( I T ( x )  - T ( y ) J J  < 
IIx - - 1 1  for every x ,  y E C .  Asymptotic regularity arises naturally in the 
study of nonexpansive mappings. If T : C + C is nonexpansive and if C is 
bounded and convex, then a fundamental result of Ishikawa [6] assures that 
for any t E ( 0 , l )  the mapping Tt : C + C defined by 

T t ( x ) = ( l - t ) x + t T ( x ) ,  x E C ,  

is always asymptotically regular. Morever F (Tt ) = F ( T )  . 
Another concept plays a key role in what follows. 

DEFINITION 1.2. A set C is said to be densely proximinal in X if the set 

D ( C )  := { x  E X : 3 p ( x )  E C with Ilx - p(x)ll = dist ( x ,  C ) )  

is dense in X .  

Our results depend on two well-known elementary facts. Suppose C is a 
closed subset of X and T : C + C .  

Remark 1 .l. If T is nonexpansive and limk,, T n k  ( x )  = z E F (T ) ,  then 

lim T n ( x )  = z. 
12-00 

Remark 1.2. If T is continuous and asymptotically regular, and if 

lim T n k  (x) = z ,  
k - w  

then z E F ( T ) .  

2. Main results. This section contains our most general results. Specific 
conditions under which they apply are given in the next section. 

We say that X has the nested sphere property if nested spheres in X have 
compact interfaces. By this we mean that for each x , y  E X ,  with x # y, 
and r > 0,  

sr [ X I  n S d  [Y 1 
is compact whenever d = r + llx - yII. 

THEOREM 2.1. Let X be a Banach space whose nonempty closed subsets 
are densely proximinal and suppose X has the nested sphere property. Let 
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C be a closed subset of X and suppose T : C -+ C is  both nonexpansive and 
asymptotically regular wi th  int ( F ( T ) )  # 8. T h e n  for each x E C the  Picard 
sequence { T n ( x ) )  converges t o  a point of F ( T ) .  

Spaces having strictly convex norm trivially satisfy the nested sphere 
property since in this case the prescribed intersection reduces to a single 
point. (This is discussed in more detail in Section 4.)  In fact, as the next 
theorem shows, in spaces with strictly convex norm the asymptotic regular- 
ity assumption can be dropped as well. 

THEOREM 2.2. Let  X be a Banach  space whose n o r m  is  strict ly convex 
and whose n o n e m p t y  closed subsets are densely proximinal. Let  C be a closed 
subset of X and suppose T : C + C i s  nonexpansive wi th  int ( F ( T ) )  # 0. 
T h e n ,  for each x E C the Picard sequence { T n ( x ) )  converges to  a point of 
F ( T ) .  

P r o o f of Theorem 2.1. Let x E C and assume { T n ( x ) )  does not con- 
verge to a point of F ( T ) .  Then by Remark 1.2 the set O ( x )  := { x , T ( x ) ,  
T ~ ( x ) ,  . . .) is discrete, hence closed and so densely proximinal. Thus there 
exist p E int ( F ( T ) )  and n o  E N such that 

d := dist ( p ,  O ( x ) )  = J J p  - Tn0(x) I (  3 0. 

If d = 0 there is nothing to prove so we assume d > 0. Since T is nonexpan- 
sive, 

I ( p - T n ( x ) ( l  = d  for a l ln  3 no.  
Also, since p E int ( F  (T ) ) ,  there exists q E F ( T )  with q # p such that 

Let (Iq - TnO(x ) ( (  = r and suppose there exists n 3 no  such that 
( ( q  - T n ( x ) l l  < r .  Then 

Since this contradicts the definition of d it must be the case that 

Hence T n ( x )  E S d [ p ]  n S r [ q ] ,  n 2 n o ,  and by assumption this intersection is 
compact. Therefore { T n ( x ) )  has a subsequence which converges to a point 
z E C. By Remarks 1.1 and 1.2, z E F ( T )  and limn,, T n ( x )  = z .  

P - r o o f of Theorem 2.2. Let x E C,  and choose p E int ( F ( T ) )  and 
z E O ( x )  so that 

- 
( ( p  - zll = dist ( p ,  O ( x ) )  := d.  
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If d = 0 the result follows from Remark 1.1. Otherwise choose q E F ( T ) ,  
q # p, so that 

I I P  - 911 + I19 - zll = I I P  - zll. 
If IIq-T(z)II < IIq-zll then Ilp-T(z)ll < Jlp-zll with T ( z )  E O(z), and this 
contradicts the definition of d .  Thus it must be the case that Ilq - T(z)ll  = 
IIq - zll, from which 

lip - 911 + 119 - zll = lip - zll = lip - 911 + I19 - T(z>II. 
This implies that both z and T ( z )  lie in Sd[p] r l  S,[q] where r = Ilq - zll. 
Since the norm of X is strictly convex this can only happen if T ( z )  = z. 

3. Some consequences. It is known that nonempty closed subsets 
of reflexive locally uniformly convex Banach spaces are densely proximinal 
(Lau [12], Theorem 5). Thus the following is a corollary to Theorem 2.2. 

COROLLARY 3.1. Let X be a reflexive locally uniformly convex Banach 
and let C be a closed subset of X .  Suppose T : C + C is nonexpansive with 
int ( F ( T ) )  # 0. Then for each x E C the Picard sequence { T n ( x ) )  converges 
to a point of F ( T ) .  

There are consequences of Theorem 2.1 as well. Let X be a Banach space 
and for x E X \ Bx  set 

D(x ,  B x )  = conv ({x) U B x ) ;  

R ( x ,  B x )  = D(x ,  B x )  \ B x .  

The set D ( x ,  B x )  is called the drop of x.  In [14] S. Rolewicz introduced the 
following as an extension of the so-called 'drop property'. Here cr denotes 
the usual Kuratowski measure of noncompactness. 

DEFINITION 3.1. A Banach space X is said to have property ( P )  if for 
each E > 0 there exists S > 0 such that i fx  E X\Bx satisfies 1 < llxll < 1+6, 
then a [ R ( x ,  B x ) ]  < E .  If S depends on x then X is said to be locally (P) .  

Rolewicz observed in [14] that all uniformly convex spaces have property 
( p )  and that spaces with property ( P )  are always nearly uniformly convex 
(NUC) in the sense of Huff [5] .  Spaces with property ( P )  have been the 
subject of a number of more recent papers. It is known, for example, that if 
a Banach space is nearly uniformly smooth and NUC then it has property 
( p )  [9]. Also, a uniformly smooth space which has Kadec-Klee norm 
property ( P )  [8]. (For related results see Kutzarova, et al. [l:I.].) p.. 

Closed subsets of spaces which have property ( P )  are densely proximinal. 
This is a consequence of Theorem 4 of [12] and the fact that a space is 
NUC if and only if it is reflqxive and has uniformly Kadec-Klee norm [5]. 
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Also property ( P )  implies the nested sphere property. This follows from 
Proposition 3.1 of [8] and is also a consequence of the results of Section 4 of 
this paper. Therefore the following is a corollary of Theorem 2.1. 

COROLLARY 3.2. Let X be a Banach space which has property ( P )  and 
let C be a closed subset of X .  Suppose T : C + C is both nonexpansive and 
asymptotically regular with int ( F ( T ) )  # Q). Then for each x E C the Picard 
sequence { T n ( x ) )  converges to a point of F ( T ) .  

Because of Ishikawa's result this leads to the follow fact for convex C. 

COROLLARY 3.3. Let X be a Banach space which has property ( P ) ,  let 
C be a bounded closed and convex subset of X ,  and suppose T : C + C is 
nonexpansive with int ( F ( T ) )  # 0. Let Tt = t I  + (1  - t)T for t E ( 0 , l ) .  Then 
for each x E C the Picard sequence {Ttn(x))  converges to a point of F ( T ) .  

Finally we remark that if a Banach space has a Kadec-Klee norm then it 
is locally uniformly convex if and only if it is locally ( P )  and has strictly con- 
vex norm [ lo] .  Moreover, a Banach space is reflexive with a smooth Kadec- 
Klee norm if and only if its nonempty closed subsets are densely proximinal 
and the corresponding distance functions possess minimal subdifferential 
mappings; see [ I ,  Corollary 6.31. 

4. Spaces with NSP. In light of Theorem 2.1 it seems natural to focus 
more attention on the nested sphere property (NSP). While this property 
is weaker than strict convexity of the norm, we observe here that convex 
subsets of spheres in such spaces must be compact. Hence if a Banach space 
X has the NSP, then it has the fixed point property for spheres, a fact 
useful in the study of the structure of the fixed point sets of nonexpansive 
mappings [4]. 

By a face of the ball B T [ x ]  we understand a maximal convex subset of 
ST [XI. For y E ST [ X I  let 

Sy  = { F  : F is a face of B T [ x ]  with y E F ) .  

LEMMA 4.1. If r > 0 and x # y ,  then for d = r + llx - yll, 

S := S,[X] n S d [ y ]  = x + T u { F  : F E S ~ x - y ) ~ l l x - y l ~ ) .  

P r o o f . First we note that S t  := $ ( S  - y)  = Bt [ ( I  - t ) z ]  n S x ,  where 
t = r ld  and z = ( x  - y ) / ( l x  - yll E S x .  Let w E St .  Then llwll = 1 and 
w = ( 1  - t ) z  + t v  for some v E S x .  Choose f E S x l  so that f ( w )  = 1, 
whence f ( z )  = f ( v )  = 1. Thus v E F = f - ' ( l )  n S x  E 5,; SO 

w E (1  - t ) z  + t U { F  : F E 3,) .  
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Conversely, if w E ( 1  - t ) z  + t U { F  : F E S, ) ,  then w E ( 1  - t ) z  + t F  for 
some F E 5, and courtesy of the Hahn Banach theorem F = f - ' (1)  n S x  
for some f E Sx .  with f ( z )  = 1. Thus w = ( 1  - t ) z  + t v  for some v E S x  
with f ( v )  = 1. It follows that f ( w )  = 1,  thus w E S x  and w E Bt [ ( I  - t ) z ] .  
That is, w E S' .  Therefore we conclude that 

S ' =  ( 1  - t ) z + t U  { F  : F E S , ) ,  

and thus 

S = Y + d ( l  - t ) Z + d t U { F :  F E 5 , )  = X + r U { F :  F E ~ ( x - y ) / l l x - y l l )  

as required. 17 

Noting that A is compact if and only if x + r A  is compact for some r > 0, 
the following is an immediate consequence of the above lemma. 

THEOREM 4.2. A Banach space X has the NSP if and only i f  for all 
x E S x ,  U { F  : F E 5,)  is compact. 

One corollary to this is the fact that spaces with strictly convex norm 
always have the NSP (for in a strictly convex space 5, = { { x ) ) ) .  Other 
corollaries include: 

COROLLARY 4.3. If X has the NSP, then faces of the unit ball are com- 
pact. 

P r o o f . Given a face Fo of B x ,  Fo is a closed subset of u { F  : F E 5,)  
for any x E Fo. 

COROLLARY 4.4. If X has a smooth norm, then X has the NSP if and 
only i f  faces of the unit ball are compact. 

P r o o f . For a smooth space each 5,, x E S x ,  is a singleton set. 

Thus a smooth reflexive space with Kadec-Klee norm has the NSP. In [8] 
it is shown that such spaces are always locally (P) .  Therefore the fact that 
they have the NSP is also a consequence of the following characterization of 
the NSP via a weakening of the locally ( P )  property. 

DEFINITION 4.1. A Banach space X is said to have property (P,) if for 
each x E S x  

n6>0R((l  + 6 ) ~ 1  B x )  
is compact. 

THEOREM 4.5. For a Banach space X the following are equivalent. 
(i) X has property (P,). 
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(ii) X has NSP. 

P r o o f . To see that (i) implies (ii), suppose x E Sx, let d > 0, and let 

It suffices to show that (i) implies S is compact. To this end let y E S, let 
- y = y/)(yll, and let my = a7J + (1 - a ) x  for a E (0 , l ) .  Then 

I I Y  - my11 G ally - 7Jll + (1 - ~ I I Y  - 211 = ~(IIYII - 1) + (1 - 4ll.u - xll 

G a(Jlxll + J I Y  - xll - 1) + (1 - Q ) I I Y  - xIl = I I Y  - zit. 

Hence l l y  - my 1 1  < d. Also 1 + d = l l y l l  < d + limy 11. Therefore limy 1 1  3 1; in 
fact, ( (my ( 1  = 1. 

Now let e > 0 be arbitrary, let k = (e), and let 6, = km,. Thus 
Il6, ( 1  = k > 1. On the other hand a straightforward calculation shows that 

where ,f3 = a k  E (0 , l ) .  Therefore 6, E R(( l  + e)x, Bx). Since my 4 7J as 
a + 1, 3 E R ( ( l  + e)x, Bx), and since this is true for each E > 0 

Thus by (i) the set {(/ : y E S} is compact. Since S = {JJyI\'y : y E S}, S is 
compact as well, completing the proof that (i) implies (ii). 

The reverse implication is quicker. Let y E n6>oR((1 + S)x, Bx) .  Then 
for each n E N there exists y, E R ( ( l  + $)x, BX) such that y, + y. Let 
z, = $((I + i ) x  + y,). Then 1 < llznll < 1 + $ and zn + z := i ( x  + y). It 
follows that llzll = 1. 

On the other hand, 

Thus z E Sx fl S3 [x/2]. Therefore for each y E n6>oR((1 + S)x, Bx)  the 

point z = i ( x  + y) lies in the compact set Sx n S4 [x/2]; hence 

is compact. 

5. The uniformly convex case. In uniformly convex spaces Theorem 
2.2 holds for an even wider class of mappings. The proof is an easy conse- 
quence of the following fact, due independently to Edelstein [2] and Steckin 

PROPOSITION 5.1. Let X be a uniformly convex Banach space. T h e n  for 
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each d > 0 and each c, c' E X satisfying 0 < Jlc - c'll = r < dl 

lim diam ( B d - r + E [ ~ ]  n ( X  \ Bd[c l ] ) )  = 0 
E+O 

Moreover the convergence is uniform for all such C ,  C' lying in any bounded 
subset of X .  

A mapping T : C + C ( C  c X )  is said to be asymptotically nonexpansive 
[3] if there exists a sequence {k,) of reals with kn + 1 such that J J T n ( x )  - 

Tn(y)ll < k n ( ( x  - yll for all x ,  y E C. 

THEOREM 5.2. Let C be a closed subset of a unformly convex Banach 
space and suppose T : C + C is asymptotically nonexpansive with 
int ( F ( T ) )  # 8 .  Then for each x E C,  the Picard sequence { T n ( x ) )  con- 
verges to a point of F ( T ) .  

P r o o f . Let x E C and p E int ( F ( T ) ) .  Since 

l l ~  -Tn+"(x)II = llTrn(p) - T " + " ( X > I I  < krnllp -Tn(x)II 

with k, + 1, it follows that l i ~ , ,  I(p - T n ( x ) l J  always exists. Moreover, 

d := lim IIp - T n ( x ) ( l  = inf lip - T n ( x )  1 1 .  
n+m n E N  

If d = 0 there is nothing to prove. Otherwise there exists r > 0, with 
r < dl and q E F ( T )  such that B,[q] C F ( T ) .  For each n E N choose 
qn E F ( T )  so that Ilp - qnII = r and also so that 

I I P  - qnll + Ilqn -Tn(x)II = l l ~  - Tn(x ) l l .  

It follows that limn,, (Iqn-Tn(x))I = d-r. Let E > 0. Then for n sufficiently 
large T n ( x )  E Bd-,+,[qn]. On the other hand T n ( x )  E X \ Bd[p] for all 
n E N. By Proposition 5.1 

lim diam [Bd-r+E[qn] n ( X  \ B d [ p ] ) ]  = 0.  
E'O 

This implies { T n ( x ) )  is a Cauchy sequence. Since T is continuous, the con- 
clusion follows. 

Clearly the assumptions on T can be weakened in the above theorem. In 
particular it need only be assumed that I (Tn(x)  - Tn(y)II < knllx - yII hold 
for y E F ( T )  and for sufficiently large n. Indeed, any condition on T which 
assures 

lim lip - Tn(x)II = inf lip - Tn(x)II 
12-00 n € N  

for p E F ( T )  suffices if T or one of its iterates is continuous. 
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