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ABSTRACT. In this paper we define the concept of a near-infinity concentrated
norm on a Banach space X with a boundedly complete Schauder basis. When
|| -] is such a norm, we prove that (X,| - ||) has the fixed point property
(FPP); that is, every nonexpansive self-mapping defined on a closed, bounded,
convex subset has a fixed point. In particular, P.K. Lin’s norm in ¢; [14]
and the norm vy (-) (with p = (pn) and lim, p, = 1) introduced in [3] are
examples of near-infinity concentrated norms. When v, (+) is equivalent to
the £1-norm, it was an open problem as to whether (¢1,vp(-)) had the FPP.
We prove that the norm v, (-) always generates a nonreflexive Banach space
X =R ®p; (R Bp, (R Byp, . .. )) satisfying the FPP, regardless of whether v, (+)
is equivalent to the ¢1-norm. We also obtain some stability results.

1. INTRODUCTION AND PRELIMINARIES

Let (X,] - ||) be a Banach space and C a subset of X. A mapping T': C — C'is
said to be nonexpansive if [Tz — Ty|| < ||z — y|| for every z,y € C. The Banach
space X endowed with the norm || - || has the fixed point property (FPP) if every
nonexpansive mapping defined from a closed bounded convex subset C' of X into
itself has a fixed point. This property is not preserved by isomorphism, that is, it
strongly depends on the underlying norm [14] . There is a wide literature relating
geometric properties of reflexive Banach spaces with the fulfilment of the fixed point
property (see, for instance, the monographs [9], [13] and the references therein).

The Banach space ¢; endowed with its standard norm ||-||; is a classical example
of a nonreflexive Banach space that fails to have the FPP. It is possible to “perturb”
this (¢1, || - ||1)-example to obtain other Banach spaces that fail to have the FPP.
One such class of Banach spaces are those that contain asymptotically isometric
copies of £.

Recall that a Banach space (X, || -||) contains an asymptotically isometric copy
(a.d.c.) of £y if there are a sequence (z,,) C X and a decreasing sequence (e,,) C (0, 1)
with lim,, €, = 0 such that

oo
Zl—en|t\< Zt Ty, <Z|t|
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for every (t,) € ¢1. It was proved in [4] that if a Banach space contains an a.i.c. of
£1 then it fails to have the FPP. It turns out that there exist equivalent norms on
{1 which fail to contain an a.i.c. of £;. Let us state some examples:

e The so-called P.K. Lin norm, defined as

/] = supyi Y le(n)l;  @= a(n)e
k=21 n=~k n=1
where () is a nondecreasing sequence in (0, 1) with limy v, = 1. In [5] it
was proved that (¢1,[|] - |||z) fails to contain an a.i.c. of 61 Later on, P.K.
Lin [14] proved that (¢4, |||-|||z) has the FPP for 74 := 1+8’€ This condition
was extended to every sequence () with limg v, = 1 (see [7] and [11]).

P. K. Lin’s result opened new avenues of research in the fixed point theory
of nonexpansive mappings, since he settled negatively the long-standing
open question: “Does the fixed point property imply reflexivity?” Since
then, many other articles have appeared obtaining sufficient conditions that
imply the FPP for equivalent norms on ¢; (see for instance [2, 6, 7, 8, 10
11, 12, 15)).

e Fix a nonincreasing sequence p = (pp)n C (1,4+00) with lim, p, = 1. In
the sequence space cgg of all real sequences with finitely many non-null
coordinates, we define the norm v, (z) = lim,, v, (p, ) where

Vl(pvx) = |£L'1|, VnJrl(pv $) = (‘x1|p1 + Vn(Spv Sx)pl)l/pl ’

with # = (21,22,...) and Sz := (22,23,...) when z = (z1,22,...). The
completion of cypp with the v,(-) norm gives us a Banach space X with
a boundedly complete Schauder basis (e,). Also, X is the set of all real
sequences = = (x,,) for which v,(z) := sup,, vn(p, ) = lim,, v,(p,x) < o0;
which we summarize by writing X =R &,, (R &, (R &p, ...)).

Let ¢ = (gn) be the sequence satisfying p% + q% =1 for every n € N,
Whenever the sequence (p,,) converges to 1 quickly enough, the norm v,(-)
provides an equivalent norm in ¢;; that is, (X, v,(-)) and ¢; are isomorphic
Banach spaces. In fact, it was proved in [3, Proposition 1] that v,(-) is
equivalent to the ¢; norm if and only if there exists some § > 0 so that
gn > 60 logn for all n € N. It is also known that (¢1,v,(-)) fails to contain
asymptotically isometric copies of ¢; [3, Theorem 1]. However, unlike P.K.
Lin’s norm, it was unknown whether ¢; with the norm v,(-) had the fixed
point property.

In what follows, we enlarge the class of norms on ¢; satisfying the FPP and we
include, as a particular case, the norm v, (-) defined in [3]. We will extend our result
to a more general framework. For instance, we will prove the fulfilment of the FPP
for (X, vp(+)) even when this norm fails to be an ¢;-norm.

Furthermore, we obtain stability of the fixed point property for certain norms
along rays emanating from near-infinity concentrated norms.

2. NEAR-INFINITY CONCENTRATED NORMS AND THE FPP

Throughout this paper, let X denote a Banach space with a Schauder basis
{en}tn. Given z = Zx(n)en € X, we denote by supp(z) = {n € N : z(n) # 0},

n=1
[eS)

k—
Qr(z) = Zm(n)en and Py (z Z (P = 0). The basis is said to be

premonotone for the norm || - || when7||Qk|| <1 for every k € N.



NEAR-INFINITY CONCENTRATED NORMS AND THE FPP 3

Given k € N and x € X, we write k < x whenever k£ < min{supp(z)} and k < z
whenever k < min{supp(z)}. We say that (y,) is a block basic sequence for {e;, },
if it is bounded and there exist positive integers p1 < g1 < p2 < g2 < ... such that
yn belongs to the span of {e, ,--- ,eq,} for every n € N.

n
Z tiei

i=1

The Schauder basis is said to be boundedly complete if sup

n

< 400 im-

(oo}
plies that Z t;e; € X. When the Schauder basis (e,,) is boundedly complete, the
i=1
Banach space X is isomorphic to a dual space Z*, where Z is the closed subspace
spanned by the biorthogonal functionals (e}) in X*. In this case, we can consider
in X the weak* topology o(X,Z), for which the convergence coincides with the
coordinate-to-coordinate convergence for norm-bounded sequences. Moreover, the
closed unit ball is o(X, Z)-sequentially compact and therefore every bounded se-
quence in X has a subsequence which converges coordinatewise (see for instance
Theorem 3.2.10 in [1]). In what follows the weak* topology always refers to the
o(X, Z) topology for Banach spaces with boundedly complete Schauder basis. In
the case where X = ¢; endowed with the standard Schauder basis, this w*-topology

coincides with the o (41, cy) topology.

Definition 2.1. [2] A norm ||| - ||| on a Banach space X with a Schauder basis
{en} is said to be a sequentially separating norm if for every € > 0 there exists
some k € N such that

[[2|[] + limsup |||z, ]| < (1 + €) limsup ||z + zp|[|

whenever k < x and (x,,), is a block basic sequence of {en}n in X.

Definition 2.2. Let X be a Banach space with a Schauder basis {en}, and let
[l - || be a norm on X. This norm is called near-infinity concentrated (n.i.c.) if it
has the following properties:

(1) It is a sequentially separating norm.
2) It is premonotone.
( p

(3) There exist Ry > 5 and M € [0,1) such that for every k € N, there exists a
function Fy, : (0,+00) — [0, +00) satisfying the following conditions:
BQ) M
A T Ry
(b) For every bounded pointwise-null sequence (x,,) with iminf,, |||z,||| >
1, for all A € (0,400), and for every z € X with Qr(z) = 0 and
[lIz][] < Ro,

lim sup [[|zn, + Az||| < limsup |||z, || + Fx(A) [[|=]]]
n n

(a) hmk—>0+

Remark 2.3. Observe that Property (3) can be re-written as: There exists K > 0
such that for every k € N, there exists a function Fy, : (0,+00) — [0, +00) satisfying

1
)<K<*

; . 1-5K _ 6K — 1-5K _ _6
Given K, we may take M =1 — Il = K41 and Ry :=5+ &5 = "%

(a)” and (b); where condition (a)’ is: limy_ g+

Note that if ||| - ||| is an equivalent norm on ¢; satisfying

a[|Qx (@)1 < [[[Qk(@)[| < 0xllQr(2)]1 , for all w € £1
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for every k € N, with 0 < ay, < by and limy, by, /ar, = 1, then it is clear that ||| - ||| is
a sequentially separating norm. Nevertheless, there exist some equivalent norms on
¢1 which do not satisify this condition but they are still sequentially separating [2,
Example 3.2]. Furthermore, there exist Banach spaces with sequentially separating
norms that are not isomorphic to ¢;, although the existence of such a norm implies
that the Banach space X is “similar” to #1, in the sense that it has the Schur
property, and so is hereditarily ¢; [2, Corollary 7.4]. Recall that a Banach space X
is hereditarily ¢; if each infinite dimensional closed subspace of X contains a further
subspace isomorphic to ¢;. This implies, in particular, that if a Banach space with
an unconditional Schauder basis has a sequentially separating norm, then the basis
is boundedly complete, since otherwise X would contain an isomorphic copy of ¢
(see for instance [1, Theorem 3.3.2]).

Also note that in Definition 2.2, Property (3)(b), if (z,) is an arbitrary sequence
of “bump functions sliding towards infinity”, each with their ||| - |||-norm asymp-
totically no less than 1, then

lim sup,, |||z, + Az||| — limsup,, |||zx]||
A
is smaller than one would expect from just the triangle inequality: for all z = Py(2)
with |||z]|| < Ro, for all A positive and very small, the “upper asymptotic value”
of the norm of z,, is changed less than expected when we perturb each, x, by Az,
since Fj(\) R/ is approximately bounded by M < 1. In this sense, |||-||| is “near-
infinity concentrated”. Moreover, this third property prevents X from containing
an asymptotically isometric copy of ¢1, which we will now prove.

Lemma 2.4. Let X be a Banach space with a boundedly complete Schauder basis.
If |l - || s an equivalent norm in X satisfying property (3) in Definition 2.2, then
(X, - 11D fails to have an a.i.c. of ¢;.

Proof. Assume to the contrary that there exists a basic sequence (x,) in X gen-
erating an a.i.c. of ¢1, that is, there is a decreasing sequence (e,) C (0,1) with
lim,, €,, = 0 such that

o0 oo o0
S (= en)ltnl <|[|D tnwal|| < [tal -
n=1 n=1 n=1

By extracting a subsequence, we can assume that (z,) is w*-convergent and, by
replacing (2,) by ((x2n — Z2n—1)/2)), that it is w*-convergent to the null vector.
Finally, using the sliding hump method and the fact that asymptotically isometric
copies are stable by adding norm-null sequences, we can assume that the sequence
(z,,) generating the a.i.c. of ¢; is a disjointly supported w*-null sequence.

Take Ry > 5 and M € [0,1) as in (3) of Definition 2.2. By omitting the first few
terms of the sequence (z,),, we can also assume that e; < (Ry — M)/Ry.

From the previous inequalities |||z,||| < 1 for every n € N and lim,, |||z, ||| = 1.
Let k := 1+ max{supp(x1)}. Since ||| - ||| satisfies property (3) of a near-infinity
concentrated norm, there exists a function F(A) such that limy_ g+ Fr(A\)/A < RMO,
and for every A > 0

limsup |||z + ARoz1]||| < limsup |||zn]|] + Fi (M) Rol||z1]]| < 1+ Fr(X)Ro.

On the other hand, for every n > 2,
1—€, + ARo(1 —e1) < |||lzn + ARoz1]]].
Letting n tend to infinity, we see that
1+ ARo(1 —€1) <14 Fr(M)Ro
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and so A(1 — e1) < Fj(\) for every A > 0. Letting A\ — 0, we get that (1 —
€1) < limy_ o+ F’“AO‘) < RMO, which implies that Ry (1 — €1) < M, and this is a
contradiction. O

Before stating our main result, we recall some standard arguments used to prove
the FPP (see for instance [14] or [11]):

Let C' be a closed bounded convex subset of a Banach space (X,| - ) and
T : C — C be a nonexpansive mapping. Using Banach’s Contraction Mapping
Theorem, we can always find a sequence (z,,) C C such that lim,, |z, — Tz,| = 0.
Such sequences are called approximate fixed point sequences (a.f.p.s.). In fact, if
(zn) is an a.f.p.s. and r > 0, the set

{z € C :limsup ||z, — x| <7}
n

is either empty, or a non-empty closed convex T-invariant subset of C, in which we
can find new approximate fixed point sequences.

In a dual Banach space X with separable predual Y, every a.f.p.s. has a subse-
quence which is w*-convergent. For example, if X is a Banach space with a bound-
edly complete Schauder basis {e,},, and corresponding biorthogonal functionals
{fu}n C X*, then for Y := the closed linear span of {f,}, in X*, Y* is isomor-
phic to X and every a.f.p.s. in X has a subsequence that is o(X,Y')-convergent.
Therefore, we will subsequently assume that approximate fixed point sequences in
bounded subsets of X are w*-convergent.

Using Cantor’s theorem (see [14] or [11, Lemma 1]), the above argument lets us
deduce that if T: C — C is a fixed point free nonexpansive mapping, there exist
some a > 0 and a closed convex T-invariant subset, denoted again by C, such that
limsup,, |lyn — y|| > @ whenever (y,) C C is an a.f.p.s. and y = w*-lim y,,.

Note that from Definition 2.1 it is not difficult to check the following [2]:

Lemma 2.5. A norm ||| - ||| in a Banach space X with a Schauder basis {en}n is
sequentially separating if and only if imy, Sp(X, ||| - |||) = 1, with

el + lim sup,, |2
S 111D :sup{ ,

limsup,, |||z + z,]|]
where the supremum is taken over all vectors x € X with k < x and all block basic
sequences of {en}n-

If we fix the norm ||| - ||| in the Banach space X, we will use Sy to denote
Sk(X - 11D-
Lemma 2.6. Let (X, |||-]||) be a Banach space with a boundedly complete Schauder
basis {en}tn such that ||| - ||| is premonotone and sequentially separating. The fol-

lowing holds: if (xy,), (yn) are two sequences in X that are w*-convergent to x and
y respectively, then

lim sup lim sup |||z, — Ym||| = Umsup |||z, — ||| + Hm sup |||ym — y||]-
m n n m

Proof. Let k € N and § > 0 be given. Choose a subsequence (z,,) of (x,) such
that

limsup [[|Qk (s — 2)[[| = lim [[|Qk(zn, —2)II]-

Fix m € N. Then
limsup |||z, — yml|| = limsup [||Qk(zn — ym)||
n n

= limsup [|Qk(zy — ) — Qr(Yym — 2)|||

> limzsup Qk(zn, — ) — Qr(ym — )| -
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By the Bessaga-Pelczynski Selection Principle (see, for example, [1, p. 14]), passing

to a further subsequence if necessary, we may choose a block basic sequence (ug) of

(en) such that Qg (ur) = ue and |||ug — Qr(xn, — 2)||| < §. Then
lim sup [[|zn — ym ||| = 1imzsup e — Qi (ym — 2)|I] = 6

(||Qk( x>||+nm;up|||w||)_

)—‘(’3‘)—‘

S(HQk( — )|+ i [1@uan, — )} ~ 23

— 5 (1@t~ D)l + Himsup [ [@ute ~ D)1) - 25.
k n

Letting m tend to oco; noting that Sy > 1; and using a perturbation argument
similar to the one above then yields:

. . 1 /. .
limsup limsup |||z, — yml|| > 5 (hmsup @k (Ym — x)||| + lim sup |||Qk (zr
m n k m n

D) -2

1 . .
- (hmsup||xn—x| Hlimsup ||Qk<ym—y>+c2k<y—x>|||) 2

1 . .
> g limsup|llen — 2l + 5 (IIIQk( — )||[ + lim sup [[|Qk (ym
m

>fhmsup\|\xn—wlll+ hmsup\l\Qk( —y)lll — 46
Sk Sk

1
= 11m5up\|\mn—x|||—|—

. timsup |y — yl]| — 45
k m

52

~ll) -4

In the above calculation, we used the fact that lim sup,, |||Qk (z,—2)||| = limsup,, |||zn—

z||| and lim sup,, |||Qk (ym — v)||| = limsup,, |||ym — yl||| for every k € N.
Since the above inequalities hold for every k € N, letting k tend to infinity gives
limsup limsup |||z, — yml||| > limsup |||z, — z||| + limsup |||ym — y||| — 49,
m n n m

for every § > 0. Since § > 0 is arbitrary, we obtain the desired inequality.
O

Theorem 2.7. Let X be a Banach space with a boundedly complete Schauder basis
and let ||| - ||| be a near-infinity concentrated (n.i.c.) norm on X. Then (X, ||| -|])
has the FPP, that is, every nonexpansive self-map on a closed bounded convex subset

of X has a fixed point.

Proof. Assume, to the contrary, that there exists a closed bounded convex subset
C of X and T : C — C a nonexpansive mapping such that

b = inf{limsup|||yn — y||| : (yn) C C is an a.f.p.s. and y, N y} > 0.
n
Without loss of generality we can assume that b = 1. We proceed as follows.

Fix some 0 < ¢; < min{4(1 — 2 L (R, —5)}, where M € [0,1) and Ry > 5

are the constants given by condition (3) in Definition 2.2.

Consider an a.f.p.s. (z,) in C such that z,, = zo € X and limsup,, |||z, —zol|| <
14 ¢;. Again, without loss of generality, we can assume that zog = 0 so that
limsup,, |||zn||| < 1+ €1. Define the set

D= {z € C : limsup |||z, — 2||] <2(1 +€1)}'
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Then D is a closed convex T-invariant subset of C'. Moreover, using the triangle
inequality,

lim sup lim sup |||z, — zp|| < 2Timsup |[[zn[|] < 2(1 + €1);
m n n
so D is not empty and we can assume that x,, € D for n large enough. Define
¢ := inf {limsup Hyn —ylll - (yn) C D is an a.f.p.s. and y, w, y} .
n

Notice that 1 < c.

To simplify the notation, we define
A*(D) := {y € X : 3 (yn) C D an a.f.p.s. such that w*-limy, = y}.
We now prove that sup |||y||| < 4 + 4er:
yeA*(D)
Indeed, let (y,) C D be an a.f.p.s. with w*-limy, = y. In particular, lim sup,, |||z,—

yml|] < 2(1 + €1) for every m € N. Using the triangle inequality and Lemma 2.6
(with = 0):

[yl < Timsup [[[y =y || +Tim sup ||, [[| +lim sup lim sup |||z, =y ||| < 4(1+€1).
m n m n

Next we show that sup |||Qr(¥)||| < px := 2S7(1 4+ €1) — Sk — 1 for every
yeA*(D)
k € N. Using the proof of Lemma 2.6 we deduce that:

2(1 4 €1) > limsuplimsup |||z, — yml||| >
m n

1. 1. 1 1
kahmnsup\l\wnIIHS? hmnfup\l\ym—y\||+|\|Qk(y)||| Z§k+§i[1+llle(y)lll],

which implies that
QI < 2881 +€1) — Sk — 1
for all y € A*(D).
Choose z := z,, with v € N large enough so that x € D and |||z]|] < 1 + €.

Since the norm satisfies condition (1) in Definition 2.2, we know that limj S = 1
and therefore limy ui = 2¢;. Take k; € N so that

1Qr()||| < €1, and gy < 3¢
if £ > ky. In particular, this implies that

1@k, (v — )| < 1@k, W+ 1@k, (@)II] < 3e1 + €1 = dex <1,

and

[P, (y — )] Iz = yll| + 1@k, (y — )]l
I+ Iyll] + 4ex

146 +444e1+461 =549 < Ry

IAIAIA

for every y € A*(D).

Given k; € N as before, there exists a corresponding function F(A) := Fy, ()
satisfying property (3) in Definition 2.2. Since limy_q+ £ < & take X € (0,1)

such that
F()\) - M+1 - 1—4e < c—4e;

A 2R, Ry — Ry ’

which implies that
(2—=XNc+ F(AN)Rg + Me < 2c¢.
Now, choose €5 > 0 with

(2 — )\)(C + 62) + F()\)RO + Mep < 2c.
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Choose (y,) C D an a.f.p.s. with w*-lim,, y, = y and such that
limsup |||yn — y||| < ¢+ €.
n

By passing to a subsequence, we may also suppose that

lim inf [[[yn —yl[| = limsup [[[y, —y[[| = ¢ > 1.
n

Notice that, for every m € N, the vectors (1 — \)y,,, + Az € D. We claim that
() limsup limsup |||yn, — [(1 = A)ym + Az] ||| < 2c.

Assume that (s*) holds. Then we can find some m € N such that
limsup |||y — [(1 = Nym + Az] ||| < 2¢.

This implies that for some r € (0,2¢) the set
G:={z € D :limsup ||y, — 2||| < r}

is a nonempty closed convex T-invariant subset of D, and therefore it contains an
a.f.p.s. (zs), which tends to some z € X with respect to the w*-topology. In this
case, using the definition of ¢, Lemma 2.6, and that each z; € G, we have

2¢ < limsup |||zs — z||| + limsup |||yn — y||| < limsup limsup |||y, — zs||| < 7,
S n S n

which is a contradiction.

We finish by proving the claim (x*). Noting that liminf, |||y, — y||| > 1 and by
property (3) in Definition 2.2, we have:

limsup,, [[[(yn — y) + APk, (y — 2)]|| limsup,, [|[yn — yll[ + F N[ Pr, (y — 2)]]]

<
< ¢+ e+ F(A)Rp.

Therefore,

lim sup,,, limsup,, |||yn — [(1 — A)ym + Az] |||

= limsup,,, limsup,, [||yn =y +y — (1 = A)ym — Az[]|

= limsup,, limsup,, [|[yn —y + (1 = Ny + Ay — (1 = A)ym — Az||

< timsup, limsupy [(1— M)l — vlll + [ — 9) + Ay — )]

< (1= M) limsupy, [[[ym — yll| + limsup,, |[[(yn — y) + APe, (y — @)||[ + Al[|Qk, (y — 2)|[|
<(1=XN(c+e)+c+e+ FA)Ry+ Me

< (2 — )\)(C—F 62) + F(/\)Ro + Meq

< 2c,

which proves (x*), and completes the proof of the theorem.

3. NORMS WITH THE FIXED POINT PROPERTY

Throughout this section, we will study several examples of norms which are
near-infinity concentrated norms and therefore they satisfy the FPP according to
Theorem 2.7. As a particular case of a more general result, we will deduce that
(¢1,vp(+)) has the FPP whenever v,(-) is a renorming of ¢;.

We will start by proving that P.K. Lin’s norm is an example of a near-infinity
concentrated norm. We will deduce this assertion from the following lemma.

Lemma 3.1. Let (X,|-|) be a Banach space with a Schauder basis and assume
that | -| satisfies properties (1) and (2) in Definition 2.1. If (yx) is a nondecreasing
sequence in (0,1) converging to 1, then the norm defined as

||y == SI;P%\Qk(xﬂ ; forallw e X,
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is a near-infinity concentrated norm on X that is equivalent to | - |.

Proof. Notice that v |Qr(x)] < |Qk(z)]1 < |Qk(x)| for every k € N and z € X,
which implies that | -|; is a sequentially separating norm whenever |- | satisfies the
same property. It is also easy to check that | - |; satisfies (2) in Definition 2.2. Tt
remains to prove condition (3). Fix some k € N and R > 0. Let (x,) be a bounded
pointwise-null sequence in X with liminf,, |z|; > 1. Without loss of generality we
can assume that Q;(z,) = Qk(z,) for every | < k. Moreover, it is not difficult
to check that limsup, |z,| = limsup,, |z,]1. For every z € X with Qr(z) = 0,
|z]1 < R and for every A > 0 we have

|z + A2[1 = sup; |Qi(zn + A2)| = sup; vi|Qi(zn) + AQi(2)]
= max 13315(71%@1(%) + /\Qz(Z)I,gEWIQz(xn)I

= max {1<I}’1<3,]3(1'}’1|Ql(xn) + AQi(2)], |xn1}

max{yg—1|Tn| + Alz|1, [zn]1}

IN

Taking limits when n goes to infinity:

limsup |2, + Az|1 < max{yi_1 limsup |x,|1 + Alz|1, imsup |z, |1 }.
n n n

From above, limsup,, |z,]1 > 1 and |z|; < R; and so
limsup |z, + Az|; < limsup |z,|1 + Fx(A)|z]1
n n

where Fj,(A\) :=0if A < (1 —v,—1)/R, and Fj(\) := X otherwise. Taking M =0
and any R > 5 in Definition 2.2(3), we see that | - |; is a near infinity concentrated

norm. g
If welet || :=] |1 in £; we obtain that |- |; coincides with P.K. Lin’s norm
[l - |||z Moreover, given a norm | - |o := | - | satisfying (1) and (2) in Definition 2.2

and defining in a recursive way the equivalent norms
| |n = Sl}ip'Vk‘Qk('”nfl

for every n € N, we can construct sequences of near-infinity concentrated norms.
All of these norms |- |, (n > 1) satisfy the FPP when the basis is boundedly
complete, according to Theorem 2.7.

Lemma 3.2. Assume that (pn) C (1,400) is a nonincreasing sequence with lim,, p, =
1. Then the norm vp(-) is a near-infinity concentrated norm in the Banach space
X, defined as the completion of coo with the norm v,(-).

Proof. Let us start by proving that v,(-) is a sequentially separating norm, that
is, vp(-) satisfies property (1) in Definition 2.2. By Lemma 2.5, it suffices to check
that limy Sk(X, v,(+)) = 1.
l
Fix k£ € N. First note that if z = Zw(i)ei with £ <7 and [ <y then
i=k

!
vp(z+y) =1p (Z z(i)e; + l/p(y)elH) .

i=k
On the other hand, it is not difficult to check that if 1 < p < ¢ and a,b,¢c > 0
then:

1, 1B, ) p)llg > lla, 1B, Mlig)lg = (a + 118, )]19) /" = (@ + b7 + 1)/ =
= [I(lI(a; D) llq, )l -
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Using now the definition of the norm v,(-) and taking into account that

©Pn < Pn-i < P2 §P1a
l
it can recursively be checked that for z = Z x(i)e; with k <land Il <y
i=k

Vp (Zé:k z(i)e; + Vp(y)€l+1>
[ (vp(@), vp(y) I s
Cr(vp(z) + vp(y)) (1)

vp(x +y)

AVAAY

where C), 1= 2~ 1+1/px

Let (z,,) be a block basic sequence in X and let z € X with Qx(x) =z. If ¢ >0
is given, choose k' > k such that

Qo) < (1) + Tmsup sy ()

n

Without loss of generality, we can choose n large enough so that k' < z,,. Applying
(1) to the vectors zg := z — Qp/ (), 1 := Qi (x), and x,,, we obtain:

lim sup,, vp(x + 2,,) limsup,, vp(xo + xn) — vp(z1)

limsup,, Cy, (vp(x0) + vp(xn)) — vp(21)

Cr (vp(x) — vp(21) + limsup,, v, (z5)) — vp(21)

C (vp(x) + limsup,, vp(z,)) — (Ck + 1)vp(x1)

C (vp(x) + limsup,, vp(z,)) — (Ck + 1)e (vp(z) + limsup,, v, (x,,))
(Cr — e(Ck + 1)) (vp(2) + limsup,, vp(2y))

v I IvIvIvV

Since € > 0 is arbitrary,

limsup vy, (z + x,,) > C (yp(ac) + lim sup Vp(xn)> .

n n
Then, by the definition of the coefficient S, (X, vp(+)), we deduce that

1

o

Taking limits as k goes to infinity and using Lemma 2.5 shows that v,(-) is a
sequentially separating norm.

Sk(X,1(1)) <

It is clear that v, (-) satisfies (2) in Definition 2.2. Therefore, it remains to prove
(3) in Definition 2.2.

Fix k € N. Consider the equivalent finite dimensional Banach spaces (R¥, || -[,,)
and (R¥,v,(+)). Take some constant Ly > 0 such that ||z||,, < Lgv,(z) for every
r € R¥.

Let (x,) be a bounded pointwise-null sequence with liminf,, v,(x,) > 1, and
z € X with Qr(z) = 0 and v,(z) < R for some R > 0. We can assume, without
loss of generality, that Py (z,) = 0 for every n € N.

Having in mind that (p,), is a nonincreasing sequence, it is not difficult to check
that for all A € (0, +00),
V(X +A2) < (WP [2(D)[P* + - APE[z(k — D)7 + vy ()P ) /P
APk 1/pk
— PE oy .. — 1)|Pk
= plon) [ (P e s D) 41
Dk 1/pk
= Vp(xn) |: p: +1

eAT
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It is easy to check that (1 +v)* <1+ av if 0 <wv and 0 < a < 1. Therefore

1 APk
Vp(zn +A2) < vp(wn) EWHd Pe+1
Pk
— — Pk
I/P(xn) + Dk Vp(.TXLp)pk_l ||Z| Pk
k
< vpla,) + L% v, (z)P*.

Pk Up (T )PE—1
Then, for every A > 0,

1 Pk
limsup,, vp(x, + Az) < limsupv,(x,) + LY vp(2)Pe "y, (2)

n pi liminf,, v, (z,)Pr—1

lim sup vy (z,,) + p—k)\p’“LﬁkRp’“_lup(z).

n

IN

Define 1
Fr(A) := —\PeLPERPETL
Pk

for every A > 0. Since, limy_,g+ Fi(A)/A = 0, we can take M = 0 in property (3) of
Definition 2.2 and v,(-) is a near-infinity concentrated norm whenever lim, p,, = 1.

O

Corollary 3.3. For every nonincreasing sequence (py,) C (1, 4+00) with lim,, p, = 1,
the Banach space (X,vp(-)) satisfies the FPP. In particular, if the sequence of
conjugates of (pn) satisfies that g, > dlogn for all n € N and some § > 0, the
norm vy(+) is an equivalent norm in ¢ with the FPP.

Remark 3.4. We would like to point out that there exist some norms verifying
the FPP which are not near-infinity concentrated. For instance we can consider the
Banach space ¢; and the equivalent norm |z|; = |||Pa(z)|||z + |||Ps()|||r where
A={2n:n>1}, B={2n—1:n > 1}, P4, Pg denote the corresponding
projections onto the subspaces [e,, : n € A] and [e,, : n € B] respectively and |||-]||
denotes P.K. Lin’s norm as usual. It is easy to check that (¢y,]-|1) is isometric to
the space (¢1,]|]-|||r) @1 (41, || -1||z), which has the FPP according to [6]. However,
| - |1 does not satisfies condition (3) in Definition 2.2.

A similar situation occurs when we consider the ¢;-renorming |z|y = ||z|j1 +
[l|z]||z. From [10] we know that (¢1,|lz||1 + |||z|||z) verifies the FPP. However,
condition (3) in Definition 2.2 also fails in this example.

Nevertheless, by means of Theorem 2.7, we can obtain a stability result in the
following sense.

Theorem 3.5. Let ||| - ||| be a near-infinity concentrated norm on a Banach space
X with a Schauder basis {en}n, and let || - || be an equivalent norm satisfying
conditions (1) and (2) in Definition 2.2. Then there exists ro > 0 such that the
norm || = ||| ||| + 7| - || is also near-infinity concentrated for every 0 < r < rg.

Moreover, if {epn}n is boundedly complete, then the spaces (X,|-|) have the FPP
for every 0 <r < rg.

Proof. Since ||| - ||| and || - || are equivalent norms, there exist 0 < a < b such that
all|lz||]| < ||z]| < bl||z||| for every x € X. Therefore, for all € X,

1  ra 1 b
1+ an)lell < ol < (0 r0)lell and (G + 5 ) el <lol < (5 + 2 ) el
It is easy to check that |- | satisfies conditions (1) and (2). Let us prove (3). By
hypotheses, there exists some Ry > 5 and M € [0, 1) satisfying Definition 2.2.3 for
the ||| - ||| norm. Take some M’ € (M,1). Let (z,) be a bounded pointwise-null
sequence with liminf,, |x,| > 1 and let z € X with Qx(z) =0 and |z| < Ry. In this
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case, liminf, |||z,]|| > 1/(1 + rb) and |||z||| < Ro/(1 + ar). Fix X € (0,00). Then
there exists a subsequence (z,,);jen of (Zn)nen such that
[ := limsup |z, + Az| = lim [2,,; + Az|.
n J
Taking further subsequences if necessary, we may assume without loss of generality,
that the limits

tisn [z, I, tisn iz, |+ tim |1, + Asl]| and lim [z, + 2|

all exist in [0, 00). Therefore,

T rlimy ||z, 4 Az|| 4 limy |||z, + Az]]]

IA

Tlim 1Zn; || + Arf|2]l
1 1+7b
+1+ 11m\|\(1+rb)xn —|—)\ (1—|— r)z||]
<

7"li;ﬂfllkvnjll +/\7“||Z||

Il
Il

+limsup] ||z, ||| + F
J

= lim|zn7.| + Ar|lz|| + Fx (

A1+7b)\ 1+ ar
( 1+ar >1+rb
A1+7rb)\ 1+ar

1+ar >1—|—rb

e T
1

RN

< 11msup|xn| + A ]

= 1 n A ;
1msup|x | + 1+ar} |2

1+7d) 1+7rb
where G(\) := Fy ()\( i > < tr > . Define the corresponding “Fj-type”

(I+ar) 1+ar
function for the |- | norm by
r 1

F(\) = A=——+G\)——, for all X € (0, .

() =\ gy O gy Forall A€ (0.0)
Since limy o+ G(A)/A SRM we have that

1340) 1 M
TG =g(r)

A—0t A T (4 5) 1—|—arR70:

Notice that lim,_. g(r) = M/Ro, which implies that there exists some 9 > 0 and
M’ € (M,1) (depending on the constants a,b) such that for every 0 < r < rg,
g(r) < M'/Ry; and so ||| - ||| + || - || is a near-infinity concentrated norm.

The rest of the theorem follows by applying Theorem 2.7. O

If we proceed as in the previous proof, using the above arguments and the fact
that limy_ g+ F"“)(\A) = 0 for both P.K. Lin’s norm and the v,(-) norm, it is not
difficult to check that, in the case where v,(-) is equivalent to the || - ||;-norm,
vp(-) + All| - |z is a renorming in ¢; which is also near-infinity concentrated for
every A > 0. Therefore we can also deduce (see also [2, Section 4]):

Corollary 3.6. Let (p,) be a nonincreasing sequence in (1,+00) such that there
exists some 6 > 0 so that g, > § logn for alln € N. Then (¢1,v,(-) + A||| - |||z) has
the FPP for every A\ > 0.
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