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ABSTRACT. Jaggi and Kassay proved that for reflexive Banach spaces X, nor-
mal structure is equivalent to the Jaggi fixed point property (i.e. all Jaggi-
nonexpansive maps on closed, bounded, convex sets in X have a fixed point);
which we note is equivalent to a natural variation: the Jaggi* fixed point
property.

In the spirit of this result, we prove that for all Banach spaces X, uniform
normal structure is equivalent to the Jaggi* uniform fixed point property: i.e.
there exists a constant y9 € (1, 00) such that for all v € [1,70), every Jaggi*
y-uniformly Lipschitzian map 7" on a closed, bounded, convex subset K of X
has a fixed point.

Here, T is Jaggi* v-uniformly Lipschitzian if for all T-invariant subsets G
of K, for all z € ¢6(G), for alln € N

sup |7 — T2 < 5 sup [l — 2] -
z€G zeG

1. INTRODUCTION

In 1965 W.A. Kirk [?] proved that in every reflexive Banach space, normal struc-
ture implies the fixed point property: i.e., every nonexpansive map on a non-empty,
closed, bounded, convex (c.b.c.) set C C X has a fixed point. (See the preliminaries
for the definition of normal structure and nonexpansive map.)

Building on these ideas, D.S. Jaggi [?] and G. Kassay [?] proved that a reflexive
Banach space (X, || - ||) has normal structure if and only if (X, || -||) has the Jaggi
fized point property: i.e., all Jaggi nonexpansive maps 7" on c.b.c. sets C' in X have
a fixed point. (Jaggi proved necessity, and later Kassay proved sufficiency.) Here,
T is Jaggi nonexpansive precisely if for all T-invariant c.b.c. subsets E of C, for
every x € F,

sup [Tz — Ty|| < sup [z — y]| .
yeE yeE

Further, we note below that these properties are equivalent to a natural variation:
(X, |l - I|) has the Jaggi* fixed point property: i.e. all Jaggi* nonexpansive maps T
on c.b.c. sets C in X have a fixed point. Here, T is Jaggi* nonexpansive precisely

2000 Mathematics Subject Classification. Primary 46B45.

Key words and phrases. uniform normal structure, uniformly Lipschitzian mappings, Jaggi.

The second author thanks Andras Domokos for introducing him to the work of Jaggi and
Kassay, and Bernard Beauzamy for suggesting uniform mormal structure should be related to
some kind of “uniform fixed point property”. He is also grateful to Brailey Sims, Eduardo Castillo
Santos, Brailey’s friends and the Mathematics Department at the University of Newcastle for their
wonderful hospitality; and to the University of Newcastle for its financial support, during much
of the preparation of this paper.



2 EDUARDO CASTILLO SANTOS, CHRIS LENNARD, AND BRAILEY SIMS

if for all T-invariant subsets G of C, for every = € @ (G),

sup ||Tx — Tz|| < sup ||z — 2| .
zeG z€G

Theorem 1.1 (D.S. Jaggi [?], G. Kassay [?]). Let (X, || -||) be a reflexive Banach
space. The the following are equivalent.

(1) The space (X, ]| -||) has normal structure.
(2) The space (X, || -||) has the Jaggi fived point property.
(3) The space (X, || -||) has the Jaggi* fixed point property.

Proof. [(1) = (2).] This is due to Jaggi [?].

[(2) = (3).] Let T be a Jaggi* nonexpansive map on a c.b.c. non-empty subset C
of X. Since T is necessarily also a Jaggi nonexpansive map, T has a fixed point.
[(3) = (1).] This is due to Kassay [?]. Kassay assumes that (X, || - ||) fails to have
normal structure and builds a c.b.c. set C C X and a Jaggi nonexpansive map
T : C — C that is fixed point free. It is easy to check that Kassay’s map is also
Jaggi* nonexpansive. ([l

In the spirit of this result, we prove that for all Banach spaces (X, || - ||), uniform
normal structure is equivalent to the Jaggi* uniform fixed point property: i.e. there
exists a constant yg € (1,00) such that for all v € [1,70), every Jaggi* y-uniformly
Lipschitzian map T on a closed, bounded, convex subset K of X has a fixed point.

Here, T is Jaggi* y-uniformly Lipschitzian if for all T-invariant subsets G of K,
for all x € €6(G), for all n € N,

sup [T — T2 < sup & — 2]] .
z€G z€G

2. PRELIMINARIES

As usual, we will denote the set of all positive integers by N, while Ny := {0} UN.
Also, R, Q and I denote the real numbers, rational numbers and irrational numbers,
respectively.

Definition 2.1. We say that a Banach space (X, || -||) has normal structure if for
all c.b.c. subsets C' of X with diam(C) > 0, we have that

rad(C) < diam(C) .
The radius of C, rad(C), is defined by

rad(C) := inf sup |z —yll
)

and the diameter of C, is given by
diam(C) := sup ||z — vyl .
z,yeC

Definition 2.2. We say that a Banach space (X, || - ||) has the fized point property
if for all non-empty c.b.c. subsets C of X, for every nonexpansive mapping T :
C — C, T has a fixed point.

The map T is nonexpansive precisely if for all z,y € X,

1Tz =Tyl <lle—yl .
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In the introduction, we gave the definitions of the Jagg: fized point property
and the the Jaggi* fized point property, and the corresponding notions of a Jaggi
(respectively, Jaggi*) nonexpansive map 7' on a closed, bounded, convex subset K
of X.

Let’s consider the example in Remark 2.3 of Kassay [?] of a Jaggi nonexpansive
mapping that is not everywhere continuous, and thus is not nonexpansive. Let us
now show that this example is also a Jaggi* nonexpansive mapping.

Example 2.3. Kassay [?] gave the following example of a Jaggi nonexpansive
mapping. Let (X, -|) := (R,|-]). Let K :=[0,1]. This interval is a c.b.c. subset
of (X,]|-1|)- Define S : K — K by

Sx = 0,ifzeQn][0,1]; and
Sz = g7ifx€]lﬁ[0,1].

Fix a non-empty set G C K with S(G) C G. There exists r € G. If r € Q,
then 0 = Sr € G. If r € I, then /2" € G, for all k € Ny. Thus, in all cases,
[0,r] € €o(G); and so

(@) = [0,s] , where s :=sup(G) .
Fix z € ¢6(G). Next fix z € G.
Sz — Sz <max{Sz, Sz} <

)

N »

and therefore

sup |Sz —Sz| <
zeG

NN VA

On the other hand,

sup |z —z| = sup |z —z| >rad(co(G)) =rad([0,s]) = s
2€G 2€e(@) 2

Thus, S is a Jaggi* nonezpansive mapping.

3. UNIFORM NORMAL STRUCTURE

Definition 3.1. Let (X, | - ||) be a Banach space. We say that (X, | -||) has uni-
form normal structure if there exists k € (0,1) such that for all C C X with C
closed, bounded and convez (c.b.c.),

rad(C) < kdiam(C) .
Definition 3.2. In any Banach space (X, || - ||), we define N(X) = N(X, || - ||) by

N(X) :=sup {m : C'is a c.b.c. subset of X with diam(C) > 0} .

We see that a Banach space (X, || - ||) has uniform normal structure if and only
if N(X) < 1.
On the other hand, a Banach space (X, || - ||) fails to have uniform normal struc-

ture if and only if for all & € (0, 1), there exists a c.b.c. subset C = C(k) of X such
that

rad(C) > k diam(C) .
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Consequently, a Banach space (X, || - ||) fails uniform normal structure if and only
if for every j € N, there exists a c.b.c. subset C; of X such that

rad (C;) > 5{%4i<han1(cy) .

In 1948 M.S. Brodskii and D.P. Mil'man [?] proved that a Banach space (X, || - ||)
fails to have normal structure (Definition ... ) if and only if there exists a sequence
(Zn)nen in X such that A := diam{z,, : n € N} > 0, and for all n € N,

i 1
dist(zp41,co{z1,...,2p}) > A (1 _ 2n> .

G. Kassay [?] used this theorem to prove that if a Banach space (X, || - ||) has
the Jaggi fized point property, then (X, || - ||) has normal structure.

The following proposition is an analogue of the necessity part of Brodskii and
Mil’'man’s theorem, that will help us prove a “uniform” anologue of Kassay’s theo-
rem (Theorem 4.3 below).

Proposition 3.3. Let (X,|-|) be a Banach space. Let C be a closed, bounded,
convex subset of X with do := diam(C) > 0. Further suppose that k € (0,1) is such
that

rad(C) > kdy .
Then there exists a sequence (zp)nen of distinct elements in C' such that for the set
D :=to{z, :n € N},
we have that for all x € D, for everyt € N,

sup ||z —y|| > kdiam(D) .
ye{zn:n>t}

Note that in the above proposition, diam(D) is necessarily positive.

Proof. Our set C # (. Choose x1 € C.
rad(zy,C) > rad(C) > kdp .
Thus, there exists xo € C' with
|z — z1]| > Kk do -

Consider Dy := co{z1,22} € C. The set Dy is totally bounded. Let € > 0 be
defined by
rad(C) — k do
S E—
and let {uf), e 7u,%)} C D5 be an e-net for Ds; i.e., for all x € D5, there exists
j€A{l,..., v} such that
lz —ulP|| <e.

Fix an arbitrary j € {1,...,10}.
rad(uf),C) >rad(C) > kdy ,
and so there exists x§»2) € C with

kdy + rad(C)
2

||:17§2) - u§2)|| > =:0.
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Fix an arbitrary « € Dy. Then there exists j € {1,...,v2} such that
(2)
[z —u™| <e,

and consequently,

o5 —all = ey — o+ —a
>l — ) — [l — 2]
s s eo kdo +rad(C)  rad(C) — kdo
2 4
kdy+rad(C) rad(C)—kdy
> J—
2 2
= kdo .

Thus, for all x € Dy := co{x1,z2}, there exists j € {1,...,v2} such that

(

|28 — 2| > 6 — e > kd .

At this stage, we delete repeated elements in the set {x§2), . ,3392) }, if necessary.

Next, we let D3 := co {xl,xg,mgz), e ,a:,(,i)} C C'. The set Dj is totally bounded.

Repeating the above argument, we can construct a finite sequence (a:g?’), oo ,xl(,?;))
of distinct elements in C, such that for all € Ds, there exists j € {1,...,v3}
satisfying

|28 — 2| > 6 —e > kd .

Let xgl) := 29 and v; := 1. Continuing inductively, we produce a sequence
(Vm )men of positive integers and a sequence

(Zn)neNn = (xl,xQ,x(12),...,x,g),xf),...,mf,?;),...,xgm),...,mf,’z),...)

of distinct elements in C' such that the following holds.
(W) [ For all m € N{1}, for every element z of

D,, := co{xl,xg,xf),...,x@) ...7x§m_1),... x(mfl)} ,

v ) ? M VUm—1
there exists j € {1,..., v, } satisfying
Hwyn) —z||>d—e>kdo ]
Define
D:=c5{z,:neN}CC.

Fix 2 € D and t € N, arbitrary. Next fix 7 > 0. Clearly, there exists k € N\{1},
with 2+ v9 + - - 4+ v, > t, and there exists

2 2 k k
w € Dy = co{xl,xg,xg ),...,x,(j2),...,x§ ),...,x,(/k)}

such that
|z —wl| <n.
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Hence,
sup o=yl = sup  (flw—yll - [z —w])
ye{zp >t} ye{zpn>t}
> sup (fw—yll-n)
ye{zp:n>t}

= ( sup Hw—w>—n~
yE{Zn:nZt}

By condition (#) above, there exists j € {1,...,v541} such that

Hx§k+1) —w|| >0—¢e>kdp .

Moreover, since 2 + vo + - -+ + v > t, we see that B ¢ {zn : n > t}. Thus,

J
k41
sup e~y > w2y > 6.
ye{zpn:n>t}
But 1 > 0 is arbitrary. Therefore,
sup ||z —y|| > —e>kdy = kdiam(C) > kdiam(D) .

ye{zpn:n>t}
In summary, we have proven that there exists a sequence (z,)nen of distinct ele-
ments in C' such that for the set

D :=co{z, : n € N},
we have that for all x € D, for every t € N,
sup ||z —yl| > kdiam(D) .
y€{zn:n>t}

O

4. THE JAGGI* UNIFORM FIXED POINT PROPERTY IMPLIES UNIFORM NORMAL
STRUCTURE

Definition 4.1. We say that a Banach space (X, || - ||) has the uniform fized point
property if there exists a constant vy € (1,00) such that for all v € [1,7y), every
~-uniformly Lipschitzian map 7T on a closed, bounded, convex subset K of X has
a fixed point.

Here, T' is y-uniformly Lipschitzian if for all z,z € K, for all n € N

[T =Tz <vllz— 2] .

We note that there is another property in the literature, not closely related to this
one, also called the uniform fized point property. See, for example, U. Kohlenbach
and L. Leugtean [?].

Let us now introduce a stronger property than that in Definition 4.1 above.

Definition 4.2. We say that a Banach space (X, || - ||) has the Jaggi* uniform fized
point property if there exists a constant vy € (1,00) such that for all v € [1, o),
every Jaggi* ~v-uniformly Lipschitzian map T on a closed, bounded, convex subset
K of X has a fixed point.

Here, T is Jaggi* y-uniformly Lipschitzian if for all T-invariant subsets G of K,
for all x € ¢6(G), for all n € N

sup |[T"z — T"z|| < v sup ||z — z]| .
z€G zeG
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Theorem 4.3. Let (X, || - ||) be a Banach space with the Jaggi* uniform fized point
property. Then (X, | - ||) has uniform normal structure.

Proof. Suppose (X, || - ||) is a Banach space that fails to have uniform normal struc-
ture. So, there exists a sequence of c.b.c. subsets of X, (C}),en, such that for all
jeN, |
J .
d(C;) > ——d ;) .
rad (Cj) Tl iam (C})

By Proposition 3.3, for all j € N, there exists a sequence (zy(f )) of distinct
neN
elements in C; such that for

D; ::@{zgj) in € N} ,
we have that for all z € Dj, for every ¢t € N,

sup  lz —y| > L diam(D;) .
ye{z) m>t} j+1

We wish to show that for all v € (1, 00), there exists § = 6, € [1,7), there exists
a c.b.c. non-empty subset K = K, of X and there exists a Jaggi* d-uniformly
Lipschitzian map T' =T, on K, such that T is fized point free.

Equivalently, we aim to show that for all j € N, there exists a c.b.c. non-
empty set E£; C X and there exists a Jaggi® ((j+1)/j)-uniformly Lipschitzian map
U; : E; — Ej, such that U, is fized point free.

Indeed, fix an arbitrary j € N. We define the c.b.c. non-empty subset E; of X
by

E; =Dy :Z@{zg) in € N} .

Note that, by construction, 2 #* z,(,z), for all n # m.
Let’s now define the map U; : D; — D; by

U; (zy(ij)) = szll , foralln € N; and
Uj(u) = z%j) , for all u € D;\ {zfj) 'n e N} .

Clearly, U; is fixed point free. It only remains to show that U; is a Jaggi* ((j+1)/7)-
uniformly Lipschitzian map.
Fix an arbitrary Uj-invariant subset G of D;. Since G # (), there exists some

geqG. Ifg= zt(j), for some ¢t € N, then {z(j) in > t} C G. On the other hand, if

g € D;\ {z,&j) 'n € N}, then {zr(Lj) 'n € N} C G. Consequently, there exists s € N
such that
{z(j) :nzs}gG.

n

Fix an arbitrary « € ¢6(G) C D; and fix N € N. Then

sup ||UJNIE7U]NyH < diam(D;)
yeG

J+1
——  sup [z -y
J ye{z)n>s}

IA

1
sup [lz —yl| .
yeG



8 EDUARDO CASTILLO SANTOS, CHRIS LENNARD, AND BRAILEY SIMS

5. UNIFORM NORMAL STRUCTURE IMPLIES THE JAGGI* UNIFORM FIXED
POINT PROPERTY

The converse of Theorem 4.3 is also true. Let’s first state a lemma that we will
use to prove this.

Lemma 5.1 (E. Casini and E. Maluta [?], Lemma 3.1). Let (X, -||) be a Banach
space with uniform normal structure.
For all bounded sequences T = (x,)nen in X, there exists

z € ﬂ co{x, :n>m},
meN
satisfying
(1) arad(7,2) < N(X) adiam(7); and
(2) forally € X, ||z —y| < arad(7,y).

In this lemma (and henceforth in our paper), the asymptotic radius of @ about
y, arad (7, y), is defined by

arad(7,y) == hms}\?p lzn — vl ,
ne

and the asymptotic diameter of @, adiam(2’), is given by

adiam(7) := ]lcir% sup {||zn — zm| : n,m >k} .
€

We remark that in the statement of Lemma 3.1 in [?], it is only stated that z €
co{x, : n > 1}. From the proof, however, we see that the stronger statement

z € ﬂ co{z, :n>m}
meN
is true. We will use this stronger statement below. We further remark that in the
proof of the above lemma, an important ingredient is the fact that every Banach
space with uniform normal structure is necessarily reflexive; which was proven by
E. Maluta [?].

The proof of our converse to Theorem 4.3 below (Theorem 5.2) is a variation on
the theme of the proof of Theorem 3.1 of E. Casini and E. Maluta [?], who prove
that every Banach space with uniform normal structure has the uniform fived point
property (Definition 4.1).

Theorem 5.2. Let (X, | -||) be a Banach space with uniform normal structure.
Then (X, || - ||) has the Jaggi* uniform fixed point property, with constant
L 1
Yo ¢ N(X) .

Proof. Fix v € [1,70). Next, fix a c.b.c. non-empty subset K of Xand a Jaggi*
~v-uniformly Lipschitzian map T : K — K. We will show that there exists p € K
satisfying T'p = p.

For all w € K, we define

f(w) :=rad ((T" W), en, ,w) = sup [|[T"w —w] .
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Fix u € K. For the sequence @' := (7, := T" u),, ¢y, in X, choose 2(u) to be a

point z € Nyen, €0{Ty : 1 > m} satisfying the conclusions of Lemma 5.1. Consider
the T-invariant subset G of K defined by

G:={T'u:j>0},

and note that u € G. By part (1) of Lemma 5.1 and the fact that T is Jaggi*
~v-uniformly Lipschitzian,

arad ((Tn u)neNO ’Z(U)) S N(X) a‘diam ((T" u)nENo)

< N(X) sup ||T"u—T"ul
n>m>0

= N(X) sup sup ||[T™(T7 u) — T™ ul|
meNy j>0

= N(X) sup sup [|[T™y —T™ u|
meNy yeG

<

N(X) v sup [ly —ul|
yeG
= N(X)vsup ||T7u—ul
jE€Ng
= NX) 7 f(u).
Further, fix v € N. For all m € Ny we define the T-invariant subset G,,, of K by

Gm::{Tju:jZm} .

We note that for all m € Ny, z := z(u) € ¢6(G,), by Lemma 5.1 above. Moreover,
since T is Jaggi* y-uniformly Lipschitzian, it follows that

arad ((T" U)peny s T z) = limsup [|[T"u—T" 2|
n€Np
= limsup |T"u—T" z||
= Tngf; 21;2 HTku—TVZH
- i |

= inf sup |[T"y-—-T"z%|
N2V yeGp_,

< infy sup |y —z|
n2v yeGn_y

= v inf sup [y — z||
720 yeq;

_ e ko,
= 7 infewp [T~

=~ limsup HTju — z||
Jj€Ng

= yarad ((T" ), en, c2(u)) -
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Consequently, for z := z(u),

f(z) = rad ((T"2),en, »2) = sup [|T" z — z|
veNy
= sup [z -T"Z]
reNy
< sup arad (T" u),ep, , T z) [by Lemma 5.1, part (2)]
vENy
< sup 7 arad ((T" U)pen, ,z) [from the previous string of inequalities]
vEeNy
= yarad ((T" u), ey, » 2)
< 4 N(X) vf(u) [from the first sequence of inequalities]

= P N(X) f(u).
Define the constant n := 4?2 N(X) < 43 N(X) = 1, by hypothesis. So, in
summary, we see that there exists n € (0,1) such that for every u € K
fz(w) <nf(u) .
Now let’s define the sequence (w,)nen in K in the following way. Choose any
wy € K. For each n € N, define

Wnt1 = z(wy) .
Fix n € N. Then fix k € Ng. We have that
[wnt1 —wnll < flwpgr — T" wy| + ”T}C Wy, — W ||
< wngr — " wy| + f(wn) -
Letting k — oo, we see that

lwnyr —wnl| < limsup [lwpg — T* wy || + f(wn)
keNy

arad ((T’C w")keNo ,wnH) + f(wy)

N(X) v f(wn) + f(wy) = (N(X) v+ 1) f(wy)
(N(X) v+ 1)n f(wp—1)

(N(X) v+ 1) " fuwn) -

Since 0 < n < 1, it follows that (wy,),en is a Cauchy sequence in the Banach space
(X, |I- 1) Thus, there exists p € K such that

IANIA A

li —w,|| =0.
lim lp — wn|| =0

We finally will show that T'p = p. Of course, if T is also assumed to be norm
continuous on K, this follows because, for all n € N, we have that
1P — wall + [wn = T wl| + [T wn, — Tpl|
lp = wnll + f(wn) + 1T wn = T pl|
lp = wall + 5" fwr) + [T w, — T

— 0.
n

But T may not be norm continuous, as we saw in Example 2.3 above. What
shall we do in this case? Well, firstly, note that

lp— T pl

VAN VANV

— Tyl = li — Tyl .
lp—Tpll nlé%\\wnﬂ |l
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Fix n € Ny. By Lemma 5.1, part (2),
|wnsr —Tp|| < arad ((T° Wn)sen, ,Tp)
= limsup ||T° w, — Tp||

s€lNg
= limsup |T°w, — T p||
s>1
= inf sup ||[T" w, — Tp||
s>1 t>s

= inf sup ||T(77w,) — Tyl
s>1 j>s—1

= inf sup |Ty—Tp|,
521 yeQn,,

where @, s := {Tj Wp:j>8— 1}. We also define the set H,, C K by
H, = {lem:leNO andmZn} .
Note that H, is a T-invariant set and {w,, : m > n} C H,. Thus,
peH, ™" Ce(H,) .
Moreover, for all s > 1, Qs C H,. Consequently, since T is a Jaggi* v-uniformly
Lipschitzian mapping on K, we have that

lwnr =Tpll < inf sup [ Ty—Tp]
s>1 yeQ

n,s

< inf sup [Ty —Tp|
s>1 yeH,

= sup ||Ty—Tpl
yeH,

< v sup |y —pl
yeEH,

= v sup sup [T wy —p| .
m>n €Ny

Fix m > n and then fix [ € Ny. We see that
1T W =l < T win — win | + [[wm = pl|
< flwm) + [lwm —pll -

So,
lwptr =Tp| < v sup (f(wm) + [[wm = pl)
< sup (" f(wn) + [lwn - p)
—.0 :
n
because n*~1 — 0 and |lwy — pl| — 0. Hence,
Tl = lim wys —Tp| =0:
lp = Tpl| = lim lwpsr = Tpl| =0
and therefore T'p = p. O

As an immediate consequence of Theorems 4.3 and 5.2, we have the following
summarizing theorem.
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Theorem 5.3. A Banach space (X, || - ||) has uniform normal structure if and only
if (X, ) has the Jaggi* uniform fized point property.
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