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“The reviewers said it couldn’t be done. My grad students proved them wrong time and
again and have gone on to have stellar careers. The reviewers? Notsomuch.”
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Polymeric micro/nanospheres

@ Patent: Langer (1990), N>1000
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Polymeric micro/nanospheres

Patent: Langer (1990), N>1000
180k citations, h-index 215
1079 —103m

surgical implants or subdermal injection
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Polymeric micro/nanospheres

@ Diffusion: matrix & reservoir
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Polymeric micro/nanospheres

@ Diffusion: matrix & reservoir

@ Solvent: Swelling & osmotic
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Polymeric micro/nanospheres

@ Diffusion: matrix & reservoir
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Simple Spherical Model: Analytics

Diffusion equation

ou 10 (,0u
i i, — <r<
T H[rZBr (r 8r>} for0<r<a
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Simple Spherical Model: Analytics

Diffusion equation
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i i, — <r<
T H[rZBr (r 8r>} for0<r<a

with the BCs and IC

Iin})|u(r, t)] <oo, wu(a,t) =0for t>0, u(r,0) = U.
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Simple Spherical Model: Analytics

Diffusion equation

ou 10 (,0u

i i, — <r<

T n[rzar(r 8r>} for0<r<a
with the BCs and IC

Iin})|u(r, t)] <oo, wu(a,t) =0for t>0, u(r,0) = U.
r—
Laplace Transform, for t < 1 (Tables [1]):

1 @2n+1)—r/a 1 (2n+1)+r/a
u(r,t)=alp [1— - erffc ——— + — erffc ———— Crank(6.20
() 0< rg 2V Kt r; 2V Kt ( )
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Simple Spherical Model: Analytics

Diffusion equation

ou 10 (,0u
i i, — <r<
T H[rZBr (r 8r>} for0<r<a

with the BCs and IC
Iin})|u(r, t)] <oo, wu(a,t) =0for t>0, u(r,0) = U.
r—

Laplace Transform, for t < 1 (Tables [1]):

1 @2n+1)—r/a 1 (2n+1)+r/a
u(r,t)=alp [1— - erffc ——— + — erffc ———— Crank(6.20
() 0< rg 2V Kt r; 2V Kt ( )

Separation of Variables, for t > 1 :
23 U, > (—1)n+1
u(r,t) = 2% Z =™ sin Ztr exp [—(%)21‘6 t]. Crank(6.18).
wro o= n
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Computational Pharmacology quantities

Outward boundary flux:

%E;";lexp<—(%)2nt>, t>1

. | —alo g erfe (\/H,Tt) - ﬁ exp (—n®/kt) ...

_erfc(\"/%)—i— \/%exp(—(n—f—ly/nt), t<1.

uow'@
AUSTRALIA
Carl Ormerod (SMAS) CRDD November 27, 2015 5/28



Computational Pharmacology quantities

Outward boundary flux:
%E;";lexp (— (%)%{t) , t>1
—alp > -2 erfc ( "m) - ﬁ exp (—n?/kt) ...

—erfc (\"/%) + ﬁexp (=(n+1)?/kt), t<1l

ﬁ

Normalised mass transfer: Crank form U = (u(r,t) — Up)/(Us — Up)

- i _ 3 8a° o\ 2
mt—///\/U(p,t)dV—%ﬂa fTZﬁexp(fli(T) t)
SMeo = §ma

m 6 < 1
and —- =1— - Z =l exp (7‘,{ (%)2 t) Crank 6.23

Also has short-time (erfc) form.
uow
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Finite Difference Method

Explicit Matrix scheme
@ Review paper: Ford-Versypt & Braatz (2014) [2]
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Finite Difference Method

Explicit Matrix scheme
@ Review paper: Ford-Versypt & Braatz (2014) [2]

o singularity at r = 0, I'Hopital: 224 — 22y 4 O
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Finite Difference Method

Explicit Matrix scheme
@ Review paper: Ford-Versypt & Braatz (2014) [2]
e singularity at r =0, I'Hépital: 25% — 26r2 + arz
e centred difference; 3 u, (0, tj) ~ ﬁ(ulﬁ —2upj + u_1,) + O((Ar)?)
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Finite Difference Method

Explicit Matrix scheme
@ Review paper: Ford-Versypt & Braatz (2014) [2]
e singularity at r =0, I'Hépital: 25% — 26r2 + arz
e centred difference; 3 u, (0, tj) ~ ﬁ(ulﬁ —2upj + u_1,) + O((Ar)?)

o ‘ghost’ node: u,(0,;) =0 = ==l = = u_1;=u;
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Finite Difference Method

Explicit Matrix scheme
@ Review paper: Ford-Versypt & Braatz (2014) [2]
e singularity at r =0, I'Hépital: 25% — 26r2 + arz
e centred difference; 3 u, (0, tj) ~ ﬁ(ulﬁ —2upj + u_1,) + O((Ar)?)

ujU-o1j

‘ghost’ node: u,(0,t;)) =0 = 5 = = U_1j;=U;

o ulth) = Aul), where A is tri-diagonal but not symmetric.

1—6p 6u 0 0 0

pw(l—1) 1-2u p(1+41) 0 0

0 iu 1—2u 3 0

e . , .
T 12 My

0 =u o 1-2u

3]
uow

AUSTRALIA

Carl Ormerod (SMAS) CRDD November 27, 2015 6 /28



Crank-Nicholson scheme

- boundary nodes -

_— - boundary nodes _____ __— boundary nodes ____ B
;\ — _— E3 — _— (: - >
) T T ey ()
7 |8 J
[o=ralit Tyrn 1o e tn [l Tyt
| S ) |
@ 1 3 -1 @ in-1
£ T £ £ T
= At = = At
i , I
M e . M [T N o M [T L M
space

space
@ C-N is an average of the Forward and Backward Euler methods.

uir1j—uij = 34 [(Uivr i — 201 + vipajo1) + (Ui — 20 + ujj1)]

fori=0,...,mandj=1,...,(n—1) with p = (AA:)Q.
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Crank-Nicholson scheme

- boundary nodes -

- boundary nodes _____ __— boundary nodes ____ -
A “ — B 4 — C 4 -
Ty | T .
[o=ralit Tyrn [l Tyt
| S |
@ 1 3 1 @ in-1
£ T £ £ T
= At = = At
i , I
e [ L o A L " " = L "
space space space

@ C-N is an average of the Forward and Backward Euler methods.

uir1j—uij = 34 [(Uivr i — 201 + vipajo1) + (Ui — 20 + ujj1)]

fori=0,...,mandj=1,...,(n—1) with p = (AA:)Q.

o Bult)) = cul) & %(b(") + bli+1)
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Crank-Nicholson scheme

— boundary nodes - — boundary nodes -

- boundary nodes _____
A “ — B LS - C 4
Ty | T .
[o=ralit Tyrn [l Tyt
| S |
@ 1 3 -1 @ in-1
£ T £ £ T
= At = = At
i , I
e [ L o A L " " = L "
space

space space

@ C-N is an average of the Forward and Backward Euler methods.

uir1j—uij = 34 [(Uivr i — 201 + vipajo1) + (Ui — 20 + ujj1)]

fori=0,...,mandj=1,...,(n—1) with p = (AA:)Q.

o Bult)) = cul) & %(b(") + bli+1)
@ Use LU decomp or Gaussian reduction (Thomas algorithm).
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Crank-Nicholson scheme

- boundary nodes - __—— boundary nodes ___— boundary nodes -

A - » B 4 » C 4 »
Ty | ST .
[ou=raiit. T (o T
| |
@ @ ot P Lot
E T £ E T
- At - - AL
i , I
e [ L o A L " " = L "
space space space

@ C-N is an average of the Forward and Backward Euler methods.

uir1j—uij = 34 [(Uivr i — 201 + vipajo1) + (Ui — 20 + ujj1)]

fori=0,...,mandj=1,...,(n—1) with p = (AA:)Q.

o Bulitl) = cul) 4 %(b(i) + b(+1)

@ Use LU decomp or Gaussian reduction (Thomas algorithm).

@ unconditionally stable but ‘noise’ sensitive. T
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Radius

CN Sph. with D = 0.0021,
10000 time-steps and 250 space-steps.
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Time

CN Sph. with D = 0.0021,
10000 time-steps and 250 space-steps.

Concentration: 1-u/u0

0 . . . . . | n
0 10 20 30 40 50 60 70 80 90 100
Time (scaled)

e e e
KW
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Outward Flux: —%u

CN Sph. with D = 0.0021,

10000 time-steps and 250 space: _ N
Flux through outer boundary numeric Zoom numeric
25 analytic analytic
20
715 T
® ®
X X
210 2
5
0 0
0 20 40 60 80 100 0 1 2 3 4 5
Time:t Time:t
Relative error
0.5 T

|exact — num|/exact
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Time:t
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Mass transfer through outer boundary

CN Sph. with D = 0.0021,
10000 time—steps and 250 space-steps. Relative error
T T T T 0.5 T T

0451 N

0.351 N

0.25 B

Normalized Mass
|exact — num|/exact

0.2 N

0.15
numeric
analytic 0.1
0.05
N—— T
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Time:t Time:t
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Mesh

CN Sph. with D = 0.0021,

10000 time-steps and 250 space-steps.

08

0.6

Concentration

Norm.Rad. : r

0 o

Carl Ormerod (SMAS)

Time

Error: Num-Exact

CRDD
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What is Controlled Release?

(A) &
Side effects
H Plasma concentration profile of a conventional anticancer
S : - s .
..g hssngunnsn « «»» » « « Maximum effective concentration, . . . .
5] A
= :
H : *-\
e 1 safe
o : Plasma concentration profile for a cancer nanomedicine
o :
g \ 4 - . :
g Minimum effective concentration
s
o
T T T T T T T A — >
f | ~
Hours Days/weeks
Time
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What is Controlled Release?

(A) &
Side effects
H Plasma concentration profile of a conventional anticancer
S H - 2 .
@ hesngunnn « » » »w = « Maximum effective concentration, . . . »
5 | A
= :
e '
o : \
2 1 Safe
o : Plasma concentration profile for a cancer nanomedicine
o H
e
% v Minimum effective concentration
«
o
| -
T T T T T T T L T
! ] : >
Hours Days/weeks
Time

e Higuchi - (1961): ‘Higuchi equation: Derivation, applications, use and

misuse.'Siepman &, Peppas (2011) [4]
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Some papers . ..

@ Peppas & Narasimhan (2014) ‘How modeling has shaped the way we design
new drug delivery systems.’ [5]
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Some papers . ..

@ Peppas & Narasimhan (2014) ‘How modeling has shaped the way we design
new drug delivery systems.’ [5]

@ Siepmann, J. & F."Mathematical modeling of drug delivery.” - Review (2008)

[o]
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Some papers . ..

@ Peppas & Narasimhan (2014) ‘How modeling has shaped the way we design
new drug delivery systems.’ [5]

@ Siepmann, J. & F."Mathematical modeling of drug delivery.” - Review (2008)
[6]
@ Cohen & Erneux - SIAM monograph on asymptotics for diffusion (1998) [7]
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Some papers . ..

@ Peppas & Narasimhan (2014) ‘How modeling has shaped the way we design
new drug delivery systems.’ [5]

@ Siepmann, J. & F."Mathematical modeling of drug delivery.” - Review (2008)
[6]

@ Cohen & Erneux - SIAM monograph on asymptotics for diffusion (1998) [7]
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Some papers . ..

@ Peppas & Narasimhan (2014) ‘How modeling has shaped the way we design
new drug delivery systems.’ [5]

@ Siepmann, J. & F."Mathematical modeling of drug delivery.” - Review (2008)
[6]

Cohen & Erneux - SIAM monograph on asymptotics for diffusion (1998) [7]
Hsieh & McCue - Double moving BVPs (2012) [8] Hsieh:2012

Simon - Transdermal Mixed BVP (2013) [9]

Singh et al (2008) [Singh.S:2008 ]
No imaginary eigenvalues to 2D polar diffusion.

@ Peppas (1985), 2 pages with > 1100 citations!
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A bit of Fun

= 4

P

Circular diffusion with 1C and Robin BC

Figure :

=
o
S

9
|
=
<
=
1%
>
=

15 / 28

November 27, 2015
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Mixed BVP: Formulation

amma_T

\pi

\gamma_B

uow
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Mixed BVP: Formulation

Non-axisymmetric circular diffusion equation:

ot ror or r 06 00

amma_T

|
|
|
|
|
\pi ‘
T 0
|
|
|
|

\gamma_B

uow
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Mixed BVP: Formulation

Non-axisymmetric circular diffusion equation:

Ou _ p|Lo (,0uy 10 [ 0u
oc ~ “lrar\"ar) T ro0 \" o0

Split Robin BCs

amma_T

ou

|
|
|
|
|
Wi ‘
I
I
I
|
| —
\gamma_B
or

+ YU

<
— 0, k- T,0<0<m
B, - m<6<0.

r=a

uow
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Mixed BVP: Formulation

Non-axisymmetric circular diffusion equation:

Ou _ p|Lo (,0uy 10 [ 0u
oc ~ “lrar\"ar) T ro0 \" o0

Split Robin BCs

amma_T

ou
\gamma_B a + 'Vku

or

|
|
|
|
|
\pi ‘
|
|
|
|
|

<
— 0, k- T,0<0<m
B, - m<6<0.

r=a

With conditions:

u(r,0,t) = u(r,0+ 2m,t) (Periodicity),
u(r,0,0) = w €R,
lu(r,0,t)| < oo.
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Outline solution method

@ Make homogeneous IC
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Outline solution method

@ Make homogeneous IC

@ Apply Laplace transform

uow
AUSTRALIA
Carl Ormerod (SMAS) CRDD November 27, 2015 17 / 28



Outline solution method

@ Make homogeneous IC
@ Apply Laplace transform

@ Separate variables
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Outline solution method

@ Make homogeneous IC
@ Apply Laplace transform
@ Separate variables

@ Solve angular and radial DEs
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Outline solution method

@ Make homogeneous IC

@ Apply Laplace transform

@ Separate variables

@ Solve angular and radial DEs

@ Superposition
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Outline solution method

@ Make homogeneous IC

@ Apply Laplace transform

@ Separate variables

@ Solve angular and radial DEs
@ Superposition

@ Orthogonalise using Filter function

Y =7[H(O) — H(O — ) + v H(O + 7) — H(O].
—_——— —_————

Fr Fg
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Outline solution method

@ Make homogeneous IC

@ Apply Laplace transform

@ Separate variables

@ Solve angular and radial DEs
@ Superposition

@ Orthogonalise using Filter function
Vi =7r[H(0) — H(0 — m) ]+ v8[ H(0 + ) — H(0].
—_———— —_————

Fr Fg

@ Invert LT using residues

[10, 11, 12, 13]
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Laplace-space Solution

It can be shown that

2l -yt +8B
Ao = — , where y = ————|
° 7 s € k(€a) + Th(8a)] 2
A, =0,
4 — 2
By | — (v8 —71)/

m(2n —1) £, 1(8a) +Vhn-1(Sa)

V(r,0) = (ﬁ) lo(€r) +Z( @n 1) s w2n7 )I2n 1(€r) sin((2n — 1)),

where Wy = ¢ [/(€a) + FIk(€a).

uow
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Solution

ADULTS ONLY 18+
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Solution

The Full Monty:

. 2y JO(CO,mr) eXp(—DC&mt)
s =1 2\1 a[7¢0,m 1 (Go,ma) + G mdo(Co,ma)]
434 sin(v0)  Jy(Co,mr) eXP(*DCS,mt)
-2

neN meN 4 ’ng ’"az‘j”*l(gl’ ma) (Cl%,ma2 —v? (1 + 5’7)) JV(CV,ma)}

Where the ¢, m satisfy the transcendental equation:

(a7 +v) Jy(Ca) — Cadyia(Ca) = 0

with
v=2n-1, §=3(w+7) and AF=v8-77..

uow
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Numerics: Polar (2 space + time)

Citculant sparse matris

kran(C.h

1
1 . .
2 . .
3 . . .
4 . .
5 .

6

0 1 H 3 4

= o Strang: CSE(2007)[14]

Carl Ormerod (SMAS)

nz =125
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Numerics: Polar (2 space + time)

Citculant sparse matris

kran(C.h

1 . .
2 . .
3 . . .
4 . .
5 .
6

0 1 H 3 4

= o Strang: CSE(2007)[14]

@ circulant for periodic BC

Carl Ormerod (SMAS)

nz =125

uow
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Numerics: Polar (2 space + time)

Ctculant sparse marix kron(C.l)
o ors v T
| .. . o .
z .. et
" et 0
3 . e Ce e e,
" et T
4 o e te
20 et
s . . ., et
. s . L.
o 1 2 3 4 5 8 0 s 10 15 20 25 S - CS ( 00 )[ ]
e Strang: CSE(2007)[14

@ circulant for periodic BC

@ block matrix

nz-75 nz =125

uow
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Numerics: Polar (2 space + time)

Circulant sparse matrix kron(C.I)
o o
1 5
¢ 1o
3
15
.
20
25 . ". ".
f
R o s w o wow o= g Strang: CSE(2007)[14]
ot oo @ circulant for periodic BC
o
@ block matrix
ol
; @ kron: MATLAB function for
Kronecker Tensor Product
15
25[I bl 10 15 z0 z5 ] bl 10 15 z0 z5

nz-75 nz =125
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Numerics: Polar (2 space + time)

Circulant sparse matrix kron(C.I)

o o
1 5
¢ 1o
3

15
.

20

25
f
R o s w o wow o= g Strang: CSE(2007)[14]

ot oo @ circulant for periodic BC
o
@ block matrix
ol
; @ kron: MATLAB function for
Kronecker Tensor Product

15
) e (K1+ K2)~1is not sparse.
25[I bl 10 15 z0 z5 25[I bl 10 15 z0 z5

nz-75 nz =125

uow
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Numerics: Polar (2 space + time)

Citculant sparse matris kran(C.h

1 2 s 4 5 s 0 ; 10 15 z‘n z; Strang: CSE(2007)[14]

R I °
ot oo @ circulant for periodic BC

: : @ block matrix

. . @ kron: MATLAB function for

Kronecker Tensor Product
(K1+ K2)7! is not sparse.
Alternating Direction Implicit?

uow
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Numerics: Polar (2 space + time)

Citculant sparse matris

kran(C.h

10 15 20 i
nz=75

kron{l,Cykran(C

0 5 10 15
nz=75

Carl Ormerod (SMAS)

20

10 15 20 25
nz =125

CRDD

® 6 o o

Strang: CSE(2007)[14]
circulant for periodic BC
block matrix

kron: MATLAB function for
Kronecker Tensor Product

(K1+ K2)7! is not sparse.
Alternating Direction Implicit?
Multigrid methods?

Low
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Time Curves

Time Profile with D = 0.1 through 6 = 1.6336

Concn: u

yr = 0.1,
B = 10.

0 I I I I I I I I I ]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 UOW

Diameter: 2r AUSTRALIA
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Radial Curves

SEYT.4 = 6 ripuorrt 1.0 = A ritiw 2slitor] IsibsA

1:omiT,

© oy @
o o o
coucu: n

v
o

Radial Profiles with D = 0.1 through 6 = 1.6336

Time: t

Use SQUEEZE to get a 1D string of data from a 3D matrix

Carl Ormerod (SMAS)
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A bit more fun?

Figure : Circular diffusion with IC Uy = 1 and Mixed Robin BC, Flux through outer
boundary.
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Considerations

@ Is the problem well posed 7
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Considerations

Is the problem well posed ?

Use n sectors, with few non-zero flux ‘gates’ — narrow escape problem.
Expand to spherical and cylindrical geometries.

Data from UoW Innovation Campus Advanced Polymer Research Unit.
Better comparison by Method of Lines.

Finite element method - handles most geometries.

Variable diffusion coefficients: D(r,t) — non-linearity.

Singh (2011)[15] nuclear fuel, multiple layers, no residues -'gob-stopper’
model.
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