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We start with Jacobi’s triple product identity
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(—a7'9,-29,4:¢%)0c = Y _a"q" .
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Preliminaries

Notation: |q| < 1

(2:9)00 = [ J(1 — aq"),

n>0
(a1,a2, =+ 4K 9)oo = (a1; G)oo (@27 @)oo - - - (aki G)oc-
We start with Jacobi’s triple product identity

(o)
_ 2
(—a7'9,-29,4:¢%)0c = Y _a"q" .
—00

Replace g by q%, replace a by —aq%, obtain

(1-a)(a 'q,29,q: q)oc = Y_(~1)F(a"—a 1)k HR72,
k>0
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Preliminaries f\gd”d'ftdf
Notation: |g| < 1 v
(3 0)oc = [ J(1 — 2",
n=0 N
(a1, 32, 3K @)oo = (313 9)oo (2 @)oo - (ak: @)oo Preliminaries

We start with Jacobi’s triple product identity
> 2
(—a7'9,-29,4:¢%)0c = Y _a"q" .
—0

Replace g by q%, replace a by —aq%, obtain

(1-a)(a 'q,29,q: q)oc = Y_(~1)F(a"—a 1)k HR72,
k>0

Divide by (1 — a~1), obtain

(719,30, 4 @)oo = 1+ _(—1) (@ +a 1t - +a7k) gk +h/2
k>1
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Put a = n, a fifth root of unity other than 1.

;

1 if k=0 (mod 5),
—(P+n72 ifk=1 (mod 5),
ety oo k=10 k=2 (mod 5),
P42 ifk=3( )
-1 if k=4 ( )
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Important identity of Ramanujan
Write A = ("%, 9%, 6% %) o0, B = (4%, 9%, 3% %) o

(179,19, ¢ @)oo = A+ (0* +1772)gB.
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Important identity of Ramanujan

Write A = (¢%°,¢%,¢%:9%)x, B =1(9%9%,9%;¢%)w.

(179,19, ¢ @)oo = A+ (0* +1772)gB.

Put n? for 7, obtain

(17%9,7°q,9; @)oo = A+ (n+1"1)gB.
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Important identity of Ramanujan

Write A = (¢%°,¢%,¢%:9%)x, B =1(9%9%,9%;¢%)w.

(119,19, G: @)oo = A+ (1 + 17 2)gB.
Put n? for 7, obtain
-2 2 . _ -1
(™ %4,1°9,9:9)oc = A+ (n+n"")gB.

In one or the other order, these are

[[Q+ad"+ )1 - ¢") = A-5gB,
k>1

[T+ 8d" + )1 - q*) = A—agB.
k>1

where a = (1 ++/5)/2, = (1-5)/2.
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Multiply these, then divide by (¢°; ¢°), obtain decp” idontity of
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(q; q)oo

= (q25; q25)oo
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Down to business T
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We saw

A= pqB = [[(1+ad“+¢*)(1 - "),
k>1

k>1

Down to business

Set n°q and 1~2q for q in the first, multiply, obtain
A% — gAB + 322 B2

=[]+ an™q* +* ) (1 + an~q" +47*q*)
k>1

x (1= q*)(1 —n~*q").




Set ng and n~1q for g in the second, multiply, obtain Ot
Ramanujan
A2 — gAB + o? qu 2 Michael D.
— — UNSW
=[]+ 8% a" +? )1 + By~ *q* + 02 ¢*) :
k>1

(1= n*q")(1 = n~*¢").

continuing...




Set ng and n~1q for g in the second, multiply, obtain Ot
Ramanujan
A2 — qAB + a2 q232 Michael D
= [1C+ 8 " + v )1 + B~ g" + 02 ™)
k>1

(1= n*g")(1 = n*q").
Multiply these last two, obtain

A* —2gA3B + 4¢°A2B? — 3¢°AB3 + ¢*B*
— H(l +04772qu +774kq2k)(1 + an—2qu +77_4kq2k)
k>1
x(1+ B + n**¢*) (1 + By g* + n=2*¢*)
x(1—n*gM) 1 —n~¢M) (1 - n*q")(1 —n7"q")

continuing...
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A? — gAB + o2 ¢*B?
_ H(l + KGR 2R gPY (1 + By R gk 4+ 2k gk
k>1
(1= n*g")(1 = n*q").
Multiply these last two, obtain

A* —2gA3B + 4¢°A2B? — 3¢°AB3 + ¢*B*
— H(l + 04772qu + 774kq2k)(]- + an—2qu + ,,7—4kq2k)
k>1
x(1+ B + n**¢*) (1 + By g* + n=2*¢*)
x(1—n*gM) 1 —n~¢M) (1 - n*q")(1 —n7"q")

Consider cases k =0, k= =+1, k=12 mod 5 separately.

continuing...
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prod = [ (1+ad“+¢®)P(1+ 6" + ¢ (1 - ¢")" EEE
k=0 (mod 5)
— H (1 + qk + q2k + q3k + q4k)2(1 _ qk)4
k=0 (mod 5)
= (4" 0°)%(a7 4%)%-

k=41 (mod 5)  prod = (g, 9% ¢°)2(a° ¢*° ¢®°)%

continuing...
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— H (1 + qk + q2k + q3k + q4k)2(1 _ qk)4
k=0 (mod 5)

= (4" 0°)%(a7 4%)%-

k=41 (mod 5)  prod = (g, 9% ¢°)2(a° ¢*° ¢®°)%

continuing...

(9%, ¢%%; ¢%)3,

k==+2 (mod 5 prod =
( ) (92, 9% 9°)oo

A — 2gA3B + 4q° — 3¢3AB3 + ¢*B*
_ (g8 oy (@097, 0 )
o (42, 6% %)
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We saw

A—pBgB =[]+ ad"+d*)(1 -,
k>1

A—aqB =[]+ 89"+ ¢*)(1—q").
k>1

Set g and n~1q for g in the first, multiply, obtain
A% 4 32gAB + (?¢°B? = product
set n°q and n~2q for g in the second, multiply, obtain

A? + o?gAB + o?¢*B? = product.

A “difficult and
deep” identity of
Ramanujan

Michael D

continuing...




A “difficult and
deep” identity of
Ramanujan

We saw

A—pBgB =[]+ ad"+d*)(1 -,
k>1

A—aqB =[]+ 89"+ ¢*)(1—q").
k>1

Set g and n~1q for g in the first, multiply, obtain
A% 4 32gAB + (?¢°B? = product
set n°q and n~2q for g in the second, multiply, obtain

A? + o?gAB + o?¢*B? = product.

continuing...

Multiply these, consider cases k =0, k=41, k=42
(mod 5), obtain
A* +3gA3B + 4¢°A%B? + 2¢°AB3 + B*
— (4% ) (9%, 4% 9°)% (9%, 4% *°)oc
> (. 9% a°)3%
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A* —2gA3B + 4q°A%2B? — 3¢°AB3 + B*
A* + 3gA3B + 4q2A2B2 + 2¢g3AB3 + B4
_ (9.4%¢°)%.(q", 4% 4%)oc

(4%, 4% ¢°)2(0%, 4°% 4%°)oo

5
— <q) q4.q5> é
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A* —2gA3B + 4q°A%2B? — 3¢°AB3 + B*

A% + 3qA3B + 4q2A2B2 +2q3AB3 + B4
_ (9,94 9°)3(4", 4% ¢) oo
~(6%,4%4°)%(4%, 6% ¢%) oo
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\q

9, q* >

5
(qé (qé qi q5> > Almost there
9°,q -

B 1—-2gB/A+49°B?/A? —3¢3B3/A3 + ¢*B*/A*
A1+ 3gB/A+4q%B2/A% +2¢3B3 /A3 + ¢*B*/ A%’




Guess what?
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Guess what?
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so we are done ...
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GUGSS What? A “difficult and

deep” identity of
5 20
1(q, ¢* .97 s B
vV = Qg5 5 u= X = —,
q <q2 g% q >OO q (qlo,q15 q >OO 92

Ramanujan
so we are done ...
...provided we believe that

Michael D

1 g, q* 5>
- q1q2 <q27 g3 q N
1+ 3
14—
1+
Here's a proof: Let continued...
3 k9 q
Fla) = % (9: 9)«

where (¢:q)o =1, (¢:q)k = (1 —q)--- (1 —q") for k>1.




It is easy to show that

F(a) = F(aq) + aqgF (aq®).

It follows that

F(aq) 1

F(a) agt

By iteration
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Put a =1.

k2+k
q*

1 AC)
1 - FQ1
1+ a_ (1)
q
1+ 3
q
1+ ——
1+ -
k2 +k
q
D k>0 T
_ (9: 9)«
= pas
q
Zkzo (q; q)k
Now all we need is the Rogers—Ramanujan identities:
S O A
(@ak  (9.9% %)

k>0

(@:9)k  (6%.6%¢%)’

k>0
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Now all we need is the Rogers—Ramanujan identities:

) PR

Z@ae (@265 S (@ (9.0%¢%)

continued...
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The Rogers—Ramanujan identities

are the special cases a =1 and a = g of the one identity,

: K -
(30 oc > 2 @

n>0 k>0

=1+ (~1)kakqeR=hr2(1 - aqzk)%‘

k>1 (9:9)«
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The Rogers—Ramanujan identities

are the special cases a =1 and a = g of the one identity,

: k qk2
(30 oc > 2 @

n>0 k>0

=1+ (~1)kakqeR=hr2(1 - aqzk)%‘

k>1 (9:9)«

For a proof of this identity, see Ramanujan’s Collected
works, or Chapter 15 in my (forthcoming) book.
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The Rogers—Ramanujan identities oo ot
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are the special cases a =1 and a = g of the one identity, Michael D
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q“
o) Y Yo
n>0 k>0 (qr q)k
=1+ (~1)kakqeR=hr2(1 - aqzk)%‘
k>1 (9:9)«

For a proof of this identity, see Ramanujan’s Collected
works, or Chapter 15 in my (forthcoming) book.
Thank you!

The
Rogers—Ramanujan
identities
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