The Smallest Parts Partition Function

F.G. Garvan

University of Florida

Tuesday, March 13, 2012

F.G. Garvan The Smallest Parts Partition Function



Il ABSTRACT

THE PARTITION FUNCTION

m Partition Generating Function

m Partition Congruences

m Combinatorics of Partition Congruences
THE SMALLEST PARTS FUNCTION

m spt-function

m SPT Generating Function
= Notation

m SPT and Rank-Crank Moments

m SPT and Maass Forms

m spt-Congruences

m SPT mod 2 and 3
COMBINATORICS OF SPT CONGRUENCES

m The SPT-Crank

m Nonnegativity Theorem

m Problems
SPT PARITY AND SELF-CONJUGATE S-PARTITIONS
I[@ References



ABSTRACT

ABSTRACT

Let spt(n) denote the number of smallest parts in the partitions of
n. In 2008, Andrews found surprising congruences for the
spt-function mod 5, 7 and 13. We discuss recent work on analytic,
arithmetic and combinatorial properties of the spt-function. Some
of this work is joint with George Andrews (PSU) and Jie Liang
(UCF).
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THE PARTITION FUNCTION

A partition of n is a nonnincreasing sequence of positive integers
whose sum is n.

n=1
1
n=2
2, 141
n=3
3, 241, 1+1+1
n=4
4, 341, 242, 2+1+1, 1414141
n=>5

5, 4+1, 3+2, 3+1+1, 2+2+1, 2+1+1+1, 1+1+1+1+1
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THE PARTITION FUNCTION Partition Generating Function Partition Congruences Combinat

Let p(n) denote the number of partitions of n

G W NS
~N ot w N R

100 190569292
1000 24061467864032622473692149727991

10000 36167251325636293988820471890953695495016030339315650
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= HARDY - RAMANUJAN (1918)

1 g /2 .
n) ~ 3 Hardy-R 1918
p(n) 4n\/§e (Hardy-Ramanujan )
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THE PARTITION FUNCTION Partition Generating Function Partition Congruences Combinat

= HARDY - RAMANUJAN (1918)

1 g /2 .
n) ~ 3 Hardy-R 1918
p(n) 4n\/§e (Hardy-Ramanujan )

m EULER:

o0
> p(n)q" =1+ q+2¢°>+3q¢> +5q" + -
n=0

oo

1
S

n=1

1
l1-g—¢*+a°+q" —q?—qgP+--
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DEDEKIND:
. o0
1
;P(”)q 4 = ()
where -
0(r) = g2 [Ja-a",
n=1

q = exp(2miT).
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DEDEKIND:

= ao L 1
Zp(n)q 24 = N\
n=0 )

n(r
where

0(r) = g2 [Ja-a",
n=1

q = exp(2miT).

n(T+ 1) = exp(mwi/12) n(7)
n(=1/7) = V=it n(7)

1(Zg) = A er + @) 2atr)
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HECKE OPERATORS

m For £ > 5 prime

2(2) = Y. (£ p(n—s)+ ual) (22 o)

where s, = (£? — 1)/24.
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HECKE OPERATORS

m For £ > 5 prime

2= > (Pon-9)+ 022 o)

n—+s, _1
(7)o

where s, = (£? — 1)/24.

m ATKIN (1968): Then the function Z;(z)n(z) is a modular
function on the full modular group '(1).
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HECKE OPERATORS

m For £ > 5 prime

2= > (Pon-9)+ 022 o)

n—+s, _1
(7)o

where s, = (£? — 1)/24.

m ATKIN (1968): Then the function Z;(z)n(z) is a modular
function on the full modular group '(1).

m EXAMPLE:

Z5(2)n(z) = j(z) — 750.
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Partition Congruences

= RAMANUJAN (1915)
p(5n+4) =0 (mod 5)
p(7n+5) =0 (mod 7)
p(1ln+6) =0 (mod 11)

0 n 0 (1_q5n)5
gp(5n+4)q _5,,1:[1(1_‘7")6
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Partition Congruences

= RAMANUJAN (1915)
p(5n+4) =0 (mod 5)
p(7n+5) =0 (mod 7)
p(1ln+6) =0 (mod 11)
o 4 1_ 5n)5
nz_;p5n+ q" —5,11_[1 (1= g")b

= ATKIN (1965)
p(11%-13 - n+237) =0 (mod 13)

p(5%-7%-13%.173 . 19* . 37% . 1133373 . 6613 - 104930+
+ 1278827052061576887278324769721420299)
=0 (mod 113)



THE PARTITION FUNCTION

Partition Generating Function Partition Congruences Combinat

= ONO (2000)

Let £ > 5 be prime and m > 1. Then there are coly many
(A, B):

p(An+B)=0 (mod (™)
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= ONO (2000)
Let £ > 5 be prime and m > 1. Then there are coly many
(A, B):
p(An+B)=0 (mod (™)

= KOLBERG (1962)
There ocoly many n for which p(n) is even and ooly many n for

which p(n) is odd.
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THE PARTITION FUNCTION Partition Generating Function Partition Congruences Combinat

= ONO (2000)
Let £ > 5 be prime and m > 1. Then there are ooly many
(A, B):
p(An+B)=0 (mod (™)
= KOLBERG (1962)

There ocoly many n for which p(n) is even and ooly many n for
which p(n) is odd.

= CONJECTURE
For each fixed r there are coly many n such that

p(n)=r (mod 3)
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The Rank and Crank

m DYSON'’s RANK (1944) The rank of a partition is the largest
part minus the number of parts. Then the residue of the rank
mod 5 (resp. mod 7) divides the partitions of 5n + 4 (resp.
7n+5) into 5 (resp. 7) equal classes.
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THE PARTITION FUNCTION Partition Gene g Function Partition Cong

The Rank and Crank

m DYSON'’s RANK (1944) The rank of a partition is the largest
part minus the number of parts. Then the residue of the rank
mod 5 (resp. mod 7) divides the partitions of 5n + 4 (resp.
7n+5) into 5 (resp. 7) equal classes.

m ANDREWS-G. CRANK (1988) The crank of a partition is the
largest part if the partition has no ones, otherwise it is
difference between the number of parts larger than the
number of ones and the number of ones. Then the residue of
the crank mod 5 (resp. mod 7, resp. mod 11) divides the
partitions of 5n+ 4 (resp. 7n+ 5, resp. 11n+ 6) into 5 (resp.
7, resp. 11) equal classes.
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Partition Rank Rank mod 11 Crank Crank mod 11
6 5 5 6 6
5+1 3 3 0 0
442 2 2 4 4
44+1+1 1 1 -1 10
3+3 1 1 3 3
3+2+1 0 0 1 1
3+1+1+1 -1 10 -3 8
24242 -1 10 2 2
2424141 -2 9 -2 9
24+1+14+1+1 -3 8 -4 7
14141414141 -5 6 -6 5
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

FOKKINK, FOKKINK AND WANG (1995)

where is the 7 is set of partitions into distinct parts, and s(7)
is the smallest part of 7.
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

FOKKINK, FOKKINK AND WANG (1995)

> (~1)# " s(m) = d(n),

TEY
frl=n

where is the 7 is set of partitions into distinct parts, and s(7)
is the smallest part of 7.

m EXAMPLE (n = 6)

m (—=1)#)ts(m)
6 6
5+1 -1
442 —2
34241 1
4 = d(6)
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

spt-function

m Andrews (2008) defined the function spt(n) as the total
number of appearances of the smallest parts in the partitions
of n. For example,

4, 3+1, 242, 24141, i+i+i+i
Hence, spt(4) = 10.
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

SOl WO =S
(€]

10 119
100 1545832615

1000 600656570957882248155746472836274
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THE SM  spt-function SPT Generating Function SPT and Rank

= BRINGMANN-MAHLBURG (2009)

2v/6n 1 ./
p(n) ~ —=e V3
T \v8n

spt(n) ~
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank

= BRINGMANN-MAHLBURG (2009)

2v/6n 1 ./
spt(n) ~ nj~—e V3
pi(m) ~ =27 p) ~
= ANDREWS (2008)
> spt(n)q”
n=1
:i(q"+2q2”+3q3”+-~)- 1
p (1—gm1)(1—g"2)--

72 1_qn)2(qn+1 7)o
:q+3q +5¢% +10q* + 14¢° +26¢° +35¢" + - - -,

where (a)oo = (a; q)oo = [[;2o(1 — aq").
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THE SM  spt-function SPT Generating Function SPT and R

NOTATION

(a)o == (2 q)o =1,
(@)n = (3;9)n = (1 — a)(1 — aq)(1 — ag?) --- (1 — ag"" 1)

when n is a nonnegative integer.

o0

(3)oo 1= (3 @)oo == [[ (1 — ag™ )

m=1

if |[q] < 1.
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THE SM' spt SP ction SPT and Rank-Crank

SPT and Rank-Crank Moments

= ANDREWS (2008)

o
> spt(n)q”
n=1

_ 1 i nat_ i (—1)"q"GrtD2(1 4 q")
1— qn o (1 _ qn)2

(Q)oo n=1
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank

SPT and Rank-Crank Moments

= ANDREWS (2008)

> spt(n)q”

n=1

B 1 9] n n3n+1)/2(1+ q )
(q)oo<nzl—q +nz_:1 (1—q")? >

(Mz(n) N2(n))
where

= Z m*M(m, n) (kth crank moment)

= Z m*N(m, n) (kth rank moment)
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SPT and Maass Forms

BRINGMANN (2008)

M(z) = Z (12spt(n) + (24n — 1)p(n)) g"~1/%*
n=0
3B atndr
™ /z (—i(z+7))3/2
Then

(az+b> _ (cz+d)*? M(2).

cz+d vn(A)
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SPT and Maass Forms

BRINGMANN (2008)

M(z) = Z (12spt(n) + (24n — 1)p(n)) g"~1/%*
n=0
3B atndr
™ /z (—i(z+7))3/2
Then

(az+b> _ (cz+d)*? M(2).

cz+d vn(A)

m M(24z) is a weight 3 weak Maass form M(z) on [o(576)
with Nebentypus x12.
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THE SM  spt-functic

SPT and HECKE OPERATORS

m Define

n=0
where a(n) = 12spt(n) + (24n — 1)p(n), and

o0

My(z) = T(FAA(z) = Z <a(£2n —50) + x12(¢) (1 —£24n> a(n)

n=-—sy

+la <n2_25£>> q" 2,

for £ > 5 prime.
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THE SM  spt-functic

SPT and HECKE OPERATORS

m Define

n=0
where a(n) = 12spt(n) + (24n — 1)p(n), and

o0

My(z) = T(FAA(z) = Z <a(£2n —50) + x12(¢) <1 —£24n> a(n)

n=-—sy

+la <n2_25£>> q" 2,
for £ > 5 prime.

= ONO (2011): Then (My(z) — x12(£)(1 + ) A(2)) n"” (2) is an
entire modular form of weight 3(¢2 + 3).
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SPT and ATKINs U-operator

ay(z) = U()A(z) — €x12(0)A(¢z)

=3 (altn— 50— v 2 (2)) a7,

n=0

for £ > 5 prime.
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

SPT and ATKINs U-operator

ay(z) = U()A(z) — €x12(0)A(¢z)
= Z (a(En —sp) —Ix12(¢) a (g)) q"_2£4,

n=0

for £ > 5 prime.

m G. (preprint): Then ay(z) 7;2(2(22)) is an entire modular form of

weight £+ 1 on Ip(¥).
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

spt-Congruences

= Andrews (2008) proved that

spt(5n+4) =0 (mod 5), (1)
spt(7n+5) =0 (mod 7), (2)
spt(13n+6) = 0 (mod 13). (3)
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

spt-Congruences

= Andrews (2008) proved that

spt(5n+4) =0 (mod 5), (1)
spt(7n+5) =0 (mod 7), (2)
spt(13n+6) = 0 (mod 13). (3)

u G. (unpublished)
il spt(5n — 1)g" + 5 f:lspt(n)qs”
_ gi(a(an) ~ o(n))a" ﬁ fero
25"<1+Z — 50(5n)) ”)XH 1_q
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THE SM  spt-function SPT Generating Function SPT and Rank

m G. (TAMS, to appear): For a, b, ¢ > 3,

spt(52n + 8,) + 5spt(5272n + 6,_2) = 0 (mod 5%273),
spt(78n + Ap) + 7spt(722n + Ap_p) = 0 (mod 7L2(36-2)]),
spt(13°n + ve) — 13spt(13°72n + 7c—2) = 0 (mod 13°71),

where §;, Ap and 7. are the least nonnegative residues of the
reciprocals of 24 mod 52, 72 and 13€ respectively.

F.G. Garvan The Smallest Parts Partition Function
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m G. (TAMS, to appear): For a, b, ¢ > 3,

spt(52n + 8,) + 5spt(5272n + 6,_2) = 0 (mod 5%273),
spt(78n + Ap) + 7spt(722n + Ap_p) = 0 (mod 7L2(36-2)]),
spt(13°n + ve) — 13spt(13°72n + 7c—2) = 0 (mod 13°71),

where §;, Ap and 7. are the least nonnegative residues of the
reciprocals of 24 mod 52, 72 and 13€ respectively.
= G. (2008); ONO (2011): If (:=222) = 1 then

spt(£2n — £ (1 —1)) =0 (mod ¢),

for any prime £ > 5. This follows from

(Mo(2) = x12(€)(1 + €).A(z) = 0 (mod £).
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THE SM_ spt-function SPT Generating Function SPT and Rank-Crank N
m G. (TAMS, to appear): For a, b, ¢ > 3,
spt(52n + 8,) + 5spt(5°72n + 6,_)
spt(7°n 4+ Ap) + Tspt(7°72n + Ap_2)
spt(13°n + 7¢) — 13spt(13°72n 4 . _2)

0 (mod 5%273),
0 (mod 712636-2))y,
0 (mod 1371,
where §;, Ap and 7. are the least nonnegative residues of the
reciprocals of 24 mod 52, 72 and 13€ respectively.
= G. (2008); ONO (2011): If (:=222) = 1 then
spt(£2n — £ (1 —1)) =0 (mod ¢),
for any prime £ > 5. This follows from
(My(z) = x12(€)(1 + £)A(z) = 0 (mod ¢).
m AHLGREN, BRINGMANN and LOVEJOY (2011) If
(F257241) — 1 then
spt(£2™n+ dpom) =0 (mod £7M),
for any prime ¢ > 5.
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SPT mod 2 and 3

m FOLSOM and ONO (2008); ANDREWS, G. and LIANG
(preprint): spt(n) is odd and if and only if 24n — 1 = p*atim?
for some prime p = 23 (mod 24) and some integers a, m,
where (p,m) = 1.
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SPT mod 2 and 3

m FOLSOM and ONO (2008); ANDREWS, G. and LIANG
(preprint): spt(n) is odd and if and only if 24n — 1 = p*atim?
for some prime p = 23 (mod 24) and some integers a, m,
where (p,m) = 1.

m FOLSOM and ONO (2008) If £ > 5 is prime then

spt(£2n — sp) + x12(¢) <l _624,1) spt(n) + £spt (n 2_258>

= x12(¢) (1 + £) spt(n) (mod 3).
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

SPT mod 2 and 3

m FOLSOM and ONO (2008); ANDREWS, G. and LIANG
(preprint): spt(n) is odd and if and only if 24n — 1 = p*atim?
for some prime p = 23 (mod 24) and some integers a, m,
where (p,m) = 1.

m FOLSOM and ONO (2008); G. (2010, preprint) If £ > 5 is
prime then

1—24n n+s
spt(£2n — sp) + X12(€)< 7 )spt(n) + {spt ( 7 e)

= x12(¢) (1 + £) spt(n) (mod 72).
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

SPT mod 32760

m If £ is prime and ¢ ¢ {2,3,5,7,13} then

1-24
spt(€2n _ SZ) + X12(€)< 7 n) Spt(n) + Kspt <f72‘25£>

= x12(¢) (1 + ¢) spt(n) (mod 32760).
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THE SM  spt-function SPT Generating Function SPT and Rank-Crank N

SPT mod 32760

m If £ is prime and ¢ ¢ {2,3,5,7,13} then

1-24
spt(€2n _ SZ) + X12(€)< 7 n) Spt(n) + Kspt <f72‘25£>

= x12(¢) (1 + ¢) spt(n) (mod 32760).

32760 =23.32.5.7.13

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonnegativity Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

m For a partition 7, define s(7) as the smallest part in the
partition with s( ) = oo for the empty partition. We define
the following subset of vector partitions

S:={7=(m,m,m3) €V : 1 <5s(m) < o0

and s(m1) < min(s(m2), s(73))}.

We call the elements of S, S-partitions.

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonneg Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

m For a partition 7, define s(7) as the smallest part in the
partition with s( ) = oo for the empty partition. We define
the following subset of vector partitions

S:={7=(m,m,m3) €V : 1 <5s(m) < o0

and s(m1) < min(s(m2), s(73))}.
We call the elements of S, S-partitions.

m Let wi(7) = (—1)#(™)~1 Then the number of S-partitions of
n with crank m counted according to the weight wy is defined

to be
Ns(mn)= Y w(7)
RES,|7|=n
crank(7)=m

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nor Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

S(z.q) _ZZNS m, )z Z n-q”(q”“_;q)oo

=~ (29" 9)oo(271G" q) e

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonneg

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

5(27 q) = Z Z NS(m, n)qun = Z qn(qn+1; q)oo

'q)oo

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonnegativity Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

n n+1
Zq)_ZZNSmnzq _Z(Zq L Q)oo(2 C30061)
N o0 n+1)
W RO
_Z(l—q T

S wm) =Y Ns(mn) = spt(n), ()

7ES,|7|=n

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonneg Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

The number of S-partitions of n with crank congruent to m
modulo t counted according to the weight w; is denoted by
Ns(m, t, n), so that

Ns(m, t, n) Z Ns(kt +m,n) = > w1 (7).

€S, |7|=n
)=m (mod t)

bl

k=—o00

=)

crank(

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonneg Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

The number of S-partitions of n with crank congruent to m
modulo t counted according to the weight w; is denoted by
Ns(m, t, n), so that

Ns(m, t, n) Z Ns(kt +m,n) = > w1 (7).

€S,|®|=n
crank(®)=m (mod t)

bl

k=—o00

By considering the transformation that interchanges 7> and w3 we
have
NS(m’ n) = NS(_ma n)a (6)
so that
Ns(m,t,n) = Ns(t — m, t, n). (7)

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonr ty Theorem Problems

The SPT-Crank - ANDREWS, G. and LIANG (preprint)

4
Ns(k,5,5n + 4) = w for0< k<4, (8)
{7
N5(k,7,7n+5):—5p(;+5) for0< k<6. (9)

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonnegativity Theorem Problems

EXAMPLE
F=(1,1+1+1,-) +1 3
Fo=(1,—,1+1+1) +1 -3
7= (1,1+1,1) 11
7= (1,1,1+1) 11
s = (1,142, ) 112
fo=(1,—1+2)  +1 -2
77 = (1,2,1) 10
7 = (1,1,2) 10
7o = (1,3,-) 411
710 = (1, -, 3) 1 -1
fn=(01+21-) -1 1
T2 =(1+2,—,1) -1 -1
F=(143,—-) -1 0
Fia = (2,2, ) 11
15 = (2, —,2) 1 -1
Fro = (4 — ) 410

F.G. Garvan The Smallest Parts Partition Function



The SPT-Crank Nonnegativity Theorem Problems

spt-Crank EXAMPLE (continued)

wi(m) = Ns(m,4) =13 -3 =10 =spt(4). (10)

Ns(0,5,4) = wi(77) + w1(7s) + wi(713) + wi(716)
=14+1-14+1=2.

Similarly

N5(07574) = N5(17574) = NS(2a5’4) = N5(37574) = N5(4?574) =2

spt(4)
—
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The SPT-Crank Nonnegativity Theorem Problems

Nonnegativity Theorem

Table of spt-crank coefficients Ng(m, n)
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The SPT-Crank Nonnegativity Theorem Problems

ANDREWS, G. and LIANG (preprint); DYSON (preprint)

Ns(m,n) > 0, (11)
for all (m, n).
o0
Z NS(mv ”)qn
n=1
i q’ 2+ mj+2j+m+1 ( i |::| qh2+h
- q:q) :
j=0 (q CI) (q q)m—H J 0 — qm+J+h+1)
(12)
g 2+mj+2hj+2j+m+hm+2h2+3h+1
— i E:o qj+h+1 ( ) (q, q)_](l _ qm+J+2h+1) .
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The SPT-Crank Nonnegativity Theorem Problems

Problems

Find a statistic on partitions that explains (11)
combinatorially. More precisely, find a statistic
s-rank : & — 7 and a weight function ¢ : & — N such

that
> @(x) =spt(n), and (13)
re, |rx|=n
> p(r) = Ns(m,n), (14)
TEZP, |T|=n

s-rank(m)=m
for me Z and n> 1.
Find a crank-type result that explains the congruence
spt(13n+6) =0 (mod 13).
It is straightforward to interpret the generating function in (12) in
terms of Durfee squares and rectangles for fixed i. The problem is
to interpret the result so that something like (13) and (14) hold.
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SPT PARITY AND SELF-CONJUGATE S-PARTITIONS

m Themapt : S — S given by
L(ﬁ) = L(7T]_,7I'2,7T3) = (7T1,7T3,7I'2),

is a natural involution.
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SPT PARITY AND SELF-CONJUGATE S-PARTITIONS

m Themapt : S — S given by
L(ﬁ) = L(7T]_,7I'2,7T3) = (7T1,7T3,7I'2),

is a natural involution.
m An S-partition T = (71, m2,73) is called self-conjugate if
mp = m3. These are the fixed points of ¢.
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SPT PARITY AND SELF-CONJUGATE S-PARTITIONS

m Themap: : S — S given by

o(7) = (71, M2, w3) = (71, T3, M2),

is a natural involution.

m An S-partition 7 = (71, w2, m3) is called self-conjugate if
7w = m3. These are the fixed points of ¢.

m EXAMPLE: Self-conjugate S-partitions of 5.

weight
m1=(1,1+1,1+1) +1
2 =(1,2,2) +1
73 =(2+1,1,1) -1
g = (3+2a_>_) -1
s =(4+1,—,-) -1
e = (57_’_) +1
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m The number of self-conugate S-partitions of n counted
according to the weight wj is denoted by Nsc(n):

Nsc(n)= > wi(7).
RES,|®|=n
u(7)="
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m The number of self-conugate S-partitions of n counted
according to the weight wj is denoted by Nsc(n):

Nsc(n)= > wi(7).
7€S,|7|=n
(7)==

m EXAMPLE

6
Nsc(5) =) wi(f)=1+1-1-1-1+1=0.
j=1
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m The number of self-conugate S-partitions of n counted
according to the weight wj is denoted by Nsc(n):

Nsc(n)= > wi(7).
7€S,|7|=n
(7)==

m EXAMPLE

6
Nsc(5) =) wi(f)=1+1-1-1-1+1=0.
j=1

Nsc(n) = spt(n) (mod 2).
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— S n n __ - n(qn+1;q)
SCla) = 2 Nscln)d” =3 4" (gan )~
_ 1 q"(=9: q)n—1

(—q9)e = (1-q")

g4+ P+ P —q — Pt 2970 4+ 3g1036 431
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— S n n __ - n(qn+1;q)
SCla) = 2 Nscln)d” =3 4" (gan )~
1 q"(—q; q)nfl

(49 & (1—4q")
gt PP —q — Bt 2970 4. 3qL036 . 4qBLE

m ANDREWS, DYSON and HICKERSON (1988)
1 n I‘l
ZS na =3 LT

n=1

o0 qn(n+1)/2

— (—q:9)n’
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= ANDREWS, G. and LIANG (preprint)

Nsc(n) = (=1)"S*(n)
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= ANDREWS, G. and LIANG (preprint)

Nsc(n) = (=1)"S"(n)

spt(n) = S*(n) (mod 2)
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= ANDREWS, G. and LIANG (preprint)

Nsc(n) = (=1)"S"(n)

spt(n) = S*(n) (mod 2)

m COROLLARY spt(n) is odd and if and only if
24n — 1 = p***1m? for some prime p = 23 (mod 24) and
some integers a, m, where (p, m) = 1.
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= ANDREWS, G. and LIANG (preprint)

Nsc(n) = (=1)"S"(n)

spt(n) = S*(n) (mod 2)
m COROLLARY spt(n) is odd and if and only if
24n — 1 = p***1m? for some prime p = 23 (mod 24) and
some integers a, m, where (p, m) = 1.
m COROLLARY Nsc(n) = 0 if and only if p¢ || 24n — 1 for

some prime p # +1 (mod 24) and some odd integer e.
EXAMPLE: n =5, 24n —1 =119 =7-17 and Ns(5) = 0.
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NOT QUITE CORRECT CLAIM BY FOLSOM and ONO

m spt(n) is odd and if and only if 24n — 1 = pm? for some prime
p = 23 (mod 24) and some integer m.
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NOT QUITE CORRECT CLAIM BY FOLSOM and ONO

m spt(n) is odd and if and only if 24n — 1 = pm? for some prime
p = 23 (mod 24) and some integer m.
s COUNTEREXAMPLE: n =507, 24n — 1 = 23% = 23 . 232

spt(507) = 6047032737556285225064
=23.3.251-236699 - 1703123 - 24900893
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NOT QUITE CORRECT CLAIM BY FOLSOM and ONO

m spt(n) is odd and if and only if 24n — 1 = pm? for some prime
p = 23 (mod 24) and some integer m.
s COUNTEREXAMPLE: n =507, 24n — 1 = 23% = 23 . 232

spt(507) = 6047032737556285225064
=2%.3.251-236699 - 1703123 - 24900893
In fact, if p =23 (mod 24) is prime and

1
= ﬂ(ps : m2 + 1)7

where (m,6p) = 1, then 24n — 1 = p3- m? and
spt(n) =0 (mod 24).

n
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NOT QUITE CORRECT CLAIM BY FOLSOM and ONO

m spt(n) is odd and if and only if 24n — 1 = pm? for some prime
p = 23 (mod 24) and some integer m.
s COUNTEREXAMPLE: n =507, 24n — 1 = 23% = 23 . 232

spt(507) = 6047032737556285225064
=2%.3.251-236699 - 1703123 - 24900893
In fact, if p =23 (mod 24) is prime and

1
= ﬂ(ps : m2 + 1)7

where (m,6p) = 1, then 24n — 1 = p3- m? and
spt(n) =0 (mod 24).
How about n = 2681817

n
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NOT QUITE CORRECT CLAIM BY FOLSOM and ONO

m spt(n) is odd and if and only if 24n — 1 = pm? for some prime
p = 23 (mod 24) and some integer m.
s COUNTEREXAMPLE: n =507, 24n — 1 = 23% = 23 . 232

spt(507) = 6047032737556285225064
=2%.3.251-236699 - 1703123 - 24900893
In fact, if p =23 (mod 24) is prime and

= %(p3 -m? +1),

where (m,6p) = 1, then 24n — 1 = p3- m? and
spt(n) =0 (mod 24).

How about n = 2681817 24n — 1 = 23% and

spt(268181) = 17367 ---2073 (574 decimal digits)

n
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FOLSOM and ONOs PROOF

1 (Z (12” _ 1)q6n2—1/24 Z (12[7 _ 5)q6n2—25/24>

1— q12n71 1— q12n75

F.G. Garvan The Smallest Parts Partition Function



FOLSOM and ONOs PROOF

|
L(2)
B 1 Z (12” _ 1)q6n2—1/24 B Z (12[7 _ 5)q6n2—25/24
- 9(2) . 1— q12n71 . 1— q12n75

m Then

L(24z) — A(24z)

is a weakly holomorphic weight % modular form on y(576)
with Nebentypus x12, where

oo

A(z) = Z a(n) = 12spt(n) + (24n — l)p(n)q”*i.
n=0
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FOLSOM and ONOs PROOF

L(z) = Z Z <q(12n71)(12n+24m+1) i q(12n75)(12n+24m+5)>

n>1 m>0

+ Z Z (q(12n+1)(12n+24m—1) 4 g(2n+5)(12n+24m=5
n>1 m>0
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FOLSOM and ONOs PROOF

|
= Z Z <q(12n71)(12n+24m+1) + q(12n—5)(12n+24m+5)>
n>1m>0
+ Z Z (q(12n+1)(12n+24m—1) + q(12n+5)(12n+24m—5‘
n>1m>0
|
242 Zspt 24n—1 — »C(24-Z) (mod 2)’
n>1
so that
spt(n) = Z 1 (mod 2),
1§d1<d2
didry=24n—1
and

spt(n) = %d(24n —1) (mod 2).
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RESULTS OF ANDREWS, DYSON and HICKERSON

(1988)

m For m=1 (mod 24) let T(m) denote the number of
inequivalent solutions of

v’ —6v:=m,

with u + 3v = £1 (mod 12) minus the number with
u+3v =45 (mod 12).
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RESULTS OF ANDREWS, DYSON and HICKERSON

(1988)

m For m=1 (mod 24) let T(m) denote the number of
inequivalent solutions of

v’ —6v:=m,

with u + 3v = £1 (mod 12) minus the number with
u+3v =45 (mod 12).

= THEOREM:

S(n) = T(24n+ 1), for n > 0, and
25%(n) = T(1 — 24n), for n > 1.
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__ Outline ABSTRACT _THE PARTITION FUNCTION _THE SM |
m COROLLARY:

spt(n) = %T(l —24n) (mod 2)
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__ Outline ABSTRACT _THE PARTITION FUNCTION _THE SM |
m COROLLARY:

spt(n) = %T(l —24n) (mod 2)

m For any integer m (positive or negative) satisfying m =1
(mod 6) and m # 1, let

_ € € €,
m = p;'p;’ - p;,

be the prime factorisation where each p; =1 (mod 6) or p; is
the negative of a prime =5 (mod 6).
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__ Outline ABSTRACT _THE PARTITION FUNCTION _THE SM |
m COROLLARY:

spt(n) = %T(l —24n) (mod 2)

m For any integer m (positive or negative) satisfying m =1
(mod 6) and m # 1, let
m = py'py---p;,

be the prime factorisation where each p; =1 (mod 6) or p; is
the negative of a prime =5 (mod 6).
m THEOREM:

T(m)=T(p") T((p3*)--- T (p7"),

where
0 if p£Z1 (mod 24) and e is odd,
1 if p=13,19 (mod 24) and e is even,
T(p®) =< (—1)¢/? if p=7 (mod 24) and e is even,
e+1 if p=1 (mod 24) and T(p) =2,

€[ o n— ad 24

m a¥a
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PROOF OF SPT PARITY - PART 1

24n—1=pf'p3-- p2rastay - ql,
where each p; =5 (mod 6) and g; =1 (mod 6) so that

1—24n = (=p1)™(=p2)™ -+ (—pr) " ar a5 -+~ o2,
and
ait+a+---+a =1 (mod?2).
We have

T(1-24n) = T ((=p)™) T((=p2)*) - T (=p)*) T (a8) T (o) -

Now suppose spt(n) is odd so that T(1 —24n) # 0. At least one
of the aj is odd, say a;. Since T(1 —24n) # 0 we deduce that

p1 = 23 (mod 24), and the factor T((—p1)®) = *(a1 + 1) is
even. If j # 1, aj is odd and p; = 23 (mod 24) then the factor
T((—pj)%) would also be even and we would get that spt(n) is
even, which is a contradiction. Therefore each-a; is'even for j # L.
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Similarly each b; is even. Hence each exponent in the factorisation
is even except a;. So

ST(p)) = £5(m+1)=1 (mod2),
a; =1 (mod 4) and
2n—1= pftim?
where p = 23 (mod 24) is prime and (m, p) = 1. Conversely, if
24n—1= p*tim?
where p = 23 (mod 24) is prime and (m, p) = 1 then it easily

follows that  T(1 — 24n) is odd, and spt(n) is odd. This
completes the proof of the parity result.
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PROOF OF SPT PARITY - PART 2

It remains to show that

q"(—q; q)n—1 (-1
Z 1_qn) Z

qq)oo prt

(q q9°)
First we show that

iq

n

1l xe 1
qq IZZW((Q)zn*(q)m)

n=0

We need

ad 1

£n
Z (q; q)n - (t; q)oo

n=0

(EULER)
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(0% 6%)oc = (1 = ") (P 2 (<'1)n

n=1
B o0 qn qn [e.9]
;(q)n(q%;q?)oo Z q)nkzj0 (4% qz)k
(by EULER)

o< gn(2k+1)

SR
(0% @)k \(6*7 q)oo ’
again by EULER.

By muItipIying by (g)oc We have

= q"(~q @)1 = 1
=) o (@2 — (q))
qq Z 1—q ;( aq)2k (Q))

- “ (4% 9%«
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Finally we show that

Sl (@ () = S D
2 (@ qt), P T L (g )
We need
= (t; q)oo _ (t; q)n
;) <(a; q)oo (3; q)n>
(g7 1q; q)n(at™ 1)” : q
_; (gt=1; q)a (;Mq

+ -t - R
Zl 1—t1gn ; 1—tq" ; 1—at~1gn
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and

= (0:9)o(C1 )0 (9:9)o0(C: q)o0

Ooa;oob;OO a:q)n(b; q)n
Z(q)(q) (a; q)n(b; q)

o0

— (a; q)oo(b: q)oo Nt q" . Z aq”
n=1 1—gq" 1—aq"

(a4 9)oo(€: @)oo ]

o~ (L a)nb”
;::1 (a:q)n(1 q”))
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n=0 n=1
and
[ele} o0 2 [oe}
(_1)nqn ) q2n
(6% 6%)oc — (0% 0%)n) = +(g9:9%)
2 () V=2 ), T L
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Hence
Z (q 2, (@ @)2n = (@:9)x)
—Z<qq — (9% +(q;q2)oo—(q;q)°°>

(9%:9%)n
o0

—Z (g:9%) qq))+(q:q)ooz<( SRR >

= \(0* 6% (6%6%)n

(1)” " —  q>" q;q)oo 2 g
N L= L RPN DECAM UL
n=1 !

n=1 9 q

Z(

1n1n

q
(9:9%)n
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