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1. Introduction.

A mapping T defined on a weakly compact convex subset C of a Banach
space X {is said to be nonexpansive if ||T(x)-T(y)|| < ||x-y|| for all x
and y inC; and X s said to have the (weak) fixed point property (FPP)
i ‘ery such mapping has a fixed point. Classical results ([4],[7]) show
t;::’every uniformly convex Banach space and those with normal structure have
the fixed point property. Until recently other positive results remained
fragmentary. Moreover, it was only in 1981 that Alspach [1] showed that
L][O,lj does not have the FPP (see also [11],[12]).

Also, Maurey [10] showed, using ultrapower techniques, that cO(N) and
reflexive subspaces of L1[0,1] have the FPP. In this paper we refine
Maurey's ideas on 9 and remove the dependence on ultrapowers. We are then
able to show that many Banach spaces satisfy simple and verifiable lattice-
theoretic criteria and so have the FPP. In particular we: (1) characterize
order-complete M spaces with the FPP; (2) show that cO(S),c(S), and Day's
norm on cO(S) have the FPP; (3) recover-much strengthened-examples due
to Karlovitz [6] and others; (4) exhibit spaces without asymptotic normal
structure which have the FPP.

Full details of these and other results are forthcoming in [3].

A
2. Basic results.

A sequence (x.) 1in C 1is approximately fixed for T if ||x -T(x,)||
tends to 0 . It is a simple consequence of the Contraction Principle
that such sequences exist. The following basic construction allows us to

replace approximate fixed points by fixed points of a related mapping. Let

1W(X) and cO(X) denote the substitution spaces of X into 1_(N) and
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cO(N), with e]ements[x]:=(xn). Define [X] to be the quotient ]m(X)/cO(X)
with | R :=Tinsup| [x, ||, and define [c]:=r(]°§]c)/c0(x). Then [c] is closed
bounded and convex and [TI[@):=[T(xn)] defines a nonexpansive mapping on
[C]. It is clear that [x] is fixed for [T] exactly when (xn) is approximately
fixed for T

In any Banach space, the quasi-midpoint set Q(y,z):= {weC:||y-w]||=]|z-w]|| =
(1/2)||y-z||? {is a nonempty closed convex subset of C . If T is non-
expansive and C is closed convex and T-invariant then Q(y,z) is also T-
invariant whenever y and 2z are fixed. The first result follows from the
Contraction Principle and a diagonal arguement applied to [T] on Q{[x],[y]).

Maurey gives a similar (slightly weaker) result using ultrapowers.

Proposition 1. ([3]) Suppose that C is a minimal T-invariant weakly compact
convex subset of X containing 0. Suppose also that (xn) and (yn) are

approximately fixed for T in C and that 1im[[xn-yn|[ = diam (C). Then
i R e
there exists a sequence (z) of approximately fixed points in C with

] i - = Timlly - - im! = ; .
m ll:“r)f%" lg\‘ynzn\\ (1/2):}121\%\\ (1/2)diam(C)

The existence of diametral approximately fixed points can always be
guaranteed ([3],[61,[10]). We also need two lattice-theoretic concepts. A

subset C of a Banach lattice will be called weakly orthogonal if

~
(2) Timinf 1iminf| | |xn-§\A\xm-i|\|: 0

N Moo
whenever (xn) converges weakly to X inC. A Tattice Y 1is said to be weakly
orthogonal whenever all its weakly compact subsets are. It is relatively
easy to show that c(S), cgy(s), 1p(S) (1<p<=) are weakly orthogonal while
1_(N) and non-atomic L, spaces are not. Obviously, any norm-compact set is

weakly orthogonal. It is also easy to see that every Orlicz sequence space

with the "delta-two" condition [9] is weakly orthogonal. Finally, we define
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the Riesz angle of a Banach lattice by

(3) a(x):= sup{{ {xviyl [T IxIT < Wyl <.

Proposition 2. ([3]) (a) For any Eanach lattice X.1 < a(X) <2 with a{Xx)=1
if and only if X s an M space. (b) If X 1is an abstract L, space

(1 <p<=) then a(X) = 2P (c) Let X be a full substitution space on

a 1dex set I and (X;:iel) s a family of Banach lattices. Then for the sub-

stitution space P: = P(X;,X)

+

a(P) <a(X) §u? a(x;)
ie

The fundamental inequality involving the Riesz angle is:
(5) Hzl| < aX)(Hx=z [ [v|[x=y [} + | [x[aly]]].

and is easily established.

3. Fixed point theorems.

Recall that the Mazur distance between two Banach spaces X and Y is

given by d(X,¥): = inf([[U][[|U7T||:U is an isomorphism of X onto Y}.

Theorem 1. ([3]) A Banach space X has the FPF if there exists a weakly

gr*hogonal Banach lattice Y such that

" ——
(6) d(X,Y) a(Y) <2
Proof. We suppose that T s nonexpansive on a minimal invariant weakly
compact subset C . Select an approximately fixed sequence (an) . On
extracting a subsequence and translating we may assume that (an) is weakly
null and that 0 lies in C . Now use (6) to pick an isomorphism U of

X onto Y with (7) ||U]| ||U'1||a(Y) <2 . Since Y is weakly ortho-
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gonzl, we can find subsequences (x,) and (y,) of (a,) with (8) |[|ux|n|uy]|]
tending to zero in norm. Since any approximately fixed sequence is diametrizing
(6] we can alsc assume that (9) [|x -y || tends to diam(C). Proposition 1
produces a third approximately fixed sequence (zn) satisfying (1). Now (5)

shows that
(10) Vimsup| Uz,|| < a(N)Timsup(|[Ux Uz, | 1)v( ||ty -Uz, | 1)1 imsup| | [Uxy 1 Uy [1]
N N Ne
~

Now (1), (8) and (10) combine to show that 2 diam(C) < ||U]] I|U']Jfa(Y)d1am(C).

Since (7) holds C must be singleton.

Corollary 1. (a) Every weakly orthogonal lattice with Riesz angle less than

two has the FPP,
(b) A Banach space X such that d(x,1p) < 21"VP i the
FPP (for l<p<s) .
(c) A Banach space X such that d(X,c(S)) <2 or d(X,cO(S)) <?

has the FPP.

Corollary 2.  An abstract Lp space (1 < p < =) or an abstract order-

complete M space has the FPP if and only if it contains no isometric copy

of L1[0,1].

Proof. For p>1, Lp spaces are yniformly convex and the result is trivial. -
For p =1, 1t is a consequence of Alspach's example, the fact that atomic

L] spaces have the FPP, and the fact that a non-atomic L] space contains a
copy of L][0,1]. Finally any order-complete M space which contains no copy

of 1_(N) is isomorphic and isometric to cO(S) on some index set S [8].

Example 1. ([6]) (a) Let 1 <p<r <« and let t> 0. Consider
X: = X(p,r,t) as 1P(S) renormed by ||x|]: = ]ﬂx||rV(t\|X|]p) . For p=2,
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r = » these norms were studied in [2], [6]. It is immediate that X is
weakly orthogonal and Proposition 2 (c) shows that a(X) 5_2]/p <2 . Thus X
has the FPP. Baillon and Schdnberg [2] showed that X(2,~,t) has normal
structure only for t > 1/¥2 , and asymptotic novmal structure only for
t > 1/2. Their results, therefore, only apply for t > 1/2.

(b) It is almost immediate that Day's norm on cO(S) [5] has
4" 5ls) < ¥/3/2 < 2. Corollary 1 (c) shows that Day's norm has the FPP.
Na;; that d(c(S),cO(S)) = 3 and the two parts of Corollary 1(c) are thus
distinct. Note also that cO(S) is Tocally uniformly convex, but is not

uniformly convex in every direction [5].

Remark 1. Our results can be rephrased so that they apply to weakly orthogonal
sets in arbitrary lattices. In particular, every weakly orthogonal subset of
lm(S) has the FPP. This is interesting because every Banach space is isometric
to a subspace of some 1 _(S). One can therefore show that a class of spaces

has the FPP by showing that their isometric images are weakly orthogonal in the
1_ Tlattice structure. Conversely, it follows that any isometric image of the
L1[0,1] unit interval must fail to be weakly orthogonal since such sets admit
nonexpansive mappings without fixed points [12]. Is it possible to use these

ideas to show that (super-) reflexive spaces have the FPP?

5. eferences.
T e

1. Alspach, D.E., "A fixed point free nonexpansive map", Proc. Amer. Math.
Soc., 82(1981), 423-424.

2. Baillon, J.B. and Schénberg, R., "Asymptotic normal structure and fixed
points of nonexpansive mappings", Proc. Amer. Math. Soc., 81 (1981), 257-264.

3. Borwein, J.M. and Sims 8., "Nonexpansive mappings on Banach lattices and
related topics", in preprint.

4. Browder, F.E., "Nonexpansive nonlinear operators in Banach spaces", Proc.
Nat. Acad. Sci., U.S.A. 54(1965), 1041-1044.



26

o

10.

n.

12.

J. Borwein and B. Sims

Day M.M., Normed linear spaces,3rd edition (Springer-Verlag, 1973).

Karlovitz, L., "Existence of fixed points of nonexpansive mappings in a
space without normal structure", Pacific J. Math., 66(1976), 153-159.

Kirk, W.A., "A fixed point theorem for mappings which do not increase
distance", The American Math. Monthly, 72(1965), 1004-1006.

Lacey, E., The isometric theory of classical Banach spaces (Springer-

Verlag, 1974).

Lindenstrauss,J. and Tzafriri, L., Classical Banach spaces, 1. Seguence
spaces (Springer-Verlag, 1977).

Maurey B., "Points fixes des contractions de certains faiblement compact
de 1", preprint. *

Schechtman, G., "On commuting families of nonexpansive operators", Proc.
Amer. Math. Soc., 84(1982), 373-376.

Sine, R., "Remarks on the example of Alspach", preprint.

Dalhousie University
Halifax, N.S. B3H 4H8

Received November 2, 1982



