ERGODIC THEOREM AND STRONG CONVERGENCE
OF AVERAGED APPROXIMANTS FOR
NON-LIPSCHITZIAN MAPPINGS IN BANACH SPACES

GANG L1 AND BRAILEY SIMS

ABSTRACT. Let C be a bounded closed convex subset of a uniformly convex Banach
space X and let T' be an asymptotically nonexpansive in the intermediate mapping
from C into itself. In this paper, we first provide a ergodic retraction theorem and a
mean ergodic convergence theorem. Using this result, we show that the set F(T) of
fixed points of T' is a sunny, nonexpansive retract of C if the norm of X is uniformly
Gateaux differentiable. Moreover, we discuss the strong convergence of the sequence
{zn} defined by z,, = anz + (1 — an)T(u)an for n =0,1,2,... , wherez € C, pis a
Banach limit on [*° and a, is a real sequence in (0, 1].

1. INTRODUCTION

Let C be a nonempty subset of a Banach space X. a mapping T : C' +— C is said
to be

(a) nonexpansive if ||Tz — Ty|| < ||z — y|| for z,y € C.

(b) asymptotically nonexpansive [19] if there exists a sequence {k,} such that
limsupk, <1 and |T"z — T™y|| < ky||z — y|| for z,y € C and n € N.

n—oo

(c) asymptotically nonexpansive in the intermediate if

limsup[ sup [[|T"z —T"y|| — [lz — y[]] < 0.

n—oo x,yeC
(d) asymptotically nonexpansive type [19] if for each = in C,

limsup sup[[| 7"z — T"y|| — [l — y[] < 0.
n—oo yeC
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It is easily seen that (a) = (b) = (¢) = (d) and that both the inclusions are
proper (cf. [19, p. 112] ). We denote F(T') by the set of fixed points of 7.

Let C be a bounded closed convex subset of a Banach space X. Let T be a
nonexpansive mapping from C' into itself and let x be an element of C' and for each
t with 0 < ¢t < 1, let z; be the unique point of C which satisfies z; = tz + (1 — t)x;.
Browder [ 5 | showed that {x;} converges trongly to the element of F(T') which
is nearest to x in F(T') as t | 0 in the case when X is a Hilbert space. Reich |
30 ] extended Browder’s result to the case when X is a uniformly smooth Banach
space and he showed that F'(T') is a sunny, nonexpansive retract of C, i.e., there is
a nonexpansive retraction P from C onto F'(T') such that P(Px +t(x — Px)) = Px
for each x € C and t > 0 with Pz + t(x — Pz) € C. Recently, using an idea of
Browder | 5 |, Shimizu and Takahashi | 32 | studied the convergence of another
approximating sequence for an asymptotically nonexpansive mapping in a Hilbert
space. This result was extended to a Banach space by Shioji and Takahashi [ 33 |.

On the other hand, Baillon [ 1 ] proved the first nonlinear mean ergodic theorem
for nonexpansive mappings in a Hilbert space: Let C' be a nonempty closed convex
subset of a Hilbert space H and let T be a nonexpansive mapping of C into itself.
If the set F(T) of fixed points of T is nonempty, then the Cesiro means

n—1
1
Sp(z) = - Z Tk
k=0

converge weakly as n — oo to a fixed point y of T for each z € C. In this case,
putting y = Px for each x € C, P is a nonexpansive retraction of C' onto F(T).

In recent years much effort has devoted to studying nonlinear ergodic theory for
(asymptotically) nonexpansive mappings and semigroups. See | 1-3, 15-18, 20-29,
34 ]. Most of the work was carried out in a uniformly convex Banach space X whose
norm is either Frechet differentiable or satisfies Opial’s condition. In this paper, we
first prove an ergodic retraction theorem and an mean ergodic convergence theorems
for non-lipschitzian mapping in a uniformly convex Banach space without using the
Frechet differentiable norm, which includes many known results as special cases.
Using this result, we show that the set F(T') is a sunny, nonexpansive retract of
C' if the norm of X is uniformly Gateaux differentiable. Moreover, we discuss the
strong convergence of the sequence {z,} defined by z,, = a,, + (1 — a,)T(u)x,, for
n=20,1,2,..., where x € C, p is a Banach limit on [*® and a,, is a real sequence
in (0, 1].

2. PRELIMINARIES AND NOTATIONS

Let X be a Banach space. We recall that the modulus of convexity of X is the
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function dx defined on [0, 2] by
) 1
ox(e) =inf{1 = Sllz+yl: o] < 1, Jyll < 1, and 2 —y] > €}

A Banach space X is said to be uniformly convex if dx(¢) > 0 for all 0 < e < 2. We
need the following characterization of uniform convexity for a Banach space.

Proposition 1 ( cf. [ 36 ]). Let p > 1 and r > 0 be two real numbers. Then a
Banach space X is uniformly convex if and only if there exists a continuous, strictly
increasing, and convez function g : [0,00) — [0,00), depending on p and r, g(0) = 0,
such that

Az 4+ (1 = Nyll” < Allz[[” + (1 = V[jyll” = Wp(Ng(llz = yll)

for all x,y € B, and 0 < X\ < 1, where Wp(A) = AM(1 — AP + A\P(1 — ) and B, is
the closed ball centered at the origin and with radius r.

Throughout this paper X denotes a uniformly convex real Banach space, C' a non-
empty bounded closed convex subset of X, and T" an asymptotically nonexpansive
in the intermediate sense. Put

¢n = sup (|T"z = TY|| = |lz — yl) VO,
z,yel

we have
lim ¢, =0. (2.1)

n—oo

We denote by A™ the set {A = (A1,...,An) : Xy > 0,570 \j = 1} for n € N, the
set of all nonnegative integers. For a subset D of X, we denote by coD and coD,
the convex hull and convex closed hull of D respectively.

Let p be a continuous linear functional on [*° and let a = (ag,a1,...) € [°, we
write p(n)(ay) instead of p(a). For n € N, we can define a point evaluation d,, by
dn(a) = a, for each a € I*°. A convex combination of point evaluations is called a
finite mean on N. Let X* be the dual space of X. The value of y € X* at x € X
will be denoted by (x,y). Since X is reflexive, for any continuous linear functional
p and = € C there exists a unique element 7'(p)x in X such that

(T(p)z, ) = p(n)(T"x, 27)

for all x* € X*. We write T'(u)z by p(n){T"z). Also, if p is a finite mean on N,
say

n n
M:Zaiéni(tiEN’aizovi:LQ,“',n,Zaizl),
=1 i=1
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then .
T(p)x = Z a;T"x.
i=1

Now, for each m € N, we can defined bounded linear operator r,, in [*° by
(rm)(an) = (@p+m). We call p a Banach limit if p satisfies ||p|| = (1) = 1 and
w = rxp for each n € N, where r* is the conjugate operator of r,. For a Banach
limit, we know that

liminf a, < p(n)(a,) <limsupa, for all (ag,as,...) €1 (2.2)

n—0oo n— 00

The duality mapping J from X into X* will be defined by

J(z) ={y € X"+ (z,y) = ||=]* = lyl*},

for each x € X. X is said to be smooth if for each x,y € By, the limit

ety = |l
t—o t

(2.3)

exists. The norm of X is said to be uniformly Gateaux differentiable if for each
y € By, the limit (2.3) exists uniformly for x € By. The norm of X is said to be
uniformly Fréchet differentiable if for each x € By, the limit (2.3) exists uniformly
for y € By. X is said to be uniformly smooth if (2.3) exists uniformly for =,y € Bj.
It is well known that if X is smooth then the duality mapping is single-valued
and norm to weak star continuous. In the case when the norm of X is uniformly
Gateaux differentiable, we know the following [ 35, Lemma 1 |:

Proposition 2. Let C be a convex subset of a Banach space X whose norm is
uniformly Gateaux differentiable. Let {x,} be a bounded subset of X, let z be a
point of C' and let p be a Banach limit. Then

p(n)||zn — 21> = min p(n)||lz, — yl|?
yel

if and only if
pn){y — 2z, J(xn — 2)) <0 forall y € C.

Let C be a convex subset of X, let K be a nonempty subset of C' and let P
be a retraction from C onto K, i.e., Pxr = x for each z € K. A retraction P is
said to be sunny if P(Px + t(x — Px)) = Pz for each x € C and t > 0 with
Px + t(x — Pz) € C. If the sunny retraction P is also nonexpansive, then K is
said to be a sunny, nonexpansive retract of C. Concerning sunny, nonexpansive
retractions, we know the following [ 9, 29 |:
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Proposition 3. Let C be a conver subset of a smooth space, let K be a nonempty
subset of C and let P be a retraction from C onto K. Then P is sunny and
nonexpansive if and only if

(x — Px,J(y—Pzx)) <0 forallx € C andy € K.

Hence there is at most one sunny, nonexpansive retraction from C onto K.

3. MAIN THEOREMS

In this section, we will state our main Theorems and some remarks. The proof
of Theorems will be given in the next section.

Theorem 1. Let C' be a nonempty bounded closed convex subset of a uniformly
convexr Banach space X, and let T be an asymptotically nonexpansive in the inter-
mediate sense mapping from C' to itself. Then, for any Banach limit p, the mapping
P defined by Px = T(u)x is a retraction from C onto F(T) satisfying the following
properties:

(i) P is nonexpansive;

(il) PIT =TP = P;

(iii) Pz € Nyco{T"z :n > m} for all z € C.

From Theorem 1, if there exists a unique retraction from C onto F(T') having
properties (i) — (ii7) of Theorem 1. Then T'(u) = T'(v) for any Banach limits x4 and
v. By the proof of Theorem 2 of | 16 |, we have following corollary.

Corollary 1. Let X,C and T be as in Theorem 1. Let Q = {Gn.m}nmen 1S a
strongly reqular matriz. Suppose that there exists a unique retraction from C onto
F(T) having properties (i) — (iii) of Theorem 1. Then for every z € C,

w— lim Z GnmT™ 2 =y € F(T) uniformly inm € N

n— 00
m=0

Now, using Theorem 1, we shall give a new approximating sequence for an non-
lipschitzian mapping.
Let {a,} be a real sequence such that

0O<ap,<1, lim a,=0.

n—oo
Let  be an element of C' and let u be a Banach limit, and let z,, be the unique
point of C' which satisfies

Ty = anx + (1 —an)T(n)zy, (3.1)
We remark that (3.1) is well defined since the mapping 7, from C' into itself defined
by Thu = anx + (1 — a,)T(p)u satisfies ||T,u — Tpv|| < (1 — ay)|ju — v|| for each
u,v € C.
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Theorem 2. Let C be a bounded convex subset of a uniformly conver Banach
space whose norm is uniformly Gateauz differentiable, let T be an asymptotically
nonezxpansive in the intermediate sense mapping from C into itself. Then F(T) is
a sunny, nonexpansive retract of C'.

Theorem 3. Let C be a bounded convex subset of a uniformly convex Banach
space whose morm is uniformly Gateaux differentiable, let T' be an asymptotically
nonexpansive in the intermediate sense mapping from C' into itself and let P be the
sunny, nonexpansive retract from C onto F(T). Let x be an element of C' and let
{zn} be sequence of C which satisfies (3.1). Then {x,} converges strongly to Pzx.

4.PROOF OF THEOREMS

To simplify, in the following, for each ¢ € (0, 1], we define

g? €

a(e) = 1op0% (%) (4.1)
and
N ={n. e N : cyyn. < ale) for each n € N}, (4.2)

where dx is the modulus of convexity of the norm, d = 2sup{||z| : z € C}, and
R = 4d+ 1. Noting that from (2.1), N; is nonempty for each € > 0, and if n. € N,
then n + n. € M. for each n € N.

The following lemma shall play a crucial role in the proof of our main theorems.

Lemma 4.1. Let x be a element of C and let X\ be a finite mean on N and let
g; € (0,1)(i = 1,2) be positive numbers. Then there exists n., € N, where n., is
independent of €1, such that

| T'T(N)T" e — TNT 2| < e1 + €2 (4.3)
for alln > n., andl € N,.

Proof. We shall prove the Lemma by mathematical induction.
If A = d,,m1 €N, then the assertion is clear. Now suppose that the assertion

holds for such A = Zf:_ll aidm, (m; € N, (a1,az, - ,ap_1) € A*1). Let
k
A= Zaiémi (m; € N, (a1,az, -+ ,ax) € Ak).
i=1

Defining

1 k—1
n= 1_ ar ;aiémi,
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we claim that
lim || T(p)T"z — T ™ x| exists. (4.4)

n—oo

Let € > 0, from assumption of induction there exists n; € N such that

1
cp < 55,

and
1
ITWT ()T = T()T" ] < ze

for all n > nqy and [ > nq. It follows that, for all n > n; and [ > nq,

ITGT™ — T < T ()T — T ()T
T T ()T — T g
< T ()T"x — T x| + e.

For fixed n > nq, taking | — oo, we get

limsup || T(p)T' e — TH™ x| < ||T()T"x — T x| + ¢,

|—o0

and hence

limsup ||T(p)T e — TH™ x| < liminf ||T(p)T"x — T ™ x| + ¢,

[—o0

Since € > 0 is arbitrary, this implies (4.4) holds.
Put

r= lim |T(u)T"x — T x|

n—oo

By assumption of induction again, for given £5 > 0, there exists na(= na(\, e2))
such that

1
IT()T" "z = T ]| - r|< Sale), (4.5)

and

ITT ()T~ T T ] < Sale), (4.6)
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for all I,n > ny. Now, we put n., = 2ny € N. Since for n > n.,
[T T ()T — T() T ]| < [T ()T — TH>T ()" |
T ()T "2 — T ()T |
< ¢+ %a(eg)
H T )T e =TT ()T "]
< ¢ +a(ez)
it then follows from (4.2) and (4.5) that
IT'T ()T — T()T" || < a(er) + ale2) (4.7)
for each [ € N, and n > n,,. Put
= (1—a,)(T'TNT"x — T ()T x)

and
y = an (T HHmey — TV (N T ).

It then follows from (4.4), (4.5), and (4.6) that, for [ € N, and n > n.,,

lz]l < (1= a)(IT'TNT"x — T'T ()T ||
+ | T'T ()T — T(p) T x|
(1= an)(a(e1) +a(e2) + o + [[TAN)T"2 — T(u)T"x|])
an (1 —an)r + 2a(er) + 2a(e2) (< R),
an (e + || T ™ g — T(N)T"z|)
an (1l —ap)r +aler) +ale) (S R),

[yl

VAN VAN VAR VAN

and
|z =yl = |T'T(\)T"x = T(AN)T"x|].

Suppose that
|z —yl| = e1+e2

for some | € G, and n > n.,. Then we shall give the contradiction in following two
cases.
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Case 1. If 4a,, (1 — a,,)r < max{eq,e2}, then
lz = yll < [lzfl + [yl < 2an(1 = an)r + 3a(er) + 3a(ez) <e1 + e

This is a contradiction.
Case II. If 4a,,(1 — a,,)r > max{e1, €2}, then we have

+
lanz + (1 = an)y|| < (an(1 = ap)r + 2a(er) + 2a(£2)) (1 — 2a,(1 — a,)5( = R€2))’
by Lemma in [14]. And hence
an(1 = an)||T ()T — T g
< an(1 = an)r + 2a(e1) + 2a(ez) — 2a2 (1 — an)zr(S(%).

It then follows (4.5) that

€1+ &9

0 < 2a(ey) + 3a(ea) — 2a2 (1 — a, )*rd( 7 ).

If €1 > €9, then a(e1) > a(e2),4a,(1 — a,)r > €1, and an(1 — a,) > %. It follows
that

2
0 < 5a(e1) — 2%5(5—1),

this contradicts (4.1). If e; < €9, then we also have a contradiction in the same
way. This completes the proof. O

Since N is commutative semigroup, there exists a net {\, : a € A} of finite
means on A such that

lim A0 = 7] =0 (48)

for every n € N, where A is a directed set (see [ 12 ]).
For each € > 0 and [ € NV, we set

FATY)={z € C:|T'z — z| <€}
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Lemma 4.2. For each 0 < € < 1, there exist § > 0 and lo € N such that
coFs(TY) C F(TY))
for each | > 1.

Proof. Since X is uniformly convex, by [ 7, Theorem 1.1 ], for given € > 0 we can
choose a positive integer p such that for each M C C,

coM C cop,M + B, 4, (4.9)
where co, M denotes the set of sums \jxy + -+ Az, with (Aq,... ,A,) € AP and
x; € M,1 <i<p. We first claim that

coaFys)(T") C Fe(T')), (4.10)

for each | € Gy(c), where a(§) and G4(<) are defined in (3.1) and (3.2). In fact,
let xg, 1 € Fa(i)(Tl) and xy = txg + (1 — t)zy for some 0 < t < 1. Put z =
(1 —t)(T'wy — x1) and y = t(wg — Tx;). Then we have

lz] < (1 = (17" e = T'a || + 1T 21 — 1))

€
< t(1 = t)]lwo — 21 +2(1 = t)a(7) (< B)
€
lyll < ¢(1 = B)llwo — a1 ]| + 2ta(Z) (< R)

and
lz = yll = 1T, — x|
We show the claim in the following two cases.

Case L. If t(1 —t)[|zo — x1]| < 1—60, then

T2 — el = [l =yl < llz]| + [lyll

< 2t(1 —t)||zo — x1|| + 2a(e/4)

€
< —.

4
Case IL. If ¢(1 — t)||zo — 1] > %, then t(1 —¢) > % Therefore we have
. e PP P
i+ (1= )yl < (11 = D)z — ]l +20(5)(1 — 2001 — ) (2221
g T —
< 11— D)l — a4 20(5) — 2020~ 1) o — mnlox (22

e, &2 |z —y|
Z)_15R5X( R )

< (1 = t)[Jwo — x| + 2a(
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That is

|z —y| 30R ¢ €
< -) < dx(==).
o (P52 < 25 <ant
It follows that .
||Tl$t - .TtH S Z
This shows (4.10) holds. By induction, we also have
cop F5(T") C F<(T") (4.11)
for § = P~V (e/4) and | € G y(v-1)(¢/2)- From (4.9) and (4.11), we get

coF5(T") C Fe(T") + B-.

But
CN(F<(T") 4+ Bs) C F.(TY)
because
1Tz — || < [lz —yll + ly = Tyl + || T"y — T"z|
< 2llz —yll +lly = T'y| + e
This completes the proof. O

Lemma 4.3. For each 0 <e <1 andl € N=, there evist « € A and no, € N such
that
TA\)T™ ez C F.(TY) for all n e N

Proof. For | € N=, from (4.8), there exists a € A such that
4
€

Ao — T A <
e =rdall < &

By Lemma 4.1, there is an n, € N such that

TV T (M) Tz — T\ T+ o || < %

for all n € N. It follows that
(T T (A)T™ o — T M) T oz || < | T'T (AT o2 — T(Ao) T e |
+ [|T(N) T ez — T(N) T e |
6 *
< 5t dl|Aa =17 Aa||
<e€

This completes the proof. 0]
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Lemma 4.4. Let p be a Banach limit, and x € C'. Then

T(pw)x € F(T)ﬂ m co{T"x :n > m}.
meN

proof. We only need to prove that T'(u)z is the fixed point of T'. Let € > 0, then
we can choose [y € N such that

Fe(TY) C F(T") for all 1> Iy.
By Lemma 4.2, there exists an d > 0 and I; > [y such that
coFs C Fe(T') forall 1> 1.

it follows that
GoFs(TY) C F.(TY) for all 1> 1.

By Lemma 4.3, there exist [ > [; and for each [ > I, there exist « € A and n, € N
such that
T(\)T" e C F5(TY)

for all n € N. It follows that
T(p)x = pn(T(Ao)T" " z) C @F5(TY) € F.(T)

This implies that T'T(u)x — T(u)z strongly as | — oo. Since T¥ is continuous
for some n € N, we have TNT(u)x = limj_oo TNT'T(p)x = T(p)x. This implies
that T(T (p)x) = TYTN(T(u)x) — T(p)x as [ — oo. That is T(u)x € F(T). This
completes the proof. O

Now we can give the proof of Theorem 1.

Proof of Theorem 1. Let u be a Banach limit,for z € C, put Pr = T'(u)x. It
then follows from Lemma 4.4 that P is a retraction from C onto F(T') and Px €
Nmco{T"x : n > m} for all x € C. For z,y € C and m € N, we have

1Pz — Py|| = [lpn(m)T" "™z — p(n)T" "y < llz =yl + em().

Which proves (7). Finally, since Pz € F(T'), TPz = Px is obvious. That PT'z = Pz
follows from the following reasoning:

PTx =T(u)Tx = pu(n)T"Tx = p(n)T" 'z = T(u)z = Px.

To continue the proof of Theorem 3, we also need some Lemmas.
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Lemma 4.5. [11]. Let X be a real Banach space, then for all z,y € X
lz +ylI” < ll=l” + 2y, 5( + )

for all j(x +y) € J(x +y).

We now turn to the proofs of Theorem 2 and Theorem 3. In the rest of this
section, let x € C' and {a,}, {z,} and p be as in (3.1).

Lemma 4.6. Let x,, be a subsequence of {x,} and p be a Banach limit. Then
there exists the unique element z of C satisfying

pillen, — 2)1* = min pil|2,, -yl (4.15)
yel

and the point z is a fized point of T.
Proof. Let f be a real valued function on C' defined by

f(y) = pillzn, —y|* for each ye C.

Then we know from [ 31] that f is continuous and convex and satisfies lim | o () =|j
oo. Therefore there exists a unique z € C such that f(z) = min{f(y) : y € C'}. Now
, we show that z is a fixed point of 1. by the proof of Lemma 4.4 it is enough to
show that lim;_,.o 7'z = z. To this end, from Property 1 we have, for each [ € N,

Tz + 2
2

1 1 1
|, - I2 < S llam, = T2 + Sz, — 21 = 70(IT'= — 2I).

That is
g(IT'z = 2[l) < 2(f(T'2) — f(2)).
since we have from Lemma 4.4 and (3.2) that
ln, = T2l < an, |2 = T'2] + (1 = an )T ()20, — T'2]|
< ap,flz = T'2) + (1 = an,) (e + | T(u)z — 2])
< an,(|lz = T2 + [l = 2[l) + ¢t + lzn, — 2|

It follows that

g(IT" % = 2||) < paler + ||@n, — 2I1)* = pallan, — 2|
< api(ca + 2|

Tn, — )

This implies that 7'z — z strongly. This completes the proof. 0
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Lemma 4.7. Suppose that the norm of X is uniformly Gateaux differentiable.
Then

(X —x, J(zp, — 2)) <0
for alln € N and z € F(T).

proof. Let z € F(T). since z,, — x = =% (T (p)z,, — ), we have

n

(0 =2, T = 2)) = )y = 2, — 2)
:1;:”WHumn—aJ@m—z»+%z—$mJ®n—@»
< L (a2l — 21~ e — 217
<0

0.

Lemma 4.8. Suppose that the norm of X s uniformly Gateaux differentiable.
Then the set {x, : n € N} is a relative compact subset of C' and each strong
limit point of {x,} is fixed point.

Proof. Let {z,,} be a subsequence of {z,}, it then follow from Lemma 4.7 that
there is unique element z of F(T') satisfying (4.15). By Lemma 4.8, we get (z,,, —
x,J(x,, —z) < 0. This inequality and Proposition 2 yield

pillan, — 21* < pile — 2, J(zn, — 2)) 0.

By (2.2), there exists a subsequence of {z,,} converging strongly to z. This com-
pletes the proof. O

Proof of Theorem 2. Put a,, = +. First we shall show that {x, } converges strongly
to an element of F(T'). By Lemma 4.8, we know that {x, : n > 1} is a relative
compact subset of C. Let {z,,} and {z,,,} be subsequences of {z,} converging
strongly to y and z of F(T'), respectively. We shall show that y = z. From Lemma
4.7, we have (y —x,J(y—2)) < 0and (z —z, J(z —y)) < 0. So we get ||y —z||> <0,
i.e., y = z. So {z,} converges strongly to an element of F(T"). Hence we can define
a mapping P from C onto F(T) by Px = lim,,_,o, ©,. Using Lemma 4.7 again, we
have (Pz —z, J(Pr—z)) <O0for all x € C and z € F(T). Therefore P is the sunny,
nonexpansive retraction by Proposition 4. 0]
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Proof of Theorem 3. Let {x,,} be a subsequence of {x,} converging strong to an
element y of F/(T'). we shall show y = Pz. By Lemma 4.7, we have (z,,, —z, J(z,, —
Px)) <0. So we get (y —x, J(y — Px)) < 0. Hence we get

ly — Pz||* < (& — Pz, J(y — Px)) <0

by Proposition 4. This completes the proof. 0
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