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Abstract. The purpose of this paper is to provide the new demicloseness principle–

τ (weakly) demicloseness principle. We prove that if X is a Banach space with
locally uniformly τ -Opial condition, where τ is a Hausdorff topology on X, C is a

nonempty τ compact subset of X, and T : C → C is a asymptotically nonexpansive

type mapping. If {xα} is a net in C which converges to x in the sense of τ topology
and if the net {xα − T mxα} converges to zero in the sense of τ topology for each

m ∈ N , then x−Tx = 0. We also give the weakly demicloseness theorem in a Banach

space with Opial property. This result is to be used to study convergence theorem
for almost-orbits of asymptotically nonexpansive type mappings in a Banach space.

1.INTRODUCTION

Let C be a nonempty subset of a Banach space X and let T : C 7→ C be a
mapping. Then T is said to be asymptotically nonexpansive [9] if there exists a
sequence {kn} of real number with limn→∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn‖x− y‖ for allx, y ∈ C and n ∈ N (1.1)

If (1.1) is valid for all kn ≡ 1, T is said to be nonexpansive. More generally T is of
asymptotically nonexpansive type [9] if

lim sup
n→∞

sup
y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0 for every x ∈ C.
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One of the fundamental and celebrated results in the theory of nonexpansive map-
pings is Browder’s demiclosedness principle [1] which states that if X is a uniformly
convex Banach space, C a nonempty closed convex subset of X, and if T : C 7→ C
is a nonexpansive mapping, then I−T is demiclosed at each y ∈ X, that is, for any
sequence {xn} in C, the conditions xn → x weakly and (I −T )xn → y strongly im-
ply that (I − T )x = y. ( Here I is the identity operator of X). The principle is also
valid in a space satisfying Opial’s condition. It is known that the demiclosedness
principle play a key role in studying the asymptotic behavior and ergodic theory
of nonexpansive mappings. Recently much effort has been devoted to studying the
demiclosedness of I − T at 0 for T of asymptotically nonexpansive (type) mapping
either in a Banach spach with (locally) uniformly Opial condition or in a nearly uni-
formly convex Banach space with Opial’s condition; See ([ 3, 5, 10 ]). For example,
P. K. Lin, K. K. Tan and H. K. Xu [10] proved the following:

Theorem 1 (P. K. Lin, K. K. Tan and H. K. Xu [10]). Suppose X is a Banach
space with locally uniformly Opial condition, C is a nonempty weakly compact convex
subset of X, and T : C → C is a asymptotically nonexpansive mapping. Then I−T
is demiclosed at zero, i.e. if {xn} is sequence in C which converges weakly to x and
if the sequence {xn − Txn} converges strongly to zero, then x− Tx = 0.

However, the condition xn − Txn → 0 strongly is too restriction in studying
the asymptotic behavior of asymptotically noneapansive (type) mappings. It is
the objective of the present paper to provide a new demiclosedness principle—
τ (weakly) demiclosedness principle. We prove the following theorem in section
3: Suppose X is a Banach space with locally uniformly τ -Opial condition, where
τ is a Hausdorff topology on X, C is a nonempty τ compact subset of X, and
T : C → C is a asymptotically nonexpansive type mapping. If {xα} is net in
C which converges to x in the sense of τ topology and if the net {xα − Tmxα}
converges to zero in the sense of τ topology for each m ∈ N , then x − Tx = 0.
We also give weakly demicloseness theorem in a Banach space with Opial property.
This kind of τ (weakly ) demiclosedness theorems is extremely useful in studying the
asymptotic behavior of asymptotically nonexpansive type mappings. For example ,
as an immediate consequence, we shows that the open question in [10, p. 941] has
an affirmative answer even for non-lipschitzian semigroup and c not convex ( See
Theorem 4.3 and 4.4 below).

2. PRELIMINARIES

Throughout this paper X denotes a Banach space, τ is a Hausdorff topology on
X, C a nonempty τ compact convex subset of X. We denote weak convergence in
X by ⇀ and convergence by → and τ convergence by τ−→. Recall that X is said to
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have the Opial property if {xn} converges to x weakly implies

lim sup
n

‖xn − x‖ < lim sup
n

‖xn − y‖

for all y 6= x. Given a sequence {xn} in X, let

r(c;xn) := inf{lim sup
n→∞

‖xn + x‖ − 1 : ‖x‖ ≥ c},

we say X has the locally uniform Opial condition [10] if

r(c;xn) > 0 whenever c > 0, lim inf
n→∞

‖xn‖ ≥ 1, and xn ⇀ 0,

and the uniform Opial condition [10] if for all c > 0,

r(c) := inf{r(c;xn) : lim sup
n→∞

‖xn‖ ≥ 1 and xn ⇀ 0} > 0

and the uniform Opial condition [10] if for all c > 0,

r(c) := inf{r(c;xn) : lim inf
n→∞

‖xn‖ ≥ 1 and xn ⇀ 0} > 0.

Now we say that x has τ -Opial property if {xα} converges to x in the τ topology
implies

lim sup
n

‖xα − x‖ < lim sup
α

‖xn − y‖

for all y 6= x. Given a directed net {xα : α ∈ I} in X, let

r(c;xα) := inf{lim sup
α∈I

‖xα + x‖ − 1 : ‖x‖ ≥ c},

we say X has the locally uniform τ -Opial condition if

r(c;xα) > 0 whenever c > 0, lim sup
α∈I

‖xα‖ ≥ 1, and xα τ−→0,

A Banach space X is said to have property-P [18] if whenever {xn} is a noncon-
stant weakly null sequence we have lim infn ‖xn‖ < diam {xn}. We say that X has
asymptotic (P) if whenever {xn} is a weakly null sequence which is not norm con-
vergent we have lim infn ‖xn‖ < diama {xn}, here diama {xn} = limn diam {xk :
k ≥ n} is the asymptotic diameter of the sequence {xn}.
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According to [8], a Banach space X is said to satisfy the Generalized Gossez-Lami
Dozo property ( GGLD) if

lim inf
n

‖xn‖ < lim sup
m

lim sup
n

‖xn − xm‖

whenever {xn} is a weakly null sequence which is not norm convergent.
It is shown in [17] that asymptotic (P) and GGLD are equivalent conditions and

that both the locally uniform Opial condition and UKK ( Uniformly Kadec-Klee,
[6]) are stronger properties than asymptotic (P).

In the rest of this paper, let T be an asymptotically nonexpansine type mapping
from C into itself such that TN is continuous for some n ∈ N . For each x in C,
put

cn(x) = sup{‖Tnx− Tny‖ − ‖x− y‖ : y ∈ C} ∨ 0,

we have
lim

n→∞
cn(x) = 0, (1.2)

for all x ∈ C. Denote by F (T ) the set of fixed points of T .
The following lemmas show that in the definitions of Opial property and locally

uniformly Opial property the conditions for sequence and for net are equivalent.

Lemma 2.1. The following conditions are equivalent:
(i) X has Opial property
(ii) If {xα} converges to x weakly implies lim sup

alpha
‖xα − x‖ < lim sup

α
‖xα − y‖

for all y 6= x.

Proof. We only need to prove that (i) implies (ii). Let y 6= x, and

ρ1 = lim sup
α

‖xα − x‖

and
ρ2 = lim sup

α
‖xα − y‖

First, we choose α1 such that

ρ1 − 1 ≤ ‖xα1 − x‖ ≤ ρ1 + 1

‖xα1 − y‖ ≤ ρ2 + 1

|〈xα1 − x, j(xα1 − x)〉| ≤ 1
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where j(x) ∈ J(x). Now we may define inductively sequence αn} such that

ρn − 1
n
≤ ‖xαn

− x‖ ≤ ρn +
1
n

‖xαn − y‖ ≤ ρ2 +
1
n

|〈xαn
− x, j(xαi

− x)〉| ≤ 1
n

for all 1 ≤ i ≤ n− 1

where j(xαi − x) ∈ J(xαi − x). Let z be a weakly cluster point of {xαn}, then we
have

〈z − x, j(xαn
− x)〉 = 0

It follows that
‖xαn

− x‖ ≤ ‖xαn
− z‖

By Opial property, we have ρ1 < ρ2. This completes the proof. ¤

Lemma 2.2. The following conditions are equivalent:
(i) X has locally uniformly Opial property
(ii) If {xα} converges to 0 weakly and lim sup

n→∞
‖xα‖ = 1. Then for each δ > 0

there exists ε > 0 such that lim sup
α

‖xα − x‖ ≥ 1 + ε for all ‖x‖ ≥ δ.

Proof. We only need to prove that (i) implies (ii). If (ii) is not true, then there
exists δ > 0 and sequence {yn} with ‖yn‖ ≥ δ such that

lim sup
α

‖xα − yn‖ < 1 +
1
n

Now we may define inductively sequence {αn} such that

1− 1
n
≤ ‖xαn

‖ ≤ 1 +
1
n

‖xαn − yi‖ ≤ 1 +
1
i

for all 1 ≤ i ≤ n

and
〈xαn

, j(xαi
)〉 ≤ 1

n
for all 1 ≤ i ≤ n− 1
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where j(xαi) ∈ J(xαi). let z be a weakly cluster point of {xαn}, then we have

〈z, j(xαn
)〉 = 0

It follows that
‖xαn

‖ ≤ ‖xαn
− z‖

By Opial property, we have z = 0. Since

‖xαn − yi‖ ≤ 1 +
1
i

By locally uniformly Opial property, we have yn → 0, this is a contraction. The
proof is completed. ¤

We can also prove following lemma from the definition of locally uniformly τ -opial
property. (See also [10])

Lemma 2.3. Let X be a Banach space with locally uniformly convex τ -opial prop-
erty. Then for any net {xα} in X which converges to x in the sense of τ topology
and for any sequence {yn} in X, lim supn→∞ lim supα ‖xα−yn‖ ≤ lim supα ‖xα−x‖
implies {yn} converges to x in norm.

In the sequel, for any net {xα} in C and x ∈ C, we adopt the following notations:

ωτ{xα} = {τ cluster points of {xα}}

ωw{xα} = {weak cluster points of {xα}}
ωw(x) = ωw({Tnx})

L({xα}) = {p ∈ C : lim
α
‖xα − p‖ exists }

∆w(T ) = {x ∈ C : Tnx ⇀ x weakly}
∆s(T ) = {x ∈ C : Tnx → x strongly}

The following lemma will be useful later.

Lemma 2.4. Let C be a weakly compact subset of a Banach space X with as-
ymptotic (P) and let T be an asymptotically nonexpansive type mapping on C.
Then ∆w(T ) = ∆s(T ). Moreover, if TN is continuous for some N ∈ N , then
∆w(T ) = ∆s(T ) = F (T ).
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Proof. It is clear that ∆s(T ) ⊂ ∆w(T ). Now for p ∈ ∆w(T ), we first claim that
there exists limn→∞ ‖Tnp − p‖. In fact, the condition Tnp converges to p weakly
implies that

‖Tnp− p‖ ≤ lim inf
m→∞

‖Tnp− Tm+np‖
≤ cn(p) + lim inf

m→∞
‖Tmp− p‖,

for all n ∈ N . This implies that lim supn→∞ ‖Tnp − p‖ ≤ lim infn→∞ ‖Tnp − p‖,
and hence limn→∞ ‖Tnp − p‖ exists. Let r = limn→∞ ‖Tnp − p‖, for m ∈ N we
have

lim sup
n→∞

‖Tnp− Tmp‖ = lim sup
n→∞

‖Tn+mp− Tmp‖
≤ cm(p) + lim sup

n→∞
‖Tnp− p‖

= cm(p) + r

Taking the lim sup for m we have

lim sup
m→∞

lim sup
n→∞

‖Tnp− Tmp‖ ≤ r.

It then follows from GGLD property that Tnp → p strongly.
Suppose in addition that there is an N ∈ N such that TN is continuous at p, we

have TN+np → TNp strongly. This implies TNp = p. Since Tp = TnN+1p, for all
n, take the limit as n →∞, we obtain Tp = p. This completes the proof.

3. τ- demiclosedness principle

Theorem 3.1. Let X be a Banach space, τ be a Hausdorff topology on X such
that X has locally uniformly τ -Opial property. Let C be a τ -compact convex subset
of X and let T be an asymptotically nonexpansive mapping on C such that TN is
continuous for some N ∈ N . Suppose {xα : α ∈ I} be a directed net in C, then the
condition that xα τ−→x and Tmxα τ−→x for each m ∈ N implies x = Tx.

Proof. Let bm = lim sup
α∈I

‖Tmxα − x‖, then for i, j ∈ N ,

bi+j = lim sup
α∈I

‖T i+jxα − x‖

≤ lim sup
α∈I

‖T i+jxα − T ix‖ τ -Opial property

≤ ci(x) + lim sup
α∈I

‖T jxα − x‖

= ci(x) + bj
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Since limi→∞ ci(x) = 0, we have

lim
i→∞

bi = b := inf{bi : i ∈ N}.

Let {Oα : α ∈ A} be a τ -open base of neighborhood of x. One can define the
binary relation ”≥” on A by α1 ≥ α2 if and only if Oα1 ⊆ Oα2 . It is easily seen
that (A,≥) is a directed system. Let N be the set of positive integers and let
B = A × N = {(α, n) : α ∈ A,n ∈ N}. For any β = (α, n) ∈ B, we write
P1β = α, P2β = n and Oβ = Oα. In this case, (B,≥) is also a directed system when
the binary relation ”≥” on B is defined by β1 ≥ β2 if and only if P1β1 ≥ P1β2 and
P2β1 ≥ P2β2.

For β ∈ B, there exist n
(1)
β ∈ N such that

cn(x) ≤ 1
P2β

(3.1)

and

bn = lim sup
α∈I

‖Tnxα − x‖ ≤ b +
1

P2β
(3.2)

for all n ≥ n
(1)
β . Let lβ = 2P2β + n

(1)
β and liβ = lβ − i for each 1 ≤ i ≤ P2β.

By hypothesis, for β ∈ B,

τ − lim
α∈I

T lβ xα = x.

Select α1
β ∈ I such that if α ≥ α1

β , then

T lβ xα ∈ Oβ . (3.3)

Since l
(1)
β ≥ n

(1)
β for each 1 ≤ i ≤ P2β, it then follows from (3.2) that for each

1 ≤ i ≤ Pβ ,

b
l
(i)
β

= lim sup
α∈I

‖T l
(i)
β xα − x‖ ≤ b +

1
P2β

Therefore there exists α2
β ∈ I such that

‖T l
(i)
β xα − x‖ ≤ b +

2
P2β

(3.4)
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for all 1 ≤ i ≤ Pβ , and α ≥ α2
β . Now since b ≤ blβ , there exists αβ ∈ I such that

αβ ≥ α1
β , α2

β and

‖T lβ xαβ
− x‖ ≥ b− 1

P2β
(3.5)

Since αβ ≥ α1
β , α2

β , it then follows from (3.3) and (3.4) that

T lβ xαβ
∈ Oβ (3.6)

and
‖T l

(i)
β xαβ

− x‖ ≤ b +
2

P2β
, for each 1 ≤ i ≤ P2β (3.7)

(3.6) implies that T lβ xαβ
is τ -convergent to x, and (3.4), (3.5) and (3.7) imply that

‖T lβ xαβ
− T ix‖ ≤ ‖T l

(i)
β xαβ

− x‖+ ci(x)

≤ b + ci(x) +
2

P2β

≤ ‖T lβ xαβ
− x‖+ ci(x) +

3
P2β

for each 1 ≤ i ≤ P2β. By Lemma 2.3, T ix → x, since TN is continuous at x, we
have TN+nx → TNx. This implies TNx = x. Since Tx = TnN+1x, for all n, take
the limit as n →∞, we obtain Tx = x. This completes the proof. ¤
Remark. In Theorem 3.1, we do not suppose that C is a convex subset. It is not
clear that whether the conclusion is still true if we only assume that X has the Opial
property. We will discuss it in the following that when C is a weakly compact convex
subset of X.

Theorem 3.2. Let C be a nonempty weakly compact convex subset of a Banach
space X with Opial property, and let T : C 7→ C be an asymptotically nonexpansive
type mapping. For a net {xα : α ⊂ I} in C, suppose that xα converges weakly to
x and xα − Tmxα converges weakly to 0 for all m ∈ N , then x ∈ ∆w(T ), i.e.,
Tnx ⇀ y.

Proof. Let bm = lim sup
α∈I

‖Tmxα − x‖, then

lim
i→∞

bi = b := inf{bi : i ∈ N}.

Let {Oα : α ∈ A} be a weakly open base of neighborhood of x. One can define
the binary relation ”≥” on A by α1 ≥ α2 if and only if Oα1 ⊆ Oα2 . It is easily
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seen that (A,≥) is a directed system. Let N be the set of positive integers and
let B = A × N = {(α, n) : α ∈ A,n ∈ N}. For any β = (α, n) ∈ B, we write
P1β = α, P2β = n and Oβ = Oα. In this case, (B,≥) is also a directed system when
the binary relation ”≥” on B is defined by β1 ≥ β2 if and only if P1β1 ≥ P1β2 and
P2β1 ≥ P2β2.

Now for each β ∈ B, there exist n
(1)
β ∈ N such that

cn(x) ≤ 1
P2β

(3.8)

and
bn = lim sup

α∈I
‖Tnxα − x‖ ≤ b +

1
P2β

(3.9)

for all n ≥ n
(1)
β . Suppose that z is a weak cluster point of {Tnx}. Then z ∈

clco{Tnx : n ≥ n
(1)
β }, it follows that there is an integer p (> 2) and nonnegative

numbers aβi
(1 ≤ i ≤ p) with

p∑
i=1

aβi
= 1 and mβ1 ,mβ2 , . . . ,mβp

∈ {n ∈ N : n ≥
n

(1)
β } such that

‖z −
p∑

i=1

aβi
Tmβi x‖ <

1
P2β

. (3.10)

Let lβ =
p∑

i=1

mβi and liβ = lβ −mβi for each 1 ≤ i ≤ p.

Since for β ∈ B,
w − lim

α∈I
T lβ xα = x,

one can choose n
(2)
β ≥ n

(1)
β such that if n > n

(2)
β then

T lβ xα ∈ Oβ (3.11)

Since liβ ≥ n
(1)
β for all 1 ≤ i ≤ p, it then follows from (3.9) that

bliβ
= lim sup

n→∞
‖T liβ xα − x‖ ≤ b +

1
P2β

,

for all 1 ≤ i ≤ p. Therefore there exists n
(3)
β ≥ n

(2)
β such that

‖T b
li
β xα − x‖ ≤ b +

2
P2β

(3.12)
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for all 1 ≤ i ≤ p and n ≥ n
(3)
β . Now since b ≤ blβ , there exists nβ ≥ n

(3)
β such that

‖T lβ xnβ
− x‖ ≥ b− 1

P2β
(3.13)

Since nβ ≥ n
(3)
β ≥ n

(2)
β ≥ n

(1)
β , it then follows from (3.11) and (3.12) that

T lβ xnβ
∈ Oβ (3.14)

‖T liβ xnβ
− x‖ ≤ b +

2
P2β

for all 1 ≤ i ≤ p (3.15)

(3.7) implies that T lβ xnβ
is weakly convergent to x, and (3.8), (3.10), (3.13) and

(3.14) imply that

‖T lβ xnβ
− z‖ ≤ ‖T lβ xnβ

−
p∑

i=1

aβi
Tmβi x‖+ ‖

p∑

i=1

aβi
Tmβi x− z‖

≤
p∑

i=1

aβi
‖T lβ xnβ

− Tmβi x‖+
1

P2β

≤
p∑

i=1

aβi
(cmβi

(x) + ‖T liβ xnβ
− y‖) +

1
P2β

≤ b +
4

P2β

≤ ‖T lβ xnβ
− x‖+

5
P2β

This implies that lim sup
β∈B

‖T lβ xnβ
− z‖ ≤ lim sup

β∈B
‖T lβ xnβ

− x‖. By the Opial prop-

erty, we have z = x. This completes the proof. ¤
Theorem 3.2 and Lemma 2.4 immediately yield the following weak demiclosedness

theorem.

Theorem 3.3. Let X be a Banach spach with the asymptotic (P) and Opial’s
property. Let C be a weakly compact convex subset of X and let T : C 7→ C be
an asymptotically nonexpansive type mapping such that TN is continuous for some
N ∈ N . Then I − T is weak demiclosed at 0. that is , if {xα} is a net in C with
xα ⇀ x and xα − Tmxα ⇀ 0 for each m ∈ N , then Tx = x.

Remark. It is easily seen that if T : C 7→ C is a uniformly continuous mapping of
asymptotically nonexpansive type, then the condition ‖xn − Txn‖ → 0 implies that
‖xn − Tmxn‖ → 0 for all m ∈ N . Therefore Theorem 3.3 immediately reduces to
Theorem 3.1 and 3.6 of [10] and Theorem 2.4 of [5].
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4. Asymptotic behavior

In this section, we provide τ and weak convergence theorems for almost-orbit of
asymptotically nonexpansive type mapping by using the results in section 3.

Let T : C 7→ C be a mapping of asymptotically nonexpansive type. Recall that
a sequence {xn} in C is said to be an almost-orbit of T if

lim
n→∞

sup
m≥1

‖xn+m − Tmxn‖ = 0.

Now we say that {xn} is a weak almost-orbit of T if

w − lim
n→∞

(xn+m − Tmxn) = 0 for all m ∈ N .

We begin with the following simple lemmas.

Lemma 4.1. Let C be a τ - compact subset of a Banach space X with tau-Opial
property and {xn} be a sequence in C such that ωτ ({xn}) ⊂ L({xn}), then {xn} is
tau-convergence to some point in L({xn}).
proof. Clearly, ωτ ({xn}) is nonempty since C is a τ - compact subset. Let pi ∈
ωτ ({xn}), i = 1, 2, and p1 = τ − limi→∞ xni

, p2 = τ − limi→∞ xmi
. Suppose that

p1 6= p2. It then follows from p1, p2 ∈ L({xn}) and τ -Opial property that

lim
n→∞

‖xn − p1‖ = lim
i→∞

‖xni
− p1‖

< lim
i→∞

‖xni
− p2‖

= lim
n→∞

‖xn − p2‖.
In the same way we have limn→∞ ‖xn − p2‖ < limn→∞ ‖xn − p1‖. This is a contra-
diction. Consequently, p1 = p2 . This completes the proof.

Lemma 4.2. Let C be a nonempty subset of a Banach space X and T be an
asymptotically nonexpansive type mapping from C to itself, and let {xn} be an
almost-orbit of T . Then F (T ) ⊂ ∆s(T ) ⊂ L({xn}).
Proof. Let x ∈ ∆s(T ) and bn = supm≥1 ‖xn+m − Tmxn‖. Since

‖xn+m − x‖ ≤ ‖xn+m − Tmxn‖+ ‖Tmxn − Tmx‖+ ‖Tmx− x‖
≤ bn + ‖Tmxn − Tmx‖+ ‖Tmx− x‖

for all n,m ∈ N . Now for fixed n ∈ N , letting m →∞, we get

lim sup
m→∞

‖xm − x‖ ≤ bn + ‖xn − x‖

This implies that x ∈ L({xn}). The proof is completed.

Using Theorem 3.1 and Lemma 4.1 we get following tau convergent theorem.
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Theorem 4.1. Let C be a nonempty τ - compact subset of a Banach space X with
τ locally uniformly Opial property , T : C 7→ C be an asymptotically nonexpansive
type mapping such that TN is continuous for some N ∈ N , and let {xn} be a
almost-orbit of T . Then {xn} is τ convergent to some fixed point of F (T ) if and
only if it is τ asymptotically regular, i.e. {xn+1 − xn} τ -converges to 0.

Remark. Theorem 4.1 give an affirmative answer to a question (remark 4.1) of
[10].

Theorem 4.2. Let C be a nonempty weakly compact convex subset of a Banach
space X with Opial’s prorperty , T : C 7→ C be an asymptotically nonexpansive type
mapping, and let {xn} be a weak almost-orbit of T . Suppose that ∆w(T ) ⊂ L({xn}).
Then {xn} is weakly convergent if and only if it is weakly asymptotically regular (i.e.,
{xn+1 − xn} weakly converges to 0 ).

Under the additional assumption of asymptotic (P), we have ∆w(T ) = ∆s(T )
from Lemma 2.4. It is not clear that ∆s(T ) ⊂ L({xn}) is true for weak almost-orbit
of T . However, we know from Lemma 4.2 that it is always true for almost-orbits
of T . Therefore we have following weak convergent theorem for almost-orbits of
asymptotically nonexpansive type mapping.

Theorem 4.3. Let C be a nonempty weakly compact convex subset of a Banach
space X with asymptotic (P) and Opial property , T : C 7→ C be an asymptotically
nonexpansive type mapping, and let {xn} be an almost-orbit of T . Then {xn} is
weakly convergent ( to some point x ∈ ∆s(T )) if and only if it is weakly asymp-
totically regular (i.e., {xn+1 − xn} c converges to 0 weakly). Moreover, if TN is
continuous at x for some N ∈ N , then x ∈ F (T ).

Remark. (a) Note that both the locally uniform Opial condition and UKK are
stronger properties than asymptotic (P). Therefore Theorem 4.4 immediately reduces
to Theorem 4.1 of [10] in the case of asymptotically nonexpansive mappings and the
Banach space with uniformly Opial’s property and to main Theorem of [11] in the
case of Banach space with UKK norm and Opial’s property and to Theorem 3.1 of
[5] in the case of asymptotically regular (that is Tn+1x− Tnx → 0 strongly).

(b) Theorem 4.4 give an affirmative answer to a question (remark 4.1) of [10].
(c) It is known that asymptotic (P) ( GGLD ) lie between weak normal struc-

ture and weak uniform normal structure. However, we do not know whether the
conclusion is still true if we only assume that X has the Opial property.
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