
: ~ r e i  Far.:s of n s n r x p c s l v e  mag?lnys a d  Chebyshev 

ce.:ters l r .  6ar.ach spaces  w i t h  norms of type (KK) 

1. Tne norn of a Banach space i s  s a i d  t o  be  a Uec-KZee (KY! norc  provided t h a t  on 

t h e  u n i t  sphere  sequencesconverge  i n  norm whenever they converge weakly. In  [41 Huff 

r e f o r m ~ l a t e s  t h e  (KK)  p rope r ty  and in t roduces  two success ively  s t r o n g e r  n o t i o n s ,  

namely uni;bnnZg .hciec-KZee ( U J K )  and nearLy unifonnZy corivez (NUC). We r e c a l l  h i s  

def  L r i t i o n s .  

For eve ry  c > 0 t h e r e  e x i s t s  a 6 = 6 ( c )  > 0 such t h a t  

( s e p ( x n )  is de f ined  a s  i n f { l x n  - xml : m # n ) .  ) 

For  every  E > 0 t h e r e  e x i s t s  a 6 = 6 ( ~ )  > 0 such t h a t  

( c o ( x n )  deno te s  t h e  convex h u l l  of i xn  : n c N), and B (xi t h e  c lo sed  b a l l  w i th  

c e n t e r  x and r a d i u s  r . )  

I t  is  shown i n  [4l t h a t  X is  ( h W )  i f  and on ly  i f  X is  (UKK) and r e f l e x i v e .  

W C l e a r l y  (NUC) is im?lied by un i fo rn  convexity (UC) , s o  t h a t  we have 

I t  t u r n s  o u t  t h a t  a l l  of t h e s e  n o u o n s  a r e  d i f f e r e n t :  f o r  each p a i r  o f  p r o p e r t r e s  

t h e r e  e x i s t s  a space  havlng t h e  weaker o f  t h e  two bu t  f a i l i n g  to be isolrrorphic to 

any space  w i t h  t h e  s u o n g e r  one ( c f  [ 4 1 . )  I n  t h i s  paper we s h a l l  be  c o n c e r n 4  wi th  

t h e  p r o p e r t y  ( U K K )  and wrth e u e ~ e n r n g  o f  it which we now de f ine .  

Def in i t ion .  (The no ru  of i a Banach space  i s  c a l l e d  weakLy w f f o m i i g  K.ldeeKlee (ir"Jfi? 

i f  t h e r e  e x i s t a n  c < 1 a n d a  15 > 0 such t h a t  



For dua l  Banach spaces  we s h a l l  a l s o  cons ide r  t h e  c o r r e s ~ n d i n g  dua l  p r o p e r t i e s  

denoted by (KK*), (UKK")  and (-1, r e s p e c t i v e l y .  

(m*) ( f o r  gene ra ldua1spaces )and  (w*) and (W*) ( f o r  dua l s  wi th  +-sequential-  

l y  compact u n i t  b a l l )  a r e  ob ta ined  by r e p l a c i n g  w-convergence wi th  w'convergence 

in  t h e  above d e f i n i t i o n s .  I n  s e c t i o n  3 we s h a l l  ex tend  t h e  d e f i n i t i o n s  of ( U r n * )  

and (WKK*) to gene ra l  dua l  spaces .  

We now r e c a l l  some no t ions  from fixed p i n t  theory.  A lnapping T: C + X def ined 

on a s u b s e t  C of a Banach space X is s a i d  to be  nun-ezpmzsive i f  

I'hc - Tyl a l x  - yl  f o r  a l l  x ,  y E C. We say t h a t  a [dual]  Banach space  X has 

t h e  [&a21 f i z e d  p o i n t  p rope r ty  (FPP) UFPPII i f  f o r  every  w-compact Cw*comLpactl 

convex subse t  C c x and f o r  every  nonexpansive T: C + C, T has  a f i x e d  p o i n t 6 C .  
1 

It is  known (cf  [ I ] )  t h a t  L [O,1] does n o t  have (FPP). On t h e  o t h e r  hand a c l a s s i c a l  

r e s u l t  of Kirk ([S]) s t a t e s  t h a t  i f  weakly compact convex s e t s  i n  X have normal 

s t r u c t u r e ,  then X has  (FPP). ( A  convex s e t  K c X i s  s a i d  to  have normal s t r u c t x r e  

i f  f o r  each bounded convex s u b s e t  C of  K which is n o t  a s ing le ton ,  t h e r e  e x i s t s  

a t  l e a s t  one p i n t  x r C with  sup{lx - yl  : y r C )  < diam C. Such a p o i n t  x 

is c a l l e d  nundiametra l . )  A corresponding d u a l  r e s u l t  is  t r u e  f o r  d u a l  Banachspaces 

( c f .  i 6 1 ) .  We now r e c a l l  t h e  concept  of Chebyshev c e n t e r .  Le t  B and C b e s u b s e t s  

of a 3anach space and l e t  B be bounded. For  each x r C d e f i n e  

The2 the  (poss ib ly  e q t y )  s e t  {x r C: r ( x )  = r 1 is  c a l l e d  t h e  Chebyshev c e d e r  of 
0 

B w i t h  r e s p e c t  t o  C and ro t h e  r a d i u s  of  B w . r . t .  C. I t  is we l l  know. t h a t  

i f  C i s  w-compact and convex then Chebyshev c e n t e r s  w . r . t .  C a r e  non-enpty, 

w-czi>act and convex; because t h e  f * x ~ c t i o n  r is  cont insous  and convex arrd the re fo re  

w-Z.S.C. I f  C i s  w-compact arrd convex and h a s  normal s t r u c t u r e ,  then t h e  ( n o n - e ~ ? t ~ )  

Ci-.&ysnev c e n t e r  A of C w . r . t .  i t s e l f  is s t r i c t l y  conta ined i n  C. Furt.hermore, 

A i s  i n v a r i a n t  under T f o r  any nonex-qsive T: C + C i f  C is minimal w . r . t .  

be:=? w-compact, convex and T - i n v u l a n t .  These facts(wk:ch c o n t r a d i c t  each o the r )  



r:rrr the proof of K i rk ' s  theorem. I t  a i s o  follows from t h e  second f a c t  a16 t h e  

2 - 7 , , , ~ s r - ~ j ~ c h o n o i f  theorerc t h a t  i f  Chebyshev cen te r s  u . r . t .  w-conpact convex s e t s  -- 
a r e  ,,,pet, then X has (FPP).  S i s i l a r l y ,  i f  C'nebyshev c e n t e r s  w.r. t .  w*- 

c2r-.ct convex s e t s  i n  a dual  Eanach space can be shour~ t o  be compact and non-empty, 

=hen x has  (FPP*). 

I n  t i i s  p a F r  we i n v e s t i g a t e  (UKK), (WUU) k7d (IIKK*), (WUKK*) i n  co rnec t ion  

v i t r J  ( F F P ) ,  r e s p e c t i v e l y  (FPP*) .  I t  t u r n s  o u t  (sectior,  2) t h a t  (WJYX) imp l i e s  

t-,a: w-csm;act convex s e t s  have normal s t r u c t u r e .  Eence (WJKK) imp l i e s  (FPP) ,  by 

x1ric's thecrem. I n  case  (WX) h o l d s ,  more can be s a i d .  Namely, Chebyshev c e n t e r s  

~ . r . t .  v-ccmpact convex s e t s  a r e  compact (and convex). I n  s e c t i o n  3 we extend t h e  

definition of (WKK*) and (W", t o  gene ra l  dual  s2aces.  

~t i s  then shown t h a t  t h e  corresponding dua l  r e s i i l t s  a r e  t r u e :  (WUKK*) imp l i e s  

(FPP*),  whi le  (UKK*) i m p l i e s  t h a t  Chebyshev c e n t e r s  v . r . t .  w"-compact convex s e t s  are 

non-empry and compact. Oar r e s u l t s  here  inc lude  t h e  case  of 1' ( f o r  which a 

s l i g h t l y  s t r o n g e r  r e s u l t  was proved by Lim i n  i6j) andmany o t h e r s .  Sec t ion  4 c o n t a n s  

e x m p l e s .  They demonstra te  t h e  use fu lness  of t he  proper ty  (WdKK): a lmost  a lvays  xt 

1 s  much e a s i e r  t o  check than normal s t r u c t u r e .  Among o t h e r  t h i n g s  we show t h a t  i n  

Tr~eorem 3 the requirement  c < 1 i n  (WUKK*) carnot-be  . re laxed.  

?c easy example shows t h a t  (WdKK) does n o t  imply compactness of Chebyshev c e n t e r s .  

I t  i s  a l s o  proved t h a t  n e i t h e r  (KK) * (WUKK) nor (WKK) r (KK) a r e  t r u e .  

2 .  Y.EEO,?EM 1. A Banccir  space X satisfying (UJKKI ha6 (FPP) . 
-3 - r :. . . I t  s u f f i c e s  t o  show t h a t  every u-compact convex s u b s e t  C of X c o n s i s t i n g  

of Dore thar, one p o i n t  con ta ins  a con-diametral  p i n t .  Suppose no t .  Tnen, by a 

meLqo9 of Brodskii-Kilnan [2], t h e r e  e x i s t s  a seqaence ( x  ) c C s a t i s f y i n g  

l im  d ( ~ ~ + ~ ,  co{xl ,..., x 1 )  = d i m  C 
n- 

subsequence of (x,) aga in  s a t i s f i e s  (1)  , so we may, by weak compactness, a s s z e  
w 

e . a t  x - x.  BY ap2lying f i r s t  a transla'don and then a m u l t i p l i c a t i o n ,  we nay 
w fetter s h p l i f y  t h e  s i t u a t i o n  and assume t h a t  x - 0 and d i m  C = I .  S ince  

Lye we&. and t h e  norm c l o s u r e  of co(xn)  coincide ,  (1) impl i e s  in p h - t i c u l a r  t h a t  

11;. I x I = 1. Now l e t  E c 1 and 6 > 0 b e  a s  in t h e  d e f i n i t i o n  of (KJKK) . Choose 
C- n 
: E N such t h a t  

L l xnOl  > I - 6 ani such t \ a t  a ( ~ , + ~ ,  co{x1, .. . , X  1) > E whenever 
.D 

.: -' no. Consider now t h e  sequence 
('no - Xn) ~ = . L ~ + I  - C l e a r l y  I x  - X I  < 1 

no 
!: = n + I ,  n +2, . . . ) ,  s e p ( x  - x ) 2 E and x - x ---??-+ x . T r ~ i s  con t ra -  

0 0 "0 =o "0 
( W X h )  s i n c e  I x  I > 1 - f .  

% 

0 2. If a Ems-h s;Mc"e x (UKK) , then CheEyshe2 center& w . r .  t. w- 

-^3-+22t C ~ U C  sets are ccm,?;ct (DL ran-empQ m> c ~ e z ) .  



.-+>cf. Let C c X be v-compact a?d ccnvex and l e t  B c X Se bounded. Let  A be 

the  Chebyshev c e n t e r  of B w . r . t .  C  and r o  i t s  r a d i u s .  We have observed e a r l i e r  

t h a t  A i s  v-compct ,  convex and non-enpty. 

I f  A i s  no t  compact, then A con ta ins  a  sequence (xn)  wi th  s e p  (x ) 2 c ,  f o r  

some E > 0. By pass ing  t o  a  subsequence we may assume t h a t  x  A x .  Choose 

6 = 6 ( 5 )  > 0 a s  i n  the  d e f i n i t i o n  of (UKKj and f i x  y  r B. By d e f i n i t i o n  we have 
r o  - 1 - 1 - 1 

Ir0 ( X  - y ) I  S 1  ( n = 1 , 2  ,... ) ,  s e p ( r o  ( x  - y ) )  > r  E and 

- 1 v -1 
r o  ( x n -  y )  + ro ( x -  y ) .  Thus (UKK) impl i e s  I x -  y l  S ( 1  - 6 ) r o .  Since y  r B 

was a r b i t r a r y  t h i s  c o n t r a d i c t s  the  d e f i n i t i o n  of ro  a s  t h e  r ad ius  of B w . r . t .  C. 

COROLLABY. If x has (NK) , then x has normal s t ruc ture .  

P.mof. (NUC) impl ies  r e f l e x i v i t y  (C41). s o  eve ry  c l o s e d  bounded convex s e t  C i s  

w-compact. I f  C i s  compact, then it is well-known t o  pave a  non-diametral p o i n t .  

I f  no t ,  then t h e  Chebyshev cen te r  A of C w.r . t .  i t s e l f  i s  compact by Theorem 2. 

3?lus 
hence r (=  t he  radius)  < diam C. Any p o i n t  of A is t h e r e f o r e  non- 

0  
k a r e t r a l .  

f - r - n  ..= LL k. It was po in tea  ou t  i n  c41 t h a t  t h e r e  e x i s t  (NUC) spaces  which f a i l  t o  be 

s , q e r r e f l e x i v e :  every i2-sum of f in i te-dimensional  spaces  has  (NUC) . 

3 .  We now t u r n  t o  conjugate Banach spaces  and begin by not ing t h a t  i n  d u a l s  of sepa- 

r&;e spaces ( o r  more genera l ly ,  i n  spaces  f o r  which t h e  dua l  u n i t  b a l l  i s  v*-sequen- 

c l a i l y  coupact) (IJUKK*) and (L~M*)  may be reformulated a s  fol lows.  

I f  ( * )  denotes  the  proper ty:  

A a s&set  of t h e  closed u n i t  b a l l  ccn ta in ing  

- a r-eq-ence (xn)  wi th  s e p ( x  ) > E 
w* - c l ~  n B ( 0 )  ? 0 ;  

1-6 

=:en t n e  d m 1  space has  (wuKK*) i f  ( * )  holds  f o r  some E r (O,11 and 6  > 0 and 

.-.~c (LU*) i f  f c r  every E E (0.1) ( 8 )  holds  f o r  some 6 = 6 ( ~ )  > 0.  We take 

:-esa a s  the  d e f i n i t i o n s  f o r  ( w ~ K * )  and (UKK*) i n  genera l  dua l  spaces .  

. - 
-: 4 .  L e t  x be a 2 ~ :  spara ir. j.h<ch ( * )  b i d s  f o r  c stven E E ( 3 , l )  3 2  
. - -  - J .  L J  C. a v * - ~ : g s e d  ccy.jer ~.&set of x ,  and x1 , x 2 , .  . . , X  c x a r e  ~113;~ 
* - - - .  . 



- - ~ ~ 1 s t  n o t e  t h a t  bg. ass i lmpt ion  t h e  lenrma is  t r u e  when n = 1.  .-,, .,,,xw t h e  lemma were f a l s e .  Then t h e r e  i s  a  l a r q e s t  n ( 2  1)  f o r  which t h e  con- 

renal.% v a l l d .  Denote ti-~is l s r g e s t  v a l u e  of  n  by no .  Then t h e r e  e x i s t s  a  

.=-:icseB convex C g X c o n t a i n i n g  a  sequence  w i t h  S e p a r a t i o n  c o n s t a n t  g r e a t e r  t h a n  

, acS x i , x  -,.... X , X c X w i t h  C c Bl (x i )  (i = 1.2 .  .. . , n 0 + l )  f o r  which n D  n o + l  

at E = C n  B 1 - 6 ( ~ 1 )  n . . . "  B  ( X  1 .  Then by t h e  d e f i n i t i o n  o f  n o ,  
1-6 no  E Z E ,  and 

E 1 s  a d - c l o s e d  convex s u b s e t  o f  X .  F u r t h e r  E n  B  1 - 6 ( ~ n 0 + 1 )  = 8 ,  s o  t h e r e  

e x : s t s  a  d - c o n t i n u o u s  l i n e a r  f u n c t i o n a l  f and k w i t h  

5 - 7  :!E) < k i n f  f  (B1-6 (xn  1 .  L e t  . .- 

0 . . 

c1 = { X  E C: f  ( x )  5  k) and  C2 = {x  E C: f ( x )  < k). 

6: t~ a s s m p t i o n ,  
C2 c a n n o t  c o n t a i n  any  sequence  w i t h  s e p a r a t i o n  c o n s t a n t  G r e a t e r  

-. ., E ,  and s o ,  s i n c e  C = C u C2, v e  c o n c l u d e  t h a t  
1  

C1 d o e s  c o n t a i n  such a  

se ; Jence .  Thus,  C1 i s  a  *-c losed  s e t  c o n t a i n i n g  a  s e q u e n c e  b-zth s e p a r a t i o r .  con- 

s-&:.: q r e a t e r  t h a n  E and 

I 0  

----  - - - . . - " s l c t i n q  t h e  c h o i c e  o f  n  and  e s t a b l i s h i n g  t h e  1-. 
0 



-.-- -:LJ,Z?! 3. If x is a dual space wi th  (w*) , then x has (FPP*) .  

--- - - .-. -,,̂. L e t  C  be a  non-enpty w*-compact convex s u b s e t  and  T:C -+ C n o n - e q a r s i v e .  

5.1. a  s t a n d a r d  a p p l i c a t i o n  of Z o r n ' s  lemma we may r e p l a c e  C by a  minimal ( i n  t k e  

s e - s e  of  i n c l u s i o n )  non-empty @-compact convex s u b s e t  C1 c C such  t h a t  

- , -  . I ]  c C1. Since  the  f u n c t i o n  

1 s  a  scpremum o f  v*-L.s .c .  f u n c t i o n s  and t h e r e f o r e  i t s e l f  *-P.s.c., it fo l l cws  

:-.at t h e  Chebyshev c e n t e r  A o f  C 1  w . r . t .  i t s e l f  is a  non-empty *-compact c=nvex 

s i b s e t  of C1. F u r t h e r ,  by a s t a n d a r d  argument A i s  i n v a r i a n t  under  T and s by 

-. ,r.:mality A = C1. Now suppose =\at C1 c o n t a i n s  more t h a n  one p o i n t ,  t h e n  e-.rry 

r;.,rnt o f  C1 is d i a m e t r a l  and by an  argument o f  B r o d s k i i  and tlilman we may e x t r z c t  

a sequence  ?f p i n t s  (xn) c C1 w i t h  I x  - x  I > E where E L (0.1) is  t h a t  i r .  ',h.e 
n  m  

- -  -, :-:-nition o f  ('XWX*) and by a  m u l t i p l i c a t i o n  we have assumed w i t h o u t  l o s s  o f  ;en-- 

~ r a l l t y  t h a t  r ( C  I = min : r ( z ) :  z E C ) - 1. 
1 1 

. - -  r-. each x t C1 we have t h a t  C1 c B ( x )  and s o  by (WUKK*) f o r  some 6 > :, 
1 

- -  a -  - .- - 

- s  E non-empty v*-compact convex s u b s e t  o f  C1. F u r t h e r ,  by  t h e  l e m a  t h e  f ~ l : ~  

E x E C1 has  t h e  f l n l t e  l n t e r s e c t l o n  p r o p e r q  and s o  by t h e  p-compactness rf 
1 

- e r e  e x l s t s  an xo E Cl CI* X -  6 i E  : x < C i. For  t h l s  xo  we t h e r e f c ~  
1 

- 5 .  t t h a t  

I x  -XI 5 (1-6) f o r  a l l  x 6 c 
3 1' 

- - ,_ x .  i s  a  non-diametral  p i n t ,  o f  C1. T h i s  c o n t r a d i c t i o n  e s t a b l i s h e s  t h a t  Z. 

7 - s r  c o n s i s t  of a  s i n g l e  -pzint, which i s  n e c e s s a r i l y  a  f i x e d  p o i n t  o f  T .  

-..-n -. ~ : v  ; - r  , - 
. ..- ,..,.. . x ie z :as-  s;aze ~?',.t'~i IL'YX*) , t4m C h e b y s k a  cezters ; ..-. :. 

- ' - : : y c c t  ccr.:ex s e t s  2~3~ * : : T - E ~ Z Y  i " ? ~ z ~  57.2 3:n>ez.  
- - . ". .- . . .. . L e t  C z X be  v*-cozpaz: and ccr..:ex and l e t  B c X he  b c . ~ ~ d e d .  Ass= L ~ E  

: - . i txsnev c e n t e r  h of 3 v . r . r .  t o  C is n s t  compact. n e n  A contains e 5 2 -  

- ----- -. ..-- (x,; wlLb sep 'x- i  . c f o r  sooe c > 0 2r.d s o ,  s i n c e  A c_ C, we ks..? -,at 

: 1s a u*-closed convex s 2 s e t  rcnra i r . ing  z sequence w i t h  p o s i t i v e  s e p a r a t i r r  ~ 5 7 . -  

. - =..- . E .  L ' S ~ Z C  (vY-v*) vie.--. - . . -s  E a r 3  .-ss3;-lng ~ h e  Chekyshel- raC:,~s 3 5  : 

- . :  . :. C 1 s  1 we ta:.e 5:: r.7:. x  r 9 C a t  A c 6 ,  ( x )  ane sc; f s r  ~ 3 3 c  I * ? 



- r.or.-enpty w*-conpact convex s;lbset of C.  

';:.e argument now proceeds a s  t h a t  o f  t h e  l a s t  p a r t  of Theores 3. 

t he most obvious example f o r  Theorerrs 3  and 4 i s  f l .  I t  i s  e a s i l y  checked t h a t  
1 

L 1  has  t h e  p rope r ty  (wuK)(*) w i t h  any 6 , c  s a t i s f y i n g  0 < E < 2 ,  6 ? c .  
1 

m r e  g e n e r a i l y ,  any L -sum of f in i te-dimensional  Banach spaces  has  (FPP*) .  

:  very O r l i c z  sequence space P with t h e  Or l i cz  func t ion  r. s a t i s f y i n g  t h e  
H' 

t - cond i t ion ,  a l s o  s a t i s f i e s  t h e  conCit ions  of Theorem 3. I n  p a r t i c u l a r ,  t h e r e -  
2 

f o r e ,  any nonexpansive &p T from the  u n i t  b a l l  of such a  space  i n t o  i t s e l f  

has  a  f i x e d  p o i n t .  

, ~t is e a s i l y  seen  t h a t  a  s l i g h t  chanye i n  t h e  norm of  a  u n i f o n d y  convex space 

(depending on t h e  d u i u s  of convexity) p re se rves  (WLm) .  There fo re ,  by 

Theorem 1 ,  any such space  has  (FPP). 

I n  many examples (FPP) o r  (RP*)  can &' m s t  e a s i l y  v e r i f i e d  by check- 

i n g  t h a t  t h e  w  - [ @ ]  Opial cond i t ion  ho lds .  Recal l  t h a t  a [ d u a l ]  space is 

s a i d  t o  s a t i s f y  t h e  w[@] Opial cond i t ion  i f  x  r  X (n  = 1 . 2 .  ... 1 ,  

W 
X - x  

w* 
[xn - xO1 impl ies  

l i m i n f l x  -x I < l iminf lx-x  I f o r  a l l  x  # x o ,  
0  n  

cne t h a t  a  [ d u a l ]  space  s a t i s f y i n g  t h e  w[wf] @ i a l  cond i t ion  has  (FPPj 

; ;FPP*) 1 ( c f .  [ 3 ] ) .  The following example shows t h a t  sometimes we c m  y e t  re-  

s - ? i s  even i n  c a s e s  where t h e  Opial cond i t ion  i s  no t  s a t i s f i e d .  

: 3 e f i n e  an e q u i v a l e n t  n o m  on 1' by 

=?ere  1x1 = 1 ,  1x1- = sup lxn l ,  and a  > 0 .  I t  i s  e a s i l y  checked t h a t  
n=l nrN 

f c r  s u f f i c i e n t l y  smal l  a  > 0 t h e  p rope r ty  (WUKY.*) holds f o r  1 1 1  . I l l  . 
5: ( f l ,  I I 1 . I I I )  has (FPP*) by Theorem 3 .  The wf-Opial cond i t ion  f a i l s  i n  

21s c a s e ,  however, s i n c e  e  4 V+ 0,  l l l  e  I I I  = 1  + a ,  bu t  a l s o  

E - a e  I l l  = 1  + a  ( n  = 2,3, ... 1 .  
r. 1 

:r [ 6 1  L m  c o n s i d e r s  t h e  space f 1  w i t h  t h e  (dua l )  n o m  



where x+ and x a r e  the  p s i u v e  and negat ive  part of x ,  r e s p e c t i v e l y .  
- 
1 

Be shows t h a t  ( 1  , I I I . I I I )  does no t  have ( F P P * ) .  Indeed, \ I l . l l l  does no t  have 

(wuKK*) . For every c larger than 1 ,  however, t h e r e  e x i s t s  a 6 > 0  such 
v* 

t h a t  lllx 111 5 1 ( n  = 1.2, ... ) ,  x + x and s e p ( x  ) 2 c imply 

I l l  xlll 5 1 - 6.  This  shows t h a t  i n  Theorem 3 the  requirement c < 1 i n  (WUIM*) 

cannot  be f u r t h e r  re laxed.  Note t h a t  111 . I l l  a l s o  f a i l s  to be (KK*). 

( f )  Although (KK) and (WCTKK) a r e  b t h  weakenings of ( U K K ) ,  n e i t h e r  one of t h e s e  

p r o p e r t i e s  impl i e s  the  o t h e r ,  a s  t h e  fol lowing examples show. 

I i I  e in] has (a0 , b u t  no t  I-) . The proof t h a t  (a() ho lds  i s  

easy ,  andknown ( c f .  [ 4 ] . )  ?\a show t h a t  (WUKK) f a i l s ,  l e t  E < 1 and 5 > 0 

be a r b i t r a r y .  Choose no r N s o  l a r g e  t h a t  2-'In0 > 1 - 6 and cons ide r  the  

sequence (xn) wi th  

Then 1 x 1  = 1 ( n =  1.2 ,... 1 ,  Ix  - X I  = 1 i n # m ) ,  
n q 

w 
x + x  = 0  e  ... @ O e  (2-1'n0,0 ,... ) 0 e  ... and 1x1 = 2 - l I n 0  , 1 - 5. 
(ii) iL with norm lllxlll = uax(lx12,  ( l + a ) l x l _ I  has (WJKKI f o r  s u i t a b l y  

smal l  a > 0, b u t  not  ( K K ) .  The f i r s t  s t a t e a e n t  i s  obvious ( s e e  ( c ) ) .  To see  
2 

t h a t  ( e  , I l l  . I l l  f a i l s  (KK), observe t h a t  

-. 

b u t  e + ae  1s n o t  norm convergent t o  e 
1 '  

We do n o t  know whether Theorems 1 and 3 hold wlth (KK)  [(KK*)] I n  place  

of (WUKK) (ww*) I .  
2 

:) F l n a l l y  l e t  us note  *,at t h e  space (I! , I I I . 1 I I )  above, a l thcugh lt has  (WUYXI 

f o r  smal l  a, does n o t  s a t l s f y  t h e  conclusion of ?heorem 2. 

. Indeed,  l e t  B := { e l ,  - e l )  and l e t  C be the  &-dt b a l l .  =en t h e  Chebyshev 

c e n t e r  of B w . r . t .  C zor.talns t h e  sequence [3en)mnZ2 a d  t h e r e f c r e  f a i l s  t o  

be cozpac t .  
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