7 AND WEAK DEMICLOSENESS PRINCIPLE AND
ASYMPTOTIC BEHAVIOR FOR ASYMPTOTICALLY
NONEXPANSIVE TYPE MAPPINGS

GANG L1 AND BRAILEY SIMS

ABSTRACT. The purpose of this paper is to provide the new demicloseness principle—
7 (weakly) demicloseness principle. We prove that if X is a Banach space with
locally uniformly 7-Opial condition, where 7 is a Hausdorff topology on X, C is a
nonempty 7 compact subset of X, and T : C — C is a asymptotically nonexpansive
type mapping. If {zn} is a net in C which converges to = in the sense of T topology
and if the net {xo — T™zq} converges to zero in the sense of 7 topology for each
m € N, then x —Tx = 0. We also give the weakly demicloseness theorem in a Banach
space with Opial property. This result is to be used to study convergence theorem
for almost-orbits of asymptotically nonexpansive type mappings in a Banach space.

1.INTRODUCTION

Let C be a nonempty subset of a Banach space X and let T": C +— C be a
mapping. Then T is said to be asymptotically nonexpansive [9] if there exists a
sequence {k,} of real number with lim,,_, . k, = 1 such that

Tz — T"y|| < kpllz — y|| for allz,y € C and n € N (1.1)

If (1.1) is valid for all k,, =1, T is said to be nonexpansive. More generally T is of
asymptotically nonexpansive type [9] if

limsup sup(||7"z — T"y|| — ||z — y||) < 0 for every x € C.
n—oo yeC
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One of the fundamental and celebrated results in the theory of nonexpansive map-
pings is Browder’s demiclosedness principle [1] which states that if X is a uniformly
convex Banach space, C' a nonempty closed convex subset of X, and if T': C — C
is a nonexpansive mapping, then I — T is demiclosed at each y € X, that is, for any
sequence {z,} in C, the conditions z,, — = weakly and (I —T)x,, — y strongly im-
ply that (I —T')z = y. ( Here I is the identity operator of X). The principle is also
valid in a space satisfying Opial’s condition. It is known that the demiclosedness
principle play a key role in studying the asymptotic behavior and ergodic theory
of nonexpansive mappings. Recently much effort has been devoted to studying the
demiclosedness of I — T at 0 for T of asymptotically nonexpansive (type) mapping
either in a Banach spach with (locally) uniformly Opial condition or in a nearly uni-
formly convex Banach space with Opial’s condition; See ([ 3, 5, 10 ]). For example,
P. K. Lin, K. K. Tan and H. K. Xu [10] proved the following:

Theorem 1 (P. K. Lin, K. K. Tan and H. K. Xu [10]). Suppose X is a Banach
space with locally uniformly Opial condition, C is a nonempty weakly compact convex
subset of X, and T : C' — C' is a asymptotically nonexpansive mapping. Then [ —T
is demiclosed at zero, i.e. if {x,} is sequence in C which converges weakly to x and
if the sequence {x,, — Tx,} converges strongly to zero, then x — Tx = 0.

However, the condition x,, — Tx,, — 0 strongly is too restriction in studying
the asymptotic behavior of asymptotically noneapansive (type) mappings. It is
the objective of the present paper to provide a new demiclosedness principle—
7 (weakly) demiclosedness principle. We prove the following theorem in section
3: Suppose X is a Banach space with locally uniformly 7-Opial condition, where
7 is a Hausdorff topology on X, C is a nonempty 7 compact subset of X, and
T : C — C is a asymptotically nonexpansive type mapping. If {z,} is net in
C' which converges to x in the sense of 7 topology and if the net {x, — T™x,}
converges to zero in the sense of 7 topology for each m € N, then x — Tz = 0.
We also give weakly demicloseness theorem in a Banach space with Opial property.
This kind of 7 (weakly ) demiclosedness theorems is extremely useful in studying the
asymptotic behavior of asymptotically nonexpansive type mappings. For example ,
as an immediate consequence, we shows that the open question in [10, p. 941] has

an affirmative answer even for non-lipschitzian semigroup and ¢ not convex ( See
Theorem 4.3 and 4.4 below).

2. PRELIMINARIES

Throughout this paper X denotes a Banach space, 7 is a Hausdorff topology on
X, C' a nonempty 7 compact convex subset of X. We denote weak convergence in
X by — and convergence by — and 7 convergence by 7,. Recall that X is said to



DEMICLOSEdNESS PRINCIPLE 3
have the Opial property if {x,,} converges to x weakly implies

limsup ||z, — z|| < limsup ||z, — y||
n n

for all y # x. Given a sequence {z,} in X, let

r(c;xy,) = inf{limsup ||z, + z|| = 1 : ||z] > ¢},

n—oo

we say X has the locally uniform Opial condition [10] if

r(c; zy) > 0 whenever ¢ > 0, liminf ||z, | > 1, and z,, — 0,
n—oo

and the uniform Opial condition [10] if for all ¢ > 0,

r(c) := inf{r(c;z,) : limsup ||x,|| > 1 and x,, = 0} >0

n—oo

and the uniform Opial condition [10] if for all ¢ > 0,

r(c) := inf{r(c; z,) : liminf ||z,|| > 1 and x,, — 0} > 0.

Now we say that x has 7-Opial property if {z,} converges to = in the 7 topology
implies
limsup ||z4 — 2| < limsup ||z, — y||
n o

for all y # x. Given a directed net {z, : @ € I} in X, let

r(c;xq) := inf{limsup ||z, + x| — 1: ||z]] > ¢},
acl

we say X has the locally uniform 7-Opial condition if

r(c;xo) > 0 whenever ¢ > 0,limsup ||zo|| > 1, and z, 7,0,
acl

A Banach space X is said to have property-P [18] if whenever {x,,} is a noncon-
stant weakly null sequence we have liminf,, ||z, || < diam {z,}. We say that X has
asymptotic (P) if whenever {z,,} is a weakly null sequence which is not norm con-
vergent we have liminf, ||z,|| < diam, {z,}, here diam, {z,} = lim,, diam {z} :
k > n} is the asymptotic diameter of the sequence {z,}.
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According to [8], a Banach space X is said to satisfy the Generalized Gossez-Lami
Dozo property ( GGLD) if

liminf ||z, || < limsup limsup ||z, — 2., ||
n m n

whenever {z,} is a weakly null sequence which is not norm convergent.

It is shown in [17] that asymptotic (P) and GGLD are equivalent conditions and
that both the locally uniform Opial condition and UKK ( Uniformly Kadec-Klee,
[6]) are stronger properties than asymptotic (P).

In the rest of this paper, let T' be an asymptotically nonexpansine type mapping
from C into itself such that 7% is continuous for some n € N . For each z in C,
put

cn(x) = sup{||T"z — T"y[| - [lz —y|| : y € C} VO,
we have

lim ¢,(x) =0, (1.2)

n—oo

for all x € C. Denote by F(T') the set of fixed points of T'.
The following lemmas show that in the definitions of Opial property and locally
uniformly Opial property the conditions for sequence and for net are equivalent.

Lemma 2.1. The following conditions are equivalent:
(i) X has Opial property
(ii) If {za} converges to x weakly implies limsup ||z, — z|| < limsup ||zo — Y|

alpha a
for all y # x.

Proof. We only need to prove that (i) implies (i7). Let y # z, and

p1 = limsup [|zq — z||
«

and
p2 = limsup ||z — y||
(e

First, we choose a; such that
p1—1< |za, —af < p1+1

|Ta; =yl < p2+1

|<£L’a1 _':E’j(mal —IL‘)>| < 1
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where j(x) € J(z). Now we may define inductively sequence a,} such that
1 1
pn— — =< Hxan_xH < Pt —
n n
1
lza, —yll < P2+~
n

(o, — 2, j(xa, — )| < for all 1<i<n-1

S|

where j(zo, — ) € J(zq, — ). Let z be a weakly cluster point of {z,, }, then we
have

(z —2,j(2a, —2)) =0

It follows that
|2a, — 2| < |24, — 2|

By Opial property, we have p; < ps. This completes the proof. [l

Lemma 2.2. The following conditions are equivalent:

(i) X has locally uniformly Opial property
(ii) If {xo} converges to 0 weakly and limsup ||z, || = 1. Then for each 6 > 0

n—oo

there exists € > 0 such that imsup ||z, — x| > 1 + € for all ||z| > 4.

Proof. We only need to prove that (i) implies (iz). If (¢i) is not true, then there
exists § > 0 and sequence {y,} with ||y, || > ¢ such that

. 1
limsup ||z — ynl| <1+ —
et n
Now we may define inductively sequence {«,,} such that
1 1
1— = <lzg, || <1+~
n n

1
|Ta, —vil| <1+~ for all1<i<n
7

and
for alll1<i<n-1

SEN

(Ta,,J(Ta,)) <
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where j(z,) € J(x4,). let z be a weakly cluster point of {z,, }, then we have

(2,§(7a,)) =0
It follows that
1Zan || < [|Za,, — 2]

By Opial property, we have z = 0. Since

1

|Ta, —uill <1+ 7
By locally uniformly Opial property, we have y,, — 0, this is a contraction. The
proof is completed. O

We can also prove following lemma from the definition of locally uniformly 7-opial
property. (See also [10])

Lemma 2.3. Let X be a Banach space with locally uniformly convex T-opial prop-
erty. Then for any net {zs} in X which converges to x in the sense of T topology
and for any sequence {y,} in X, limsup,, . limsup,, ||€a—yn| < limsup, ||zo—z||
implies {yn,} converges to x in norm.

In the sequel, for any net {z,} in C' and x € C, we adopt the following notations:
wr{xe} = {7 cluster points of {z,}}

wwi{za} = {weak cluster points of {z,}}
wy () = wu ({T"2})
L({za}) = {p € C : lim |lzo —p| exists }
Ay(T)={zeC:T"z — z weakly}
Ay(T)={x € C:T"x — x strongly}
The following lemma will be useful later.

Lemma 2.4. Let C' be a weakly compact subset of a Banach space X with as-
ymptotic (P) and let T be an asymptotically nonerpansive type mapping on C.
Then Aw(T) = A (T). Moreover, if TV is continuous for some N € N, then
Au(T) = AL(T) = F(T).
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Proof. 1t is clear that Ay(T) C Ay (T). Now for p € A, (T), we first claim that
there exists lim,, . ||[T7"p — p||. In fact, the condition T™p converges to p weakly
implies that

IT"p = pl| < liminf |T7p — T "p|

< cn(p) + liminf |[T™p — p||,
m—00

for all n € N. This implies that limsup,, . [|T"p — p|| < liminf, . ||T™p — pl,
and hence lim,, . ||[T"p — p|| exists. Let r = lim, o [|T"p — p||, for m € N we

have
limsup ||T"p — T™pl| = limsup ||T""™"p — T™p||

n—oo n—oo

< ¢m(p) + limsup || T"p — p||

n—oo

— cnlp) + 7

Taking the limsup for m we have

lim sup lim sup | T"p — T™p|| < 7.

m—00 n—oo

It then follows from GGLD property that T"p — p strongly.

Suppose in addition that there is an N € N such that 7% is continuous at p, we
have TN*"p — TNp strongly. This implies TVp = p. Since Tp = TN +1p, for all
n, take the limit as n — oo, we obtain T'p = p. This completes the proof.

3. 7- DEMICLOSEDNESS PRINCIPLE

Theorem 3.1. Let X be a Banach space, T be a Hausdorff topology on X such
that X has locally uniformly 7-Opial property. Let C' be a T-compact conver subset
of X and let T be an asymptotically nonexpansive mapping on C such that TV is
continuous for some N € N. Suppose {xo : o € I} be a directed net in C, then the
condition that xo T.x and T™x, T,x for each m € N implies © = Tx.

Proof. Let b,, = limsup ||T™x, — x|, then for i,j € N,
acl

bir; = limsup | Tz, — ||
acl

< limsup [Tz, — T'z|| 7-Opial property
ael

< ¢i(x) + limsup | TV z, — ||

acl

= cz(x) + bj
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Since lim;_, o ¢;(z) = 0, we have

lim b; = b:=inf{b; : i € N'}.
Let {O, : a € A} be a T-open base of neighborhood of z. One can define the
binary relation ">” on A by a1 > a9 if and only if O,, C O,,. It is easily seen
that (A,>) is a directed system. Let A be the set of positive integers and let
B=AxN ={(ayn) : « € A,n € N}. For any 8 = (a,n) € B, we write
P13 = a, P8 =mnand Og = O,. In this case, (B, >) is also a directed system when
the binary relation ”>” on B is defined by 31 > (3, if and only if P;3; > P;3 and
P31 > Pof3o.
For 3 € B, there exist n(ﬁl) € N such that

en(x) < — (3.1)

and

1
b, = limsup ||[T"z, — x|| < b+ — 3.2
nsup 7", — o) b+ 5 (32)

for all n > n(ﬁl). Let lg = 2P + ng) and l% =g —i for each 1 < i < Pf3.
By hypothesis, for 3 € B,

7T — lim Tlf’a:a =z
acl

Select aé € I such that if a > aé, then
Tz, € Og. (3.3)
Since lg) > ng) for each 1 < i < Py(3, it then follows from (3.2) that for each

1<i< P,

(1) 1
b = limsup ||T% =, — x <b+4+ —
g’ aeIpH “ I< Py

Therefore there exists a% € I such that

() 2
T's To —2|| <b+ — 3.4
H I <b+ 5 (3.4)
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forall 1 <i < Pg, and a > a%. Now since b < blﬁ, there exists ag € I such that
ag > a};, a% and

1

T xa, —al| >b— —— 3.5
74550, 2 2 b o (3.5)

Since ag > a, aj, it then follows from (3.3) and (3.4) that
Tz, € Og (3.6)

and 5
(i)
| T Ta, — || <b+ —5—, foreach 1<i< P (3.7)
P

(3.6) implies that T'#z,, is T-convergent to x, and (3.4), (3.5) and (3.7) imply that

. (4)
1T 20, — T'zl| < T 2o, — || + ci(2)

(@) + 53

3
< ||T's — ; —
<N T*2q, — x| + ci(x) + Py

for each 1 < i < P»3. By Lemma 2.3, T?x — z, since TV is continuous at x, we
have T™V+"z — TNz, This implies TV = z. Since Tz = T"V*lz, for all n, take
the limit as n — oo, we obtain Tx = x. This completes the proof. 0]

Remark. In Theorem 3.1, we do not suppose that C' is a convexr subset. It is not
clear that whether the conclusion is still true if we only assume that X has the Opial
property. We will discuss it in the following that when C is a weakly compact convex
subset of X.

Theorem 3.2. Let C' be a nonempty weakly compact conver subset of a Banach
space X with Opial property, and let T : C'— C' be an asymptotically nonexpansive
type mapping. For a net {x,, : o C I} in C, suppose that x, converges weakly to
x and xo — T™x, converges weakly to 0 for all m € N, then x € A,(T), i.e.,
T'x — .

Proof. Let b, =limsup || T™xz, — z||, then
acl

lim b; = b:=inf{b; : i € N'}.

71— 00

Let {O, : a € A} be a weakly open base of neighborhood of . One can define
the binary relation ”>” on A by a; > ag if and only if O,, C O,,. It is easily
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seen that (A4, >) is a directed system. Let N be the set of positive integers and
let B=AXxN = {(ayn) : a € A,n € N}. For any f = (a,n) € B, we write
P13 = a, P8 =nand Og = O,. In this case, (B, >) is also a directed system when
the binary relation ”>” on B is defined by 31 > (3, if and only if P;3; > P;3 and
P31 > P f3s.

Now for each § € B, there exist ng) € N such that

en(z) < —— (3.8)

and

b, = limsup [|[T"z, —x|| < b+ —
aecl H H PQB

Suppose that z is a weak cluster point of {T"x}. Then z €

(3.9)

for all n > ng).

cleco{T"z : n > ng)}, it follows that there is an integer p (> 2) and nonnegative

P
numbers ag, (1 <@ < p) with Y ag, =1 and mg,,mg,,... ,mg, € {n € N : n >

=1

n(ﬁl) } such that

m 1
Iz - ;%T el < g (3.10)
Let lg = ng and lf; = lg — mp, for each 1 <4 <p.
Since for 6 6 B,
— lim Tlﬁxa =ux,
acl
one can choose n(;) > ng) such that if n > n(ﬁz) then
Tz, € Og (3.11)
Since I > ng) for all 1 <1i < p, it then follows from (3.9) that
by; = lim sup HTZB:I:Q —z)| <b+ —— !
n— oo P2ﬁ
for all 1 < i < p. Therefore there exists n(ﬁ) > n(ﬁz) such that
2
HT Bxa —z|| <b+ = (3.12)

b3
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forall1<i:<pandn> n(;’). Now since b < by, there exists ng > n(ﬁg) such that
1
T %, — x| > b— — 3.13
7%, o] 2 b= 5 (3.13)
Since ng > ng’) > n(ﬁQ) > n(ﬁl), it then follows from (3.11) and (3.12) that
T z,, € Og (3.14)
i 2
1T, — 2| < b+ 55 foralll<i<p (3.15)
2

(3.7) implies that T'#x,,, is weakly convergent to z, and (3.8), (3.10), (3.13) and
(3.14) imply that

p p
T2, = 2l S T 20, — D ag Tl +11 Y ap T — 2|
=1 =1

p

1

<D anllTm, Tl + 5
=1

p
1
<Y ag,(Cmp, (@) + | T2, —yl) + b5
=1 2
4
<b+ 5—
P
<|T%x,, — x| + 5
7 Py
This implies that limsup || 7% x,,, — z|| < limsup ||T%¢,, — z|. By the Opial prop-
BeB BEB
erty, we have z = x. This completes the proof. [l

Theorem 3.2 and Lemma 2.4 immediately yield the following weak demiclosedness
theorem.

Theorem 3.3. Let X be a Banach spach with the asymptotic (P) and Opial’s
property. Let C be a weakly compact convex subset of X and let T : C — C' be
an asymptotically nonexpansive type mapping such that TN is continuous for some
N e N. Then I — T is weak demiclosed at 0. that is , if {x} is a net in C with
To =T and x4 — T™xo — 0 for each m € N, then Tx = x.

Remark. It is easily seen that if T : C — C' is a uniformly continuous mapping of
asymptotically nonexpansive type, then the condition ||z, — Tx,| — 0 implies that
|zn, — T 2| — 0 for all m € N. Therefore Theorem 3.3 immediately reduces to

Theorem 3.1 and 3.6 of [10] and Theorem 2.4 of [5].
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4. ASYMPTOTIC BEHAVIOR

In this section, we provide 7 and weak convergence theorems for almost-orbit of
asymptotically nonexpansive type mapping by using the results in section 3.

Let T : C — C be a mapping of asymptotically nonexpansive type. Recall that
a sequence {z,} in C is said to be an almost-orbit of T if

lim sup ||zp+m —T™x,|| = 0.
n—oo mzl

Now we say that {z,} is a weak almost-orbit of T if
w— lim (xp1m —T"x,) =0 for allm e N.
We begin with the following simple lemmas.

Lemma 4.1. Let C be a 7- compact subset of a Banach space X with tau-Opial
property and {z,} be a sequence in C such that wy({z,}) C L({zy}), then {z,} is
tau-convergence to some point in L({x,}).

proof. Clearly, w,({z,}) is nonempty since C is a 7- compact subset. Let p; €
wr({zn}),i=1,2, and p1 = 7 — im0 T, p2 = T — lim; _, o T, . Suppose that
p1 # p2. It then follows from pq,pe € L({x,}) and 7-Opial property that

lim |2y, —p1f| = lim |25, —p1]]
n—oo 11— 00
< lim [|zn, — po]
11— 00
= lim ||z, — p2|-
n—oo
In the same way we have lim, o ||2, — p2|| < lim,,— oo || — p1]|. This is a contra-
diction. Consequently, p; = po . This completes the proof.

Lemma 4.2. Let C' be a nonempty subset of a Banach space X and T be an
asymptotically nonexpansive type mapping from C' to itself, and let {x,} be an

almost-orbit of T. Then F(T) C As(T) C L({x,}).
Proof. Let v € Ay(T) and by, = sup,;,>1 | Tntm — T2, Since
[Zntm — 2| < [ @npm = T2l + | T"20 — T || + | T™ 2 — ]
<bp+ [Tz, —T"x|| + | Tz — x|
for all n,m € N. Now for fixed n € NV, letting m — oo, we get

limsup ||z, — || < by, + ||zn — ||
m—00

This implies that = € L({z,}). The proof is completed.

Using Theorem 3.1 and Lemma 4.1 we get following tau convergent theorem.
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Theorem 4.1. Let C' be a nonempty 7- compact subset of a Banach space X with
T locally uniformly Opial property , T : C'+— C be an asymptotically nonexpansive
type mapping such that TN is continuous for some N € N, and let {z,} be a
almost-orbit of T. Then {x,} is T convergent to some fixed point of F(T) if and
only if it is T asymptotically regular, i.e. {xn+1 — x,} T-converges to 0.

Remark. Theorem 4.1 give an affirmative answer to a question (remark 4.1) of
[10].

Theorem 4.2. Let C' be a nonempty weakly compact conver subset of a Banach
space X with Opial’s prorperty , T : C — C' be an asymptotically nonexpansive type
mapping, and let {x,} be a weak almost-orbit of T'. Suppose that A,(T) C L({xy}).
Then {x,} is weakly convergent if and only if it is weakly asymptotically regular (i.e.,
{Tn+1 — xn} weakly converges to 0 ).

Under the additional assumption of asymptotic (P), we have A, (T) = A4 (T)
from Lemma 2.4. It is not clear that Ay(T) C L({zy}) is true for weak almost-orbit
of T. However, we know from Lemma 4.2 that it is always true for almost-orbits
of T. Therefore we have following weak convergent theorem for almost-orbits of
asymptotically nonexpansive type mapping.

Theorem 4.3. Let C' be a nonempty weakly compact conver subset of a Banach
space X with asymptotic (P) and Opial property , T : C'+— C' be an asymptotically
nonexpansive type mapping, and let {x,} be an almost-orbit of T. Then {x,} is
weakly convergent ( to some point x € As(T)) if and only if it is weakly asymp-
totically reqular (i.e., {Tpi1 — T} ¢ converges to 0 weakly). Moreover, if TN is
continuous at x for some N € N, then x € F(T).

Remark. (a) Note that both the locally uniform Opial condition and UKK are
stronger properties than asymptotic (P). Therefore Theorem 4.4 immediately reduces
to Theorem 4.1 of [10] in the case of asymptotically nonexpansive mappings and the
Banach space with uniformly Opial’s property and to main Theorem of [11] in the
case of Banach space with UKK norm and Opial’s property and to Theorem 3.1 of
[5] in the case of asymptotically reqular (that is T" 1z — T"x — 0 strongly).

(b) Theorem 4.4 give an affirmative answer to a question (remark 4.1) of [10].

(c) It is known that asymptotic (P) ( GGLD ) lie between weak normal struc-
ture and weak uniform normal structure. However, we do not know whether the
conclusion is still true if we only assume that X has the Opial property.
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