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PROPERTY (M) AND THE WEAK FIXED POINT PROPERTY 

J E S ~ S  GXRCI.4 F.4LSET AYD BRXILEY SILTS 

iComrnunicated h~ Palle E. T. Jorgensen) 

X B ~ Y R - \ C T .  It  is sholvu that in Banacll spaces with the property (LI) of Kalton. 
lionexpansive self ~nappi l~gs  of nonempty xveakly conlpact convex sets neces- 
sarily have fired poilits. The stability of this conclusion under renormings is 
exanlined and conditions fur such spaces t o  have weak normal structure are 
considered. 

Throughout X will denote a Banacll space. Bx its unit ball {x E X : I x  < 1). 
Sx its unit sphere {x E X . 1x1 = l),  and .Y* the dual space of X. 

A weakly null t,ype on a Banach space X is a function of the form 

v( , ,L)(x)  = limsup ( r  - x,, 1 .  
n 

where fx,,) is a weak null sequence. We say v(,,,j is nontrivial if ~ ( ~ ~ ~ ( 0 )  # 0; that 
is. if 1 s,, + 0. If X is separable we may replace (x,) by a subsequence so that 
i: , L ,  ( 2 )  = limn lix - x,I, for all x E X. 

Over the last decade an intimate connection has been established between the 
structure of certain weak null t,ypes and the geometry of the space, in particular 
the presence of weak normal structure, or the weak fixed point property. See, for 
example. Maurey [9], and Sims [12]. 
X Bailach space X has weak normal strrlctrlre if there are no nontrivial weakly 

compact convex diametral subsets. That is, if C is a weakly compact convex subset 
with diamC > 0 then infYEc supzEc Iy - x (  < dianiC. 

Meak normal structure is a sufficient condition for the weak fixed point pro pert,^ 
(n--fppj: Every nonexpansive self mapping of a nonempty weakly compact convex 
subset of X has a fixed point. Here T : C + C nonexpansive means T x  - TyIl 5 
Ix - y / .  for all x ,  y E C.  

The reader is referred to  the book by Goebel and Kirk [3] for a full discussion of 
these properties and the connection between them. 

Recently Kalton [5] introduced propert,y (,W): U7eakly null types are constant on 
U' 

spheres about the origin. That is, for xn -0 the weakly null type vl(,,,) jx) = 
lim sup,, x - x, 1 is a function of x l l  only. 
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Property (hI) M-as an essential ingredient in Iialton's characterization of those 
separable Banach spaces X for which the compact operators K ( X )  form an 11-ideal 
in the algebra of all bounded linear operators. C (X) .  That is, 

C(X)"  = (K (s' @ V) , , for some closet1 subspace V. 

A link with the fixed point property for such spaces was observed in Sims [lo] 
where it was noted that asvald Lima [7] had effectively shon 11 that K ( S )  an hI-ideal 
in C(X) implies that X"  is weak*-uniformly Kadec-Kler [l IiK") and hence has 
weak* normal structure [I]. It therefore seems natural tu illquire into conilections 
between property (11). weak rlor~llal structure, and the w fpp. This is particularly 
relevant since a detailed study of spaces with property (11). including stability 
under suills and renormings. has been undertaken by Kalton [5] and Kalton and 
IVerner [6]. to which the reader is referred for details and exanl~ples 

Property (hI) relates to several properties previously introduced in connection 
with the w-fpp. 

A Ba,ilach space X is said to have WORTH if every n-rakl! 111111 type satisfies 
~i,,, , (-x) = w(,,)(x): for all x E X [I l l :  and to satisfy thc I I ~ J I - s t r i c t  Opiel condi- 
tion if every weakly null type satisfies @(,,, )(0) 5 c!,.,,) (x):  for all .c E X. 

Proposition 2.1. For the follcwzny con,ditions o n  the Banach  s,z)c~ce X we haile (i) 
* (ii) ==+ (iii) * (is).  

(i) X has property (M).  
(ii) X h.as WORTH. 

U' 
(iii) If x, - 0 then  for each x E X we h a l ~ e  I+-(,,.,,) ( t ~ )  is  an  increasing f?rnctio'n of 

t o n  [O,  s). 
(iv) ,Y satisfies the non-strict Opbal coradit/on. 

Proof. All the implication are clear except for (ii) * (iii). To see this. note tha,t 
for 0 < t l  < t2 there exists d E (0. 1) such that tl.c = 3( - t2 )x  T (1 - 3)t2x 
and so: since v(,,~) is convex and by WORTH ,.,,, (-t2z) = ui., , , ,( t2.r) .  we have 
v(,,,) ( t l ~ )  L 3 L ' i X , )  (-t2.r) + (1 - 3 ) ~ 1 ( ~ , , )  (t2x) = 'V(Z,> ,(t2x). 

An immediate consequence is Lenlilla 2.1(3) of Kaltoil [ 5 ] .  

Corollary 2.2. If X has property (M) any  weakly null type $(,,,) (x) is  a n  increas- 
iriy function of  1.r . 

It is well known (see: for example, [3]) that if X fails to  hame weak normal 
st'ructure then Bx cont,ains a weak null sequence (x,,) satisfying 

l i i l ~ ~ ~ ~ - ~ ~ ~ ~ ~  = I 3  f o r a l l x ~ ~ { x ~ ~ , } ~ ~ ~ .  
n 

In particular. since 0 E a {xk)r='=,: we have Jx , ,  1 )  - 1. Thus we have the following. 

Proposition 2.3. Let X be a Banuch  space with property (hf). If X fails t o  have 
.u,cak nornzal structure then  S n d m i f s  a nontriuiul 7ueal;ly n.?rll type which is  identi- 
cally equal to 1 o n  Bx .  

Proof. Let (2,) he a sequence in B.y such as described i11 the previous pa,ragrapli. 
Then lLt(,rz) (0) = 1 and I j ( , ,L )  (x,,,) = 1. for all rn. Since llx,,, 1 1  + 1, it follows fro111 
Corollary 2.2 and property (LI) that L , ( ~ , )  equals 1 on the open unit ball, and hence 
by continuity on Bx.  
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Theorem 2.4. Let X be a Banach space ulzth property (h l j .  T h e n  X has weak 
u 

normal qtructure zf there e ~ z s t s  a poznt xu E S x  such that whenever y, -xu and 
Iy,, 1 1  1 ule have that the separatzon znder 7 (y,) := supinfki,, (y, ,  - y,,, ) < 1, 
uiherc the suprrmum zs taken over all subsequences (y,,,) of (y,). 

Proof. Suppose X fails to have weak normal structure. Let L?(,,, be the weakly null 
U' 

type of Proposition 2.3. and let y, := xu - x,, . Then, yn - .ru and lim sup, y, I /  = 
L~(, ,~)(X, , )  = 1, sothereisasubseque~icewith~(y, , )  < 1. But,  y(y,,) =?(s,,) = 1, 
a contradiction. 

Corollary 2.5. If X has property ( M j  and satzsfies any of the followzng then X 
has weak normal structure. 

(i) X has the Kadec-Klee property (the relative .weak and n o r m  topologies agree 
o n  Sr). 

(ii) X is reflezive. 
(iii) X has the Rad0.n-Nikodym property. 
(iv) X has the point of continuity property: for every weakly closed bounded subset 

A, the identity map (A, weak) to (A. norm)  has a,t least one point of contin~e- 
ity; see [2]  for details. 

(v) Sru contains at least one point at which the relative weak and n o r m  topologies 
agree. 

Proof. (i) =-=+ (v),  (ii) * (iii) (iv) * (v),  and (v) implies the condition of 
Theorem 2.1 .  I7 

3 .  PROPERTY (;\I) IMPLIES THE WEAK FIXED POINT PROPERTY 

For a weakly null type y(,n) on the Banach space X define 

From the weak lower semi-continnit of the norm, we have 

15 A(,,) 5 1 + limsup 11x,1. 
11 

and if X has property (hl) then 

A(,,,) = Y(,,) (51, for any X E Sx, 

= l i m  y m  whenever I y, ) -- 1. 
~n 

Lemma 3.1. If X has property (Af j  and w(,,~,  zs a weakly null type wzth yjs, (0) = 

1 then A,.,,, = D(x,,) ,  where D(x,) := limsup,, limsup, J(.L., - x , ) .  

Proof. L ' ( , , , )  (0) = 1 implies that the linlsup of the norms of any subsequeilce of 
(x,,) is at  most 1. and that there exists a subsequence (x,,) with 11x,, 11  - 1. 

Then 

D(Lrn) 5 A(x,,) = l i ~  @ ( r , ,  , (xnk)  
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Theorem 3.2. L e t  Xo := (X,  ( . 0 )  be a B a n n c h  space h,atling proper ty  (hf) a n d  
le t  / . 1 be a n  equzvalent n o r m  o n  X sat is fy ing  

lxllo < xII1 < bl lxo ,  for. a l l z  E X .  

If  b < (1 + &)/2, th,en X1 := (X,  I . 1 )  1) h,as th,e UJ-fpp.  

Proof .  Suppose X1 fails the w-fpp. Then, by standard arguments (see [3]; for 
example), there exists a weak compact convex subset I i  of .y ~vi th  diam 1 K  = 1 
and a fixed point free ( 1  . Ill-nonexpansive map T : I i  -- I i  n-it11 respect to  which 
K is a minimal nonempty weak compact convex in\-ariant auhset n-hich contains an 

U'  
approximate fixed point sequence ( an )  with a, - 0 and. b>- thc Goebel-Karlovitz 
lemma, limn 1x - anill = d i amlK  = 1 for all x E K .  

Let [XI]  := !, (Xl)/co(X1) with the quotient norm given canonically by [x,] = 

l i m s ~ p ~ , l ~ x ~ ~ I ~ ~ .  Let [K] := {[x,,] : x, E K,for  n = 1. 2 .  . . . ) .  Then [T][x,,] := 
[Tx,,] is a well defined nonexpansive self mapping of [IT]. 

Given t E (0, 112) let 

1 1 
W := {[wn] E [K]  : I [wTL] - [a,] < - - t and D[zL.,,] 5 - + t). 

2 2 

where D[w,] := Dl  (w,) = lim sup,, lim sup, Iw,, - wn is ivrll defined. since for 
(uln - Y,) E co (XI )  we have Dl  ( ~ ~ 7 ,  ) = Dl (yn). 

Then W is [TI invariant, closed. convex and nonempty, as (i  + €)[a,] E W .  
Thus. by Lin's [8] extension of the Goebel-Karlovitz lemma. 11- contains elements 
of norm arbitrarily close to  one. 

On the other hand, for [u!,] E LIT we may without loss of generality suppose that 
w, E K ,  for all n, and we may extract a subsequence (wnk)  such that 

limit w n k l  = [ w n ] ;  
(w,,) is weakly convergent to  some wo E K ,  and 
d := limk w,, ,  - wOIO exists. 

1 
Now, Iwoll < liminfk w , ,  - ankill 5 [ w n ]  - [an:ll 5 - t .  Thus. given any 

q E (0, t ) ,  if liminfk Iw,,,, - w o l  < + q we have 

So in this case 1 [wn] l 1  is uniformly bounded away from one. 
Thus, we need only consider the case when 

1 
liminf /wn ,  - w 0 1  2 - + q. 

k 2 

For this case, provided b < (i + q ) / ( i  - t) we have 

d = lim I w,,, - woio > ( l / b )  lirriinf w,,  - woll  
k k 

1 
2 ( I  + " I b  



Let yx := jl/d)(wo - tun , ) ,  so y k I o  - 1. Then 

= b d ~ ( , ~ )  ((1/d)1l'o) 

< bdX(,,). as ( l l d ) w ~ l ~ ~  5 1, 

= bd Do(yL) ,  by Lemma 3.1, as viy,) (0) = 1, 

1 
= bDil(w,,) 5 ~ D I I ( w , , )  5 bD[w,,] 5 b( l  + 6). 

Thus again [w,] I is uniformly bounded away from one provided b < 1/ ( + t)  
In this n-ay tve arrive at  a contradiction tvhenever 

where O < TI < t < 112: that is. for b < (1 t V5)/2. 

Corollary 3.3. Let X be (I Bnr~c~ch spacc u < ~ t h  proper ty  (M). If Y zs a Banach 
space for ulhzch the Banuc11-,lIazvr d~stantc  d(T:X) < (1 + &)/2, then Y has the 

w-fpp. 

Proof. This follows directly from Theorem 3.2 and the observation that both the 
n--fppand property (11) are preserved if the norm is replaced by a strictl) positive 
ycalat ~nultiplr  of itself. 

Rc ci rX.5. [ 1 ) The constant (1 + v1'3)/2 is equal to  that obtained by Jimknez-hlelado 
, i l l t i  T.1ori.u~-Fuster [4] for ,Y = E 2 ,  and appears to  be the best known for the C, 
- ~ ) i i ( ~ -  n-it11 p near 2. 

2 I Theorem 3.2 affords anot,ller proof that co, while failing to have weak normal 
- t ~  (lcture, none-the-less enjoys the w--fpp. Indeed in the presence of property (\I)  
tllr appearance of co in the space appears to  be the main impediment t o  weak 
iiormal structure. To see this. suppose X has (M),  but fails to  have weak normal 
structure. Since weak norillal structure is separa.bly determined, by passing to a 
sul~space if necessary we may assume that X is separable. Then, by the argument 
for Proposition 2.3. X adnlits a nontrivial weakly null type 

~vhicli ib constant on  Bx. From Karlton 151 Lemma 3.6 and the discussion preceding 
it thew (,xist (y,,) C X ,  a basic subsequence of (x,,), and constants k, K > 0 such 
that 

for all finitely supported sequences ( E n ) .  where 1 .  is the Orlicz norm arising from 
( t )  : i n  - tx, I - 1 whenever l l x  = 1. But,  for t > 1 we readily see that 
F ( t )  = t - 1. in particular F is degenerate, so 

and co - X. 
Since the inclusion of co is an isomorphic (and hence almost isometric) one, this 

does not provide a characterization of weak normal structure in spaces with property 
@I). It does however give an alternative, albeit substantially less direct, proof 
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for some of the necessary conditions for weak normal structure given in Corollary 
2.5, in particular conditions (ii) and (iii). Whether or not it captures (i) and 
most importantly (v), or the result of Theorem 2.4. is unclear, and leads to  the 
question: does the Kadek-Klee property in the presence of (M) imply co f i  X ?  
In particular. since co itself admits an equivalent Kadec-Klee norm we ask is there 
such a renorming which also retains property (hI)? 

(3) A dual property to  (ill), property (hl*),  is defined in X *  by requiring that 

u l ( f , , ,  : X *  + R+ : f H limsup I f - f,, 1 1  
n  

be a function of 11  f I only, whenever f n  0. Kalton [5] shows that if X *  has (M*) 
then X has (hI) and the natural embedding of X is an hl-ideal in X** and so by 
Lima [7] X *  has the Radon-Nikodym property. Thus, if X *  has property (M*), 
then X *  has weak* normal structure and X has the w-fpp. 

(4) Since property (M) implies WORTH which in turn implies the non-strict 
Opial condition we are left with the question: does WORTH. or indeed the non- 
strict Opial condition, imply the w-fpp? 

We wish to  thank T .  Dalby for his valuable comments on early drafts of this 
material and in particular for suggesting the substance of Renlark 2. 
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