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Classical results (1. Reciprocity law)

For relatively prime integers ¢ > 0, a, the
inhomogeneous Dedekind sum is defined by

c-1
1 k k
s(a,c) = — Z cot (H) cot (ﬂ—) .

4c k=1 ¢ ¢
This satisfies the reciprocity law

a+c?+1-3ac
12ac

s(a,c) + s(c,a) =

if a, ¢ > 0 are coprime.
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For a, b € 7 relatively prime to an integer ¢ > 0, H.
Rademacher defined the homogeneous Dedekind sum

by 1
1< k kb
s(c;a,b) = — Z cot (u) cot (L) .
4C k=1 ¢ ¢

which satisfies the reciprocity law

a® + b* + ¢ - 3abc
12abc

s(c;a,b) + s(bya,c) + s(aya,b) =

if a, b, ¢ are pairwise coprime.
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For a,...,ay € 7Z relatively prime to an integer ag > 0,
D. Zagier defined the higher dimensional Dedekind sum
by

d(ap; ayy...,aq)
1 % nka nka
=(—1)d/2—2c0t( 1)---cot( d).
Ut ao @o

If ay, ay,...,ay are pairwise coprime, It satisfies the
reciprocity law

li(ag,...,a4)

d
Zd(aj;al,---,aj—l,aj+1,---,an) =1- ,
aoaoaad

J=0
where l;(ay, . . ., ay) are polynomials in ay,...,a,.
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cot™(z): the mth derivative of cot(z)

Letay...,a; € 7Z be relatively prime to ay € N, let
my,...,mg 2 0. A. Bayad-A. Raouj investigated the
multiple Dedekind-Rademacher sum by

C ag | A1y ..., Qdg —
my | my, ..., My
-1
1 X nkay nkay
Z cot"™ [ ——] ... cot™ | —=|.
a;n0+1 = a Qg

It satisfies the reciprocity law.
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Classical results (2. Petersson-Knopp
identity)

M.I. Knopp proved the identity

Z Z S (—a + rc, dc) o(n)s(a,c),

din r=1

where
o(n) =the sum of the positive divisors of n. His identity

is called the Petersson-Knopp identity.
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Z. Zheng extended Knopp’s identity to s(c; a, b) by

Z Z Z (d"’ 2% T e Eb + "zc) = no(n)s(c; a, b).

din ri=1r,=1

Beck generalized this result for an arbitrary sum of
“Dedekind type”, which includes multiple
Dedekind-Rademacher sum.
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Purpose

e To introduce multiple Dedekind-Rademacher sums in
function fields. These are related to A-lattices, which
are associated to Drinfeld modules.

e To discuss the reciprocity law, the Petersson-Knopp
identity, and the rationality.

Some results were obtained from the joint works with A.
Bayad.

Y. Hamahata () Multiple Dedekind-Rademacher sums 8/24



Notation

A =T ,[T]
K = F(T)
K., = Fy((1/T))

C. =TF,((1/T))

! T1T°¢
Q BON
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A-lattices

A is an A-lattice of rank rin C, if it is a finitely
generated A-submodule of rank r in C, that is discrete
in the topology of C,,. Define

ex@ =z [] (1-%).

0£1eA

1. ey is entire in the rigid analytic sense, and
surjective.

2. ey is [F,-linear and A-periodic.

3. ex has simple zeros at the points of A, and no
other zeros.

4. dep(z)/dz = e:\(z) =1.
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Drinfeld modules

L{t}: the non-commutative ring of polynomials in T over
the field L s.t. Ta = at (a € L)
An [F,-algebra homomorphism

é:A - L{t}, ar ¢,

is said to be a Drinfeld module of rank r over L if ¢
satisfies
(i) Do ¢ =1 where D is the derivation D(f) = a, for

f(r) Z , @7 € L{t}, and ¢ is the inclusion map
tA > C

(ii) For some a € A, ¢ # a)T°.
(i) Foralla € A, deg ¢, = rdeg(a).
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For any rank r A-lattice A, there exists a unique rank r
Drinfeld module ¢* s.t.

ea(az) = ¢y(ea(z)) (Ya € A).
The association A = ¢ yields a bijection

the set of A-lattices of rank r in C,,

)

the set of Drinfeld modules of rank r over C,,.
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Multiple Dedekind-Rademacher sums

A: A-lattice

a,az,...,aq € A\ {0} is relatively primeto ag € A \ {0}
my, ..., Mg. NON-negative integers

We call

a
SA( 0
my

1 Aay —m-1 Aag —ma—1
== 2 (—) B e

a,”  0zleA/aA

al’ ..., ad
my, ..., my

the multiple Dedekind-Rademacher sum.
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In particular,

ay | a a
salaos aty...,aq) = (—l)dSA( ()0 01,, : 0d )
(=1)¢ Aa;\ ! Aag\™!
P e

0#1eA /apA
is the higher dimensional Dedekind sum of Zagier type.

1 A\ (b
sA(c';a,b)=; Z eA(T) eA(T)

0#1€A/cA
is the homogeneous Dedekind sum, and
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1 N (a7
sA(a,6)=; Z eA(Z) eA(Ta)

0£AeA/cA
is the inhomogeneous Dedekind sum.
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The reciprocity law

Theorem 1
If ag,...,a; € A\ {0} are pairwise coprime,
d

IR INRN | (A S

i=0 lO’ ’lu ’ld>0 Jil

Lo+ +l+-tly=m;
ai a(), l..’ ai’ ..., ad
m;|\my+1ly, ..., mi+1l, ..., mg+1,

(_1)m0+---+md+d

A 7 A c e e @ A :
my+1 mg+1 Z 0,jo411,j; d,ji
a *eca j09-",jd20

0 d . ;
Jotet+ja
=my+--+mg+d
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Here @ is omitting of e and

=DM (i = 0)
Aijo =9 (BYE; Bla)) Gf ji > my)

0 (otherwise)

where ¢la] = {x € C | ¢o(x) = 0},
1
E#la) = ), —.

0#xedla] X
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Outline of Proof of Theorem 1

Consider
1

F(z) = .
Y R

lts poles are R = Uf:o Pla;l.
Use
Z Res(F(z)dz,z = x) = 0.

X€ER
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The Petersson-Knopp identity

ap,ayy...,a3 € A\{0},0 <my,...,mg <d-1.
Theorem 2 Let n € A \ {0}. Then we have

Z bmo—ml—---—md—d+1

b|n
n n
% Z P (dob 3a1+r1a0, ooy zad+rda0 )
A
m m ) m
P15l d€EA DA 0 1> ’ d
ay | Ay, *°°, Qq d-1 ,—my—-—my—d
= |nls 4 ZICI c T,
my | my, -, My
cln

where };,, means the sum over monic elements of A
dividing n.
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Outline of proof of Theorem 2

We have

Lemma 1(Distribution property) Form = 1,...,q and
a,c € A\ {0},

3 (z+a_/l)""_ I, o)l ( cz )"”
) T @om @)

A€A/cA

Apply this to the left-hand side of the theorem.
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The rationality

¢: rank r Drinfeld module associated to A

. a
When is sy ( 0
my

al’ LI ) aql_l

ml, ey mql_l
a a o o 0 a i—
0 1 ’ q-1 e K?
my | mp, ..., Myi_1
The Dedekind sum is not always rational.

) rational, i.e,

SA

Proposition 1 If ¢ is defined over K,

a
A my
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is rational.
ml, L) mql_l



The converse is true?

Theorem 3 The following conditions are equivalent:

. ag | dyy ...4 Qg .
(i) For all d, s 000, .... 0 )are rational.

(i) ¢ is defined over K.
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Outline of proofs of Prop. 1, Thm. 3
Prop. 1 and (i)=(ii) Apply Galois theory to

a
SA( 0
my

ayy «eoy A4iq
ml’ LI ] , mqi—l

1 1
- my+1 Z ¢a0(x)m0+1 e ¢ad(x)md+l ’

a,”  xeplayl\(0}

(il)=(i) From the assumption, for alla € A \ {0} and
Jj<i,
1

x4-4

€ K.

Ej_y(@la) = ),
xepla]\{0}
Then use the Newton formula for ¢,(z).
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Thank you for your attention!
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