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Introduction

Let

Hn =
{
Ω ∈ C(n,n) | Ω = tΩ, ImΩ > 0

}
be the Siegel upper half plane and let

Hn,m = Hn × C(m,n)

be the Siegel-Jacobi space.

Notations : Here F (m,n) denotes the set of all
m × n matrices with entries in a commutative
ring F and tA denotes the transpose of a matrix
A. For an n×m matrix B and an n× n matrix
A, we write A[B] = tBAB.

Let

Sp(n,R) =
{
M ∈ R(2n,2n) | tMJnM = Jn

}
be the symplectic group of degree n, where

Jn =

(
0 In

−In 0

)
.
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Then Sp(n,R) acts on Hn transitively by

M ◦Ω = (AΩ+B)(CΩ+D)−1, (1)

where M =

(
A B
C D

)
∈ Sp(n,R) and Ω ∈ Hn.

Therefore

Sp(n,R)/U(n) ∼= Hn

is a (Hermitian) symmetric space.

Let

H
(n,m)
R =

{
(λ, µ, κ)

∣∣∣ λ, µ ∈ R(m,n), κ ∈ R(m,m)
}

be the Heisenberg group. Let

GJ = Sp(n,R) nH
(n,m)
R

be the Jacobi group with the multiplication law

(M0, (λ0, µ0, κ0)) · (M, (λ, µ, κ))

=
(
M0M,

(
λ̃0 + λ, µ̃0 + µ, κ0 + κ+ λ̃0

tµ− µ̃0
tλ
))
,
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where (λ̃0, µ̃0) = (λ0, µ0)M. Then GJ acts on

the Siegel-Jacobi space Hn,m transitively by(
M, (λ, µ, κ)

)
· (Ω, Z) (2)

=
(
M ◦Ω, (Z + λΩ+ µ)(CΩ+D)−1

)
,

whereM =

(
A B
C D

)
∈ Sp(n,R), (λ, µ, κ) ∈ H

(n,m)
R

and (Ω, Z) ∈ Hn,m. Thus

GJ/KJ ∼= Hn,m

is a non-reductive complex manifold, where

KJ = U(n)× Sym(n,R).

Let Γ∗ be an arithmetic subgroup of Sp(n,R)
and ΓJ∗ = Γ∗ n H

(n,m)
Z . For instance, Γ∗ =

Sp(n,Z). Here

H
(n,m)
Z =

{
(λ, µ, κ) ∈ H

(n,m)
R

∣∣∣ λ, µ, κ integral
}
.
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We have the following natural problems :

Problem I : Find the spectral decomposition

of

L2(ΓJ∗\Hn,m)

for the Laplacian ∆n,m on Hn,m or a commut-

ing set D∗ of GJ-invariant differential operators

on Hn,m.

Problem II : Decompose the regular represen-

tation RΓJ∗
of GJ on L2(ΓJ∗\GJ) into irreducibles.

The above problems are very important

arithmetically and geometrically. However the

above problems are very difficult to solve at

this moment. One of the reason is that it

is difficult to deal with Γ∗. Unfortunately the

unitary dual of Sp(n,R) is not known yet for

n ≥ 3.
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For a coordinate (Ω, Z) ∈ Hn,m with Ω = (ωµν) ∈
Hn and Z = (zkl) ∈ C(m,n), we put

Ω =X + iY, X = (xµν), Y = (yµν) real,

Z =U + iV, U = (ukl), V = (vkl) real,

dΩ =(dωµν), dΩ = (dωµν),

dZ =(dzkl), dZ = (dzkl),

∂

∂Ω
=

(
1+ δµν

2

∂

∂ωµν

)
,

∂

∂Ω
=

(
1+ δµν

2

∂

∂ωµν

)
,

∂

∂X
=

(
1+ δµν

2

∂

∂xµν

)
,

∂

∂Y
=

(
1+ δµν

2

∂

∂yµν

)
,

∂

∂Z
=


∂

∂z11
. . . ∂

∂zm1... . . . ...
∂

∂z1n
. . . ∂

∂zmn

 ,

∂

∂Z
=


∂

∂z11
. . . ∂

∂zm1... . . . ...
∂

∂z1n
. . . ∂

∂zmn

 ,
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∂

∂U
=


∂

∂u11
. . . ∂

∂um1... . . . ...
∂

∂u1n
. . . ∂

∂umn

 ,

∂

∂V
=


∂

∂v11
. . . ∂

∂vm1... . . . . . .
∂

∂v1n
. . . ∂

∂vmn

 .

1. Invariant metrics on Hn,m

We recall that for a positive real number A,

the metric

ds2n;A = A · tr
(
Y −1dΩY −1dΩ

)

is a Sp(n,R)-invariant Kähler metric on Hn in-

troduced by C. L. Siegel (cf. [8], 1943).
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Theorem 1 (J.-H. Yang [16], 2005). For

any two positive real numbers A and B, the

following metric

ds2n,m;A,B

= A · tr
(
Y −1dΩY −1dΩ

)
+B ·

{
tr
(
Y −1 tV V Y −1dΩY −1dΩ

)
+ tr

(
Y −1 t(dZ) dZ

)
− tr

(
V Y −1dΩY −1 t(dZ)

)
− tr

(
V Y −1dΩY −1 t(dZ)

)}
is a Riemannian metric on Hn,m which is in-

variant under the action (2) of GJ .
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For the case n = m = A = B = 1, we get

ds21,1;1,1

=
y + v2

y3

(
dx2 + dy2

)
+

1

y

(
du2 + dv2

)
−

2v

y2

(
dx du + dy dv

)
.

Lemma A. The following differential form

dvn,m =
[dX] ∧ [dY ] ∧ [dU ] ∧ [dV ]

( detY )n+m+1

is a GJ-invariant volume element on Hn,m, where

[dX] = ∧µ≤ν dxµν, [dY ] = ∧µ≤ν dyµν,
[dU ] = ∧k,l dukl, [dV ] = ∧k,l dvkl.

Proof. The proof follows from the fact that

(detY )−(n+1)[dX] ∧ [dY ]

is a Sp(n,R)-invariant volume element on Hn.
(cf. [9]) �
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2. Laplacians on Hn,m

Hans Maass(cf. [3], 1953) proved that for a

positive real number A, the differential opera-

tor

∆n = 4
A · tr

(
Y
t(
Y ∂
∂Ω

)
∂
∂Ω

)

is the Laplacian of Hn for the metric ds2n;A.

[3] H. Maass, Die Differentialgleichungen in

der Theorie der Siegelschen Modulfunktionen,

Math. Ann. 26 (1953), 44–68.
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Theorem 2 (J.-H. Yang [16], 2005). For

any two positive real numbers A and B, the

Laplacian ∆n,m;A,B of ds2n,m;A,B is given by

∆n,m;A,B

=
4

A

{
tr
(
Y
t
(
Y
∂

∂Ω

)
∂

∂Ω

)
+tr

(
V Y −1 tV

t
(
Y
∂

∂Z

)
∂

∂Z

)
+tr

(
V
t
(
Y
∂

∂Ω

)
∂

∂Z

)
+tr

(
tV

t
(
Y
∂

∂Z

)
∂

∂Ω

)}

+
4

B
tr
(
Y

∂

∂Z

t
(
∂

∂Z

))
.
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For the case n = m = A = B = 1, we get

∆1,1;1,1 = y2
(
∂2

∂x2
+

∂2

∂y2

)

+( y + v2 )

(
∂2

∂u2
+

∂2

∂v2

)

+2 y v

(
∂2

∂x∂u
+

∂2

∂y∂v

)
.

Remark : ds2n,m;A,B and ∆n,m;A,B are expressed

in terms of the trace form. !!!
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3. Invariant differential operators
on Hn,m

Let Tn,m = Tn×C(m,n). Then the adjoint ac-

tion of KJ on the Lie algebra gJ of GJ induces

the natural action of K on Tn,m defined by

h · (ω, z) =
(
hω th, z th

)
, (3)

where h ∈ K, ω ∈ Tn, z ∈ C(m,n). Then this

action induces naturally the action ρ of K on

the polynomial algebra

Polm,n = Pol (Tn,m).

We denote by PolKm,n the subalgebra of Polm,n
consisting of all K-invariants of the action ρ of

K.
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We also denote by

D(Hn,m)

the algebra of all differential operators on Hn,m

which is invariant under the action (2) of the

Jacobi group GJ. Then we can show that there

exists a natural linear bijection

Θn,m : PolKm,n −→ D(Hn,m) (4)

of PolKm,n onto D(Hn,m).

The map Sn,m is described explicitly as fol-

lows.

We put N⋆ = n(n+ 1) + 2mn. Let
{
ηα | 1 ≤

α ≤ N⋆
}
be a basis of Tn,m. If P ∈ PolKm,n, then(

Θn,m(P )f
)
(gK)

=

P ( ∂

∂tα

)
f

g exp
 N⋆∑
α=1

tαηα

K


(tα)=0

,
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We propose the following natural problems.

Problem 1. Find the generators of PolU(n)
n,m .

Problem 2. Find all the relations among a
given set of generators of PolU(n)

n,m .

Problem 3. Find an efficient way to express
the images of the above invariant polynomials
under the Helgason map Θn,m explicitly.

Problem 4. Decompose Poln,m into K-irreducibles.

Problem 5. Construct explicit generators of
the algebra D(Hn,m). Or construct explicit GJ-
invariant differential operators on Hn,m.

Problem 6. Find all the relations among a set
of generators of D(Hn,m).

Problem 7. Is PolU(n)
n,m finitely generated ? Is

D(Hn,m) finitely generated ?
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For a coordinate (ω, z) in T1,1, we write ω =

x+ i y, z = u+ i v, x, y, u, v real.

Theorem 3 (J.-H. Yang, 2003). The alge-

bra PolU(1)
1,1 is generated by

f1(ω, z) =
1

4
ω ω =

1

4

(
x2 + y2

)
,

f2(ω, z) = z z = u2 + v2,

f3(ω, z) =
1

2
Re

(
z2ω

)
=

1

2

(
u2 − v2

)
x+ uvy,

f4(ω, z) =
1

2
Im(z2ω) =

1

2

(
v2 − u2

)
y+ uvx.

Using Formula (4) the author calculated ex-

plicitly the images

D1 = Θ1,1(f1), D2 = Θ1,1(f2),

D3 = Θ1,1(f3), and D4 = Θ1,1(ψ)

of f1, f2, f3 and f4 under the Helgason map

Θ1,1.
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Theorem 4 (J.-H. Yang, 2003). The al-

gebra D(H1 × C) is generated by the following

differential operators

D1 =y2
(
∂2

∂x2
+

∂2

∂y2

)
+ v2

(
∂2

∂u2
+

∂2

∂v2

)

+2 y v

(
∂2

∂x∂u
+

∂2

∂y∂v

)
,

D2 = y

(
∂2

∂u2
+

∂2

∂v2

)
,

D3 =2y2
∂3

∂x∂u∂v
− y2

∂

∂y

(
∂2

∂u2
−

∂2

∂v2

)

+
(
v
∂

∂v
+ 1

)
D2

and

D4 = y2
∂

∂x

(
∂2

∂v2
−

∂2

∂u2

)
− 2 y2

∂3

∂y∂u∂v

− v
∂

∂u
D2,

where τ = x+ iy and z = u+ iv with real
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variables x, y, u, v. Moreover, we have

D1D2 −D2D1 = 2 y2
∂

∂y

(
∂2

∂u2
−

∂2

∂v2

)

− 4 y2
∂3

∂x∂u∂v
− 2

(
v
∂

∂v
D2 +D2

)
= 2D3.

In particular, the algebra D(H1×C) is not com-
mutative.

Hiroyuki Ochiai (2011) proved the following re-
sults.

Proposition 5 (H. Ochiai, 2011). We have
the following relation

f23 + f24 = f1f
2
2 (5)

This relation exhausts all the relations among
the generators f1, f2, f3 and f4 of D(H1,1). I
generalized this fact to the case n = 1 and
m ≥ 1.
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Proposition 6 (H. Ochiai, 2011). The ac-

tion of U(n) on Pol1,1 is not multiplicity-free.

Theorem 7 (H. Ochiai, 2011). We have the

following relations

(a) [D1, D2] = 2D3

(b) [D1, D3] = 2D1D2 − 2D3

(c) [D2, D3] = −D2
2

(d) [D4, Di] = 0, i = 1,2,3

(e) D2
3 +D2

4 = D2D1D2

These five relations exhaust all the relations

among D1, D2, D3 and D4.
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We present the following basic K-invariant poly-

nomials in PolU(n)
n,m .

qj(ω, z) = tr((ω ω)j+1), 0 ≤ j ≤ n− 1,

α
(j)
kp (ω, z) = (z (ωω)j tz)kp, 0 ≤ j ≤ n− 1,

1 ≤ k ≤ p ≤ m,

β
(j)
lq (ω, z) = (z (ωω)j tz)lq, 0 ≤ j ≤ n− 1,

1 ≤ l < q ≤ m,

f
(j)
kp (ω, z) = Re (z (ωω)j ω tz)kp, 0 ≤ j ≤ n− 1,

1 ≤ k ≤ p ≤ m,

g
(j)
kp (ω, z) = Im(z (ωω)j ω tz)kp, 0 ≤ j ≤ n− 1,

1 ≤ k ≤ p ≤ m,

where ω ∈ Tn and z ∈ C(m,n).

Minoru Itoh (2012) solved Problem 1 and Prob-

lem 2.

Theorem 8 (M. Itoh, 2012). PolU(n)
n,m is gen-

erated by the above polynomials.
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4. Examples of Explicit Invariant
Differential Operators

D = tr

(
Y

∂

∂Z

t( ∂

∂Z

))

M = tr
(
Y
t
(
Y
∂

∂Ω

)
∂

∂Ω

)
+tr

(
V Y −1 tV

t
(
Y
∂

∂Z

)
∂

∂Z

)
+tr

(
V
t
(
Y
∂

∂Ω

)
∂

∂Z

)
+tr

(
tV

t
(
Y
∂

∂Z

)
∂

∂Ω

)

K = det(Y ) det

(
∂

∂Z

t( ∂

∂Z

))

T =
t(
∂

∂Z

)
Y
∂

∂Z
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Tkl =
n∑

i,j=1

yij
∂2

∂zki∂zlj
, 1 ≤ k, l ≤ m

In the case n = 1 and m = 1, I gave explicit

invariant differential operators of degree 3.

5. Maass-Jacobi Forms

Definition Let

Γn,m := Sp(n,Z) nH
(n,m)
Z

be the discrete subgroup of GJ, where

H
(n,m)
Z =

{
(λ, µ;κ) ∈ H

(n,m)
R | λ, µ, κ are integral

}
.

A smooth function f : Hn,m −→ C is called a

Maass-Jacobi form on Hn,m if f satisfies the

following conditions (MJ1)-(MJ3) :

(MJ1) f is invariant under Γn,m.
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(MJ2) f is an eigenfunction of the Laplacian

∆n,m;A,B.

(MJ3) f has a polynomial growth, that is,

there exist a constant C > 0 and a positive

integer N such that

|f(X + iY, Z)| ≤ C |p(Y )|N as detY −→ ∞,

where p(Y ) is a polynomial in Y = (yij).

It is natural to propose the following problems.

Problem A : Construct Maass-Jacobi forms.

Study the behaviour of the eigenvalues of Maass-

Jacobi forms.

Problem B : Find all the eigenfunctions of

∆n,m;A,B and their eigenvalues.
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6. Partial Cayley transform

Let

Dn =
{
W ∈ C(n,n) | W = tW, In −WW > 0

}
be the generalized unit disk of degree n. We

let

Dn,m = Dn × C(m,n)

be the Siegel-Jacobi disk.

We define the partial Cayley transform

Φ∗ : Dn,m −→ Hn,m

by

Φ∗(W,η) = (6)

(
i(In+W )(In −W )−1, 2 i η (In −W )−1

)
,

where W ∈ Dn and η ∈ C(m,n). It is easy to see

that Φ∗ is a biholomorphic mapping.
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We set

T∗ =
1√
2

(
Im+n Im+n
iIm+n −iIm+n

)
.

We now consider the group GJ∗ defined by

GJ∗ = T−1
∗ GJT∗.

Then GJ∗ acts on Dn,m transitively by((
P Q
Q P

)
, (λ, µ, κ)

)
· (W,η) = (7)

(
(PW+Q)(QW+P )−1, (η+λW+µ)(QW+P )−1

)
.

Theorem 9 (J.-H. Yang [17], 2005). The

action (2) of GJ on Hn,m is compatible with

the action (12) of GJ∗ on Dn,m through the

partial Cayley transform Φ∗. More precisely, if

g0 ∈ GJ and (W,η) ∈ Dn,m,

g0 ·Φ∗(W,η) = Φ∗
(
g∗ · (W,η)

)
,

where g∗ = T−1
∗ g0T∗.
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7. Invariant Differential Operators
on Dn,m

For a coordinate (W,η) ∈ Dn,m with W =
(wµν) ∈ Dn and η = (ηkl) ∈ C(m,n), we put

dW = (dwµν), dW = (dwµν),

dη = (dηkl), dη = (dηkl),

∂

∂W
=

(
1+ δµν

2

∂

∂wµν

)
,

∂

∂W
=

(
1+ δµν

2

∂

∂wµν

)
,

∂

∂η
=


∂

∂η11
. . . ∂

∂ηm1... . . . ...
∂

∂η1n
. . . ∂

∂ηmn

 ,
∂

∂η
=

(
∂

∂ηkl

)
.

Theorem 10 (J.-H. Yang [18], 2005). The
following metric ds̃2n,m;A,B defined by
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1

4
ds̃2n,m;A,B =

A tr
(
(In −WW )−1dW (In −WW )−1dW

)
+ B

{
tr
(
(In −WW )−1 t(dη) dη

)
+ tr

(
(ηW − η)(In −WW )−1dW

(In −WW )−1 t(dη)
)

+ tr
(
(ηW − η)(In −WW )−1dW

(In −WW )−1 t(dη)
)

− tr
(
(In −WW )−1 tη η (In −WW )−1

WdW (In −WW )−1dW
)

− tr
(
W (In −WW )−1 tη η (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −WW )−1 tη η (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −W )−1 tη ηW (In −WW )−1

dW (In −WW )−1dW
)

+ tr
(
(In −W )−1(In −W )(In −WW )−1

tη η (In −WW )−1 (In −W )(In −W )−1

dW (In −WW )−1dW
) }
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− B tr
(
(In −WW )−1(In −W )(In −W )−1

tη η (In −W )−1 dW (In −WW )−1dW
)

is a Riemannian metric on Dn,m which is in-
variant under the action (12) of GJ∗ .

If n = m = A = B = 1, then ds̃2 = ds̃21,1;1,1 is
given by

1

4
ds̃2 =

dW dW

(1− |W |2)2
+

1

(1− |W |2)
dη dη

+
(1+ |W |2)|η|2 −Wη2 −Wη2

(1− |W |2)3
dW dW

+
ηW − η

(1− |W |2)2
dWdη

+
ηW − η

(1− |W |2)2
dWdη.

Theorem 11 (J.-H. Yang [18], 2005). The
Laplacian ∆̃ = ∆̃n,m;A,B of the above metric
ds̃2n,m;A,B is given by
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∆̃ = A

tr
[
(In −WW )

t(
(In −WW )

∂

∂W

)
∂

∂W

]

+ tr

[
t(η − ηW )

t
(
∂

∂η

)
(In −WW )

∂

∂W

]

+ tr

[
(η − ηW )

t(
(In −WW )

∂

∂W

)
∂

∂η

]

− tr

[
ηW (In −WW )−1tη

t
(
∂

∂η

)
(In −WW )

∂

∂η

]

− tr

[
ηW (In −WW )−1tη

t
(
∂

∂η

)
(In −WW )

∂

∂η

]

+ tr

[
η(In −WW )−1 tη

t
(
∂

∂η

)
(In −WW )

∂

∂η

]

+ tr

[
ηWW (In −WW )−1 tη

t
(
∂

∂η

)
(In −WW )

∂

∂η

]
+ B · tr

[
(In −WW )

∂

∂η

t
(
∂

∂η

)]
.
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If n = m = A = B = 1, we get

∆̃1,1;1,1 = (1− |W |2)2
∂2

∂W∂W

+(1− |W |2)
∂2

∂η∂η

+(1− |W |2)(η − ηW )
∂2

∂W∂η

+(1− |W |2)(η − ηW )
∂2

∂W∂η

−(W η2 +Wη2)
∂2

∂η∂η

+(1+ |W |2)|η|2
∂2

∂η∂η
.

The main ingredients for the proof of Theo-
rem 10 and Theorem 11 are the partial Cayley
transform (Theorem 9), Theorem 1 and The-
orem 2.

Let D(Dn,m) be the algebra of all differential
operators Dn,m invariant under the action (12)
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of GJ∗ . By Theorem 9, we have the algebra

isomorphism

D(Dn,m) ∼= D(Hn,m).

We give some examples of explicit invariant

differential operators on Dn,m.

S = tr

(In −WW )
∂

∂η

t(
∂

∂η

)

KDn,m = det(In −WW ) det

 ∂

∂η

t(
∂

∂η

)

TD :=
t(
∂

∂η

)
(In −WW )

∂

∂η

TD
kl =

n∑
i,j=1

δij − n∑
r=1

wirwjr

 ∂2

∂ηki∂ηlj

(1 ≤ k, l ≤ m)
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