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Weak star separability 

E.N. Dancer and Bailey Sims 

For a  Banach space  .k' , Susurnu Okada r a i s e d  t h e  q u e s t i o n  of  

-. i ihether  t h e  u n i t  5 a l l  of  t h e  d u a l  space X* i s  weak* 

s e p s r z b l e  i f  X-s weak-separable. The problem occur red  i n  

t h e  t,heory o f  roanifolds roodelled on l o c a l l y  convex spaces .  We 

ans7der t h e  q u e s t i o n  i n  t h e  n e g a t i v e  b u t  show t h a t  it i s  t r u e  f o r  

p c . r t i c j l a r  t y p e s  of  spaces .  

072 b a s i c  purpose i s  t o  p r e s e n t  a  c o ~ n t e r - e x m p l e  t o  t h e  content':.on: 

I'f X* i s  weak* separable, then B [ X X ]  i s  weak* sepmabZe. 

X i s  a n  i n f i n i t e  d i n e n s i c n a l  Banach sDace, X* i t s  d u a l ,  and B[X*] 

:ne i lni t  b a i l  i n  .s'* ; t h a t  i s ,  {$ € X* : / $ I )  2 1) . We b e g i n  by n o t i n g  

- - aL  t h e  convcrse i s  t r i v i a l l y  t r u e .  

( 1  ) if S [X* ] is weak* separable then so too i s  X* . 
Froof .  Le t  ( f n )  be a  W* dense  sequence i n  B [ x * ]  and l e t  N b e  

- - .J* open s e t  i n  X* . Choose $ € ?J an5 r a t i o n a l  q > ) / $ ) I  . Then 

- . i s  a  W *  open s e t  i c t e r s e c t i n g  B[X*] . Thus t h e r e  e x i s t s  

' an5 so  we c o ~ c l u d e  t h a t  t h e  coi lntable  s e t  of  r a t i o n a l  m u l t i p l e s  

. 2- erencs  i n  (fn) i s  W* dense i n  X* . 
7r- ,~ples of spaces  i n  which B [ x * ]  i s  weak* s e p a r a b l e  i n c l u d e :  

i ;) Duals of s e p a r a b l e  spaces. The r e l a t i v e  W* topology on t h e  LI* 

-:t s e t  B[X" i s  a  m e t r i c  topology (Dun fo rd  and Schwar tz  C21, 
- - I  - , .  
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( i i )  Biduals  o f  s e p a r a b l e  s p a c e s .  For example Z m  o r  l . Let  

(xn) b e  a  norm dense sequence i n  B [ x ]  ; we show (xi?) i s  W *  dense  i n  

B [ x * * ]  . For any r e l a t i v e  W *  open s u b s e t  N o f  B [ x * ]  , t h e r e  e x i s t s ,  

by G o l d s t i n e ' s  Theorem (Dunford and Schwartz [21, p .  4 2 4 ) ,  a n  x C B [ X ]  

with  2 C N . By t h e  r e l a t i v e  s t r e n g t h s  o f  t h e  t o p o l o g i e s ,  f o r  some 

r > 0 , ~ ~ ( 2 )  C N . Tne argument is completed by observ ing  t h a t  B,(x) 

c o n t a i n s  an element o f  (xn) , and hence N c o n t a i n s  an element o f  ('Zn) . 

( i i i )  R e f l e x i v e  spaces  i f  and o n l y  i f  they  a r e  s e p a r a b l e .  The ' i f '  

p a r t  i s  obvious.  On t h e  o t h e r  hand, i f  B [ x * ]  i s  W *  s e p a r a b l e  where X  

i s  r e f l e x i v e ,  then  by ( l ) ,  X* i s  W *  s e p a r a b l e .  S i n c e  t h e  W* and W  

t o p o l o g i e s  c o i n c i d e  we have, by Mazur (Rudin [ 6 1 ,  p .  6 4 ) ,  t h a t  X* i s  

s e p a r a b l e .  

Note. This  argument a l s o  shows t h a t  t h e  c o n t e n t i o n  i s  t r u e  i n  

r e f l e x i v e  spaces .  

We n e x t  o b t a i n  c o n d i t i o n s  e q u i v a l e n t  t o  t h e  two p r o p e r t i e s  i n  t h e  

c o n t e n t i o n .  This  a l lows  t h e  c o n t e n t i o n  t o  b e  re formula ted  i n  a  v a r i e t y  of  

ways. 

We f i r s t  c o n s i d e r  B [ X * ]  weak* s e p a r a b l e .  

( 2 )  The following are equivalent: 

( a )  B [ x * ]  i s  weak* separable; 

(bl B [ x * ]  contains a countable s t K c t Z y  norming subset of X  ; 

icl  X *  has a separable subspace which s t K c t l y  norms X  ; 

(dl X  i s  isometric t o  a subspace of lm . 
Proof.  a b .  Let  ( fn]  b e  a  w* dense sequence i n  B [ x * ]  . 

Then, f o r  each x C X  w i t h  llxll = 1 and E > 0 , t h e r e  e x i s t s  an element 

o f  ( f n )  i n  t h e  non-empty r e l a t i v e l y  w *  open s u b s e t  

If C B [ x * ]  : f ( x )  > 1-E) . 
b a .  Let  (gYI) b e  a  sequence i n  B [ x * ]  which s t r i c t l y  norms 

-w * X  ; then  co (gn) has  t h e  r a t i o n a l  convex combinat ions of  (gn) a s  a  

-w * countab le  w-ense s u b s e t .  Thus it s u f f i c e s  t o  show c o  (gn)  = B [ X "  . 
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--% * 
If :here e x i s t s  fo C B[X*] \CO (9,) , t h en ,  by t h e  s e p a r a t i o n  theorem 

I a y  [ I ] ,  p.  24), t h e r e  i s  a  w *  continuous f u n c t i o n a l  2 wi th  (lx((  = 1 

t h a t  f ( x )  > sup f ( x )  : f C >*(gn]}  , c o n t r a d i c t i n g  t h e  f a c t  t h a t  0 i 
' ] s t r i c t l y  norms X . - .fl. 

( b )  ' ( c )  and ( c )  * f b )  a r e  obvious.  

b )  * d .  Le t  (9,) be  a s  i n  t h e  proof of  f b )  * f a ) ,  and cons ider  

- 
:he mapping I$ : X + Zoo : x ++ ( g l ( x ) ,  g 2 ( x ) ,  ..., g n ( x ) ,  ...I . Clea r ly  

2 i s  l i n e a r .  Fu r the r ,  ( / $ ( x )  = sup g,(x) = 1x1 . 
n 

( d )  * ( b ) .  Let I$ b e  a n  isometry from X i n t o  lw . Define gn by 

,:;:(r) = $ ( x ) ( n )  , t h e  n t h  component o f  $ ( x )  . Clea r ly  g C B [ x * ]  and n 

, i s  s t r i c t l y  norming f o r  X . 

COROLLARY 3. I f  X* i s  non separable and B [ x * ]  i s  the norm closed 

x n v e x  h u l l  o f  points a t  which the reZative weak* and n o n  topoZogies on 

3[2'*] agree, then B [ x * ]  i s  not  weak* separable. 

Proof. Assume B [ x * ]  i s  weak* s epa rab l e ,  t hen ,  by ( 2 )  ( c ) ,  X* 

zcnta ins  a  s epa rab l e  subspace M which s t r i c t l y  norms X . Since  M i s  

;r:per t h e r e  i s  a  p o i n t  f of  B [ x * ]  a t  which t h e  r e l a t i v e  w* and norm 

- --- +logics agree  b u t  which i s  not  i n  B [ M ]  . Now B [ M ]  i s  w* dense i n  

-- -:.'"I , so  t h e r e  e x i s t s  a  ne t  f a  i n  B [ M ]  which converges w* t o  

. . .- ; 3ut then  Ifa-fl( + 0 , so  f C B [ M ]  , a  c o n t r a d i c t i o n .  

Examples of spaces  which s a t i s f y  t h e  cond i t i on  of Co ro l l a ry  3 a r e :  

ii) X* , where X s a t i s f i e s  condition ( ** )  (Narnioka [ 51);  

and hence i n  p a r t i c u l a r  

(ii) ZocalZy unifomZy rottozd dual spaces; 

i duals of  spaces with Fre'chet d i f f e ren t iab le  norms. 

nas a  F r i c h e t  d i f f e r e n t i a b l e  norm, then  by t h e  Bishop-Phelps theorem - 
' - ~ l i a n ' s  dua l  c h a r a c t e r i z a t i o n  of  p o i n t s  o f  s t r o n g  d i f f e r e n t i a b i l i t y ,  

' -  s t r o n g l y  exposed p o i n t s  o f  B[X*] a r e  dense i n  t h e  boundary. 

- - , a t  such p o i n t s  t h e  r e l a t i v e  w* and norm topo log i e s  agree .  
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( i v )  dual spaces for whiciz B [ x " ]  i s  the  norm closed convex 

hulZ o f  t h e  w"ntir.g ~ o i n t s  ( S i m s ) ;  i n  p a r t i c u l a r  

d u a l s  of  spaces  w i t h  t h e  Mezur i n t e r s e c t i o n  propercy  

( G i l e s ,  Gregory, and Sims [ 3 ] ) .  

Thus any non-separable ,  w" s e p a r a b l e ,  d u a l  space  s a t i s f y i n g  any of  

t h e  p reced ing  c o n d i t i o n s  would prov ide  a  counter-example t o  t h e  c o n t e n t i o n .  

Although we s h a l l  n o t  need i t ,  a  r e s u l t ,  s i m i l a r  t o  ( 2 )  f o r  X Q W "  

s e p a r a b l e  i s  p o s s i b l e .  

( 4 ) .  f ie  following are eqtc:'valent: 

( a )  X" i s  LI" separable; 

ibl X "  (and h ~ n c e  B[X"] / conta,ins a countable cota l  suhset;  

( c )  X" has a separable t o t u l  subspace; 

i d )  there  i s  a one-to-one Linear continuous mapping from X 

i n t o  lm 

P r o o f .  The proof i s  s i m i l a r  t o  t h a t  f o r  ( 2 ) .  We i i l i ~ s t r a t e  it w i t h  

( b )  " ( a ) .  Let  (f,) b e  a  t s t a l  sequence i n  X" . ?'hen t h e  r a t i o n a l  

l i n e a r  c o m b i n a ~ i o n s  of ) a r e  dense i n  M = a"(fx) . F u r t h e r ,  

M = X" . Otherwise,  by  t h e  Hahn-Banach Theoren t h e r e  i s  a  w" continuous 

f u n c t i o n a l  2 # 0 such t h a t  M z k e r ;  ; t h u s  ( = 0 f o r  a l l  r. . 
C o n t r a d i c t i n g  t h e  f a c t ,  ( f n )  i s  t o t a l .  

COUNTER EXAMPLE 5 .  Johnson and Lindens t rauss  [ d l ,  Example 1, p. 222, 

have c o n s t r u c t e d  a  space  U having t h e  fol.1owir.g r e l e v a n t  p r o p e r t i e s .  

( a )  2" i s  isomorphic t o  l1 8 2 ( r )  where r i s  a  s e t  of 
2  

c a r d i n a l i t y  t h a t  of t h e  continuum. So U" i s  non-separable. 

( b )  C'" i s  weak" separable; 

( c )  U i s  not  isomorphic t o  a subspace o f  lm . 

It i s  a l s o  claimed t h a t  

( d )  U has an equivalent  Fre'chet d i f f e r e n t i a b l e  norm ( i n d e e d ,  t h a t  

U* a b i t s  a n  e q u i v a l e n t  l o c a l l y  uniformly ro tund  d u a l  n o r n ) .  
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Thus by ( 2 )  (d)  we have 

Y* i s  weak* separable, but for no equivalent dual norm on U* 

<S B[U*] weak* separable. 

ZEMARK. Recent ly ,  some doubt has been c a s t  on t h e  v a l i d i t y  of t h e  

k l m  Id) above (Yost  [ t i ] ) .  However t h i s  does not  apply t o  t h e  p r o p e r t i e s  

f ;' e s s e n t i a l  t o  our purpose.  
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