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Let Sx be the set of all normalized primitive holomorphic cusp
forms of even integral weight k for the full modular group
r=SL(2,Z).

In this talk, f will always denote some element of Sy i.e. f is a
normalized primitive holomorphic cusp forms. Let A¢(n) be the
eigenvalue of f under the nth normalized Hecke operator T,
n=1,2,3,....

The Generalized Ramanujan Conjecture

The generalized Ramanujan conjecture indicates that

[Ar(p)] <2

for all primes p which was proved by Deligne in 1974. This
inequality is also called Deligne's bound.
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The Sato-Tate Conjecture

The asymptotic distribution of Hecke eigenvalues A¢(p) as the
primes p vary is an interesting problem.

Inspired by the Sato-Tate conjecture, Serre conjectured that the

Hecke eigenvalues Af(p), p < x, are equidistributed with respect
to the Sato-Tate measure

= i\/4 — t2dt
27

as x — oo. More precisely, for any interval [a, 8] C [-2,2],

B
lim (—#{p<x Ar(p )e[a,ﬁ]}z/a i,

X—+00 T x)

where 7(x) denotes the number of primes not bigger than x.
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In 2006, Nagoshi proved that the Sato-Tate conjecture holds on
average of primitive holomorphic cusp forms.

Theorem (Nagoshi)

Suppose that k = k(x) satisfies |
any interval [o, f] C [-2,2], we have

B
Jim s |5k|7r( ) #{\f(p) € [, B] : f € Hy and p < x} :/a du,

where |Si| denotes the cardinality of Sy.

In 2011, the conjecture was proved by Barnet-Lamb, Geraghty,
Harris and Taylor.
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A "Vertical” Version of the Sato-Tate Conjecture

Naturally, we may ask whether for a fixed prime p, the Hecke
eigenvalues \r(p), f € Sk follow some similar distribution law as
k — oo.
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A "Vertical” Version of the Sato-Tate Conjecture

Naturally, we may ask whether for a fixed prime p, the Hecke
eigenvalues \r(p), f € Sk follow some similar distribution law as
k — oo.

In 1997, Serre and Conrey/Duke/Farmer independently found that
they are equidistributed with respect to the p-adic measure

d _ptl 4 — x? dx
Fp = 2 (pl/2 4 p~1/2)2 —x2 7
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Theorem (Serre& Conrey/Duke/Farmer)
For any interval [a, 5] C [-2,2],

B
im = {F € Si: M(p) € [0 81} = [

k—00 |5k| a
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Theorem (Serre& Conrey/Duke/Farmer)

For any interval [, ] C [-2,2],

B
im = {F € Si: M(p) € [0 81} = [

k—00 |5k| a

In 2009, Murty and Sinha investigated the rate of convergence and
proved the following theorem.

Theorem (Murty-Sinha)
For a fixed prime p and any interval [«, 5] C [-2,2],

1 A |
s#iresc Me elasl = [ up+o(Z2).

where the implied constant is absolute.
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Inspired by Murty and Sinha’s work, we investigate the rate of
convergence in the Sato-Tate conjecture on average of primitive
holomorphic cusp forms and obtain an error term for Nagoshi's
result.

Theorem (Lau-W.)

Suppose that k = k(x) satisfies |
interval [cv, B] C [—2,2], we have

5% ’W( )#{Af(P)G [, B] : f € Hk and p < x}

:/a d +O<IZ§>;+(IogX)(l)c:glogX))

where the implied constant is absolute.
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Moreover, our result also holds for Maass forms. This implies that
the Sato-Tate conjecture for Maass forms (which is still open) is
true on average of Maass Hecke eigenforms. To begin with, we
brief the setting of Maass forms.

Let C be the Hilbert space consisting of all Maass cusp forms with
respect to the inner productor

(Fg) = /r LRy

Complete Orthonormal Basis

Let {uj : j > 0} a complete orthonormal basis {u; : j > 0} in C
consisting of eigenfunctions of the hyperbolic Laplace operator A
and all the Hecke operators T,, n=1,2,..., where g is a
constant function. We call uj a Maass Hecke eigenform.
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Let \j(n) be the eigenvalue of u; under the n-th Hecke operator
Tnand 1/4 + tj2 be the eigenvalue of uj under A with
O<ti <tr <---.

Weyl's Law

|

r(T)=#{j:0<; <T}= ET2+0(T|og 7).

The Generalized Ramanujan’s Conjecture

Similar to the primitive holomorphic cusp forms, we also have the
generalized Ramanujan conjecture for Maass Hecke eigenforms
which predicts that

|Aj(p)| < 2 for all j and all primes p.

Unfortunately, this is far out of reach.
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Bounds Towards the Generalized Ramanujan’s Conjecture

The best result towards the generalized Ramanujan conjecture for
Maass forms is due to Kim and Sarnak (2003). They proved for all
primes p,

IAi(p) < P’ +p°

where § = 7/64. The conjecture asserts 6 = 0.

The possible "exceptional” eigenvalues (whose absolute values are
bigger than 2) cause a substantial difficulty that has not been
managed in the work of Murty and Sinha. We have to control the
contribution of the possible "exceptional” eigenvalues such as the
upper bound of the total number of "exceptional” eigenvalues.
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The Number of " Exceptional” Eigenvalues

In 1987, Sarnak figured out that for any fixed prime p,

log(cr/2)

#{1<j<r(T):Np)| > a>2} < T ke

Unfortunately, Sarnak’s result is not enough for our purpose. If we
take « =2+ 1/log T, then the above bound is trivial by Weyl's
law.
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In 1987, Sarnak figured out that for any fixed prime p,

_ log(a/2)
A <j<HT): NP > a>2) <« T2 s

Unfortunately, Sarnak’s result is not enough for our purpose. If we
take « =2+ 1/log T, then the above bound is trivial by Weyl's
law.

Theorem (Lau-W)

For any fixed prime p, we have

: 2 (logp )
#O<7<AT): N> 2 < T2 (50

This implies that for any fixed prime p, the " exceptional”
eigenvalues have density zero.
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The Sato-Tate Conjecture

Similar to primitive holomorphic cusp forms, we also have the
Sato-Tate conjecture for Maass Hecke eigenforms which predicts
that for any u; with j > 0 and any interval [a, 5] C (—o00, 00),

i 1
m ——c
X—00 7T(X)

B
#lp<x: NP eladlt = [ di,
where 7(x) denotes the number of primes not bigger than x and

1
2—\/4—t2dt if |t| < 2,
s

0 otherwise.
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As we mentioned before, we have the following result.

Theorem (Lau-w)

Suppose that T = T(x)
[a, B] C (—00,0), we have

r(T)Tr( )#{/\ €lo,B1:1<j<r(T) and p < x}
:/ o O<|ogx " (Iogx)(loglogx))

log T X

where dyi is defined as above and the implied constant is absolute.

<
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A Vertical version of Sato-Tate Conjecture

Similar to the primitive holomorphic cusp forms, we also have a
"vertical” version of Sato-Tate Conjecture. In 1987, Sarnak proved
the following theorem.

Theorem (Sarnak)
For any integer N and distinct primes ps, ..., pn,

I 1
m
T r(T)

N
~ [ 11 .
I h=1

Here | = TTN_,[an, bs] C (—00,00)N and dy, is defined as above.

#{1<J < H(T): (o). \i(ow)) € 1)

v
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A Quantitative Version of Sarnak’s Theorem

Inspired by Murty and Sinha’s work, Lau and | proved a
quantitative version of Sarnak’s theorem.

Theorem (Lau-W)
For any any integer N and distinct primes p1, ..., pn,

1
r(T)

N
N log(pip2 - - - pn)
_ /
_/I};[ldupn-l-O( log T

holds uniformly for | = [IN_,[an, ba] C (=00, c0)V.

#{L << r(T): (Ni(pr)s-- -, Aj(pw)) € 1}

N
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We are going to prove

#a<i<An): ) > 2 < 72 (22

The idea of the proofs of our other results is similar to this but
much more delicate.
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One Crucial Observation

Let p be a fixed prime. If |\j(p)| > 2, then we have
IA;j(pM)| > M + 1 for any positive integer M. This implies that

X M2
. J(P ) <0
(M +1)?
for these j with |\;j(p)| > 2. Therefore, for all 1 < j < r(T)
A(PM)? MM
1- L o <xi(\(p)) <1+ L
(M+1)2_XI( J(p))— +(M—|—1)2’

where x(x) is the characteristic function of | = [-2,2].
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Approximation of the Number of Eigenvalues in |

Define

N(T)=#{1<j<r(T): [N(p)| <2}.
Then we obtain that

X:(pM)2 \:(pM)2
> (- aiie) shms T (gt

1<<r(T) 1<j<r(T)

Therefore,

(T Ai(pM)>?
M=ND= 2. Grrip

To estimate the last sum, we have to apply an unweighted
Kuznetsov trace formula.
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Kuznetsov Trace Formula

In 1981, Kuznetsov proved for any two positive integers m, n and a
complex function h satisfying certain conditions,

> apd(mAi(m)h(y) + i/oo (m?)i;r(,?()ffg;r)”zh(r)dr

Omn [ =1 \p Amy/mn
_ b /_Oortanh(m)h(r)dmr;€5(m,n,4)h( o),

where a; = |p;(1)?/ coshrtj, 0,,(n) = dont”, S(n,m;€) is the
classical Kloosterman sum and

h(x) = 2z /OO L(r)Jzir(X)df,

T J_o COshmr

with J, being the J-Bessel function of order v.
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By standard techniques, we proved an unweighted version for our

purpose.
Let kg = 11—515 Ny = % and m, n be any positive integers. For

arbitrarily small ¢ > 0, we have

«(T)
3 A(m)Ai(n) = Lo, ollmn) o (T2 "o+ (mnymote)
= J J 12 " /mn ¢ ’

where o({) =3_,,d and =0y = 1 if { is a square and d¢— = 0
otherwise.
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By the above lemma with m = n = pM, we obtain

r(T) M2 2 2—Ko+€ ,2M(no+e€)
Ai(p™) T2 + T2 rotepailne
ALY =0 <<Z E (M + 1)2

Taking M = [%} with sufficiently large T, we obtain

2
H(T) — N(T) < T2 <|'§gg?)

This completes the proof.
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Thank you! )
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