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Simple Spherical Model: Analytics

Diffusion equation

∂u

∂t
= κ

[
1

r2

∂

∂r

(
r2 ∂u

∂r

)]
for 0 ≤ r ≤ a

with the BCs and IC

lim
r→0
|u(r , t)| <∞, u(a, t) = 0 for t > 0, u(r , 0) = U0.

Laplace Transform, for t < 1 (Tables [1]):

u(r , t) = aU0

(
1−

1

r

∞∑
n=0

erfc
(2n + 1)− r/a

2
√
κt

+
1

r

∞∑
n=0

erfc
(2n + 1) + r/a

2
√
κt

)
Crank(6.20)

Separation of Variables, for t > 1 :

u(r , t) =
2a U0

πr

∞∑
n=1

(−1)n+1

n
sin nπ

a
r exp [−( nπ

a
)2κ t]. Crank(6.18).
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Computational Pharmacology quantities

Outward boundary flux:

−
∂u

∂r

∣∣∣∣
r=a

=


2 U0

a

∑∞
n=1 exp

(
−
(

nπ
a

)2
κ t
)
, t > 1

−aU0
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n=0 erfc
(

n√
κt

)
− 1√

κπt
exp

(
−n2/κt

)
. . .

− erfc
(

n+1√
κt

)
+ 1√

κπt
exp

(
−(n + 1)2/κt

)
, t < 1.

Normalised mass transfer: Crank form Ū = (u(r , t)− U0)/(Ua − U0)

mt =

∫∫∫
V

Ū(ρ, t) dV = 4
3
πa3 −

8a3

π

∞∑
n=1

1

n2
exp

(
−κ
(

nπ
a

)2
t
)

∴ m∞ = 4
3
πa3

and
mt

m∞
= 1−

6

π2

∞∑
n=1

1

n2
exp

(
−κ
(

nπ
a

)2
t
)

Crank 6.23

Also has short-time (erfc) form.
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Finite Difference Method

Explicit Matrix scheme

Review paper: Ford-Versypt & Braatz (2014) [2]

singularity at r = 0, l’Hôpital: 2
r
∂u
∂r → 2∂

2u
∂r 2 + ∂2u

∂r 2

centred difference; 3 urr (0, tj ) ≈ 3
(∆r)2 (u1,j − 2u0,j + u−1,j ) + O((∆r)2)

‘ghost’ node: ur (0, tj ) = 0 =⇒ u1,j−u−1,j

2∆r = 0 =⇒ u−1,j = u1,j

u(j+1) = Au(j), where A is tri-diagonal but not symmetric.

A =



1− 6µ 6µ 0 0 . . . 0
µ(1− 1) 1− 2µ µ(1 + 1) 0 . . . 0

0 1
2
µ 1− 2µ 3

2
µ . . . 0

...
. . .

. . .
. . .

. . .
...

... . . . i−1
i
µ 1− 2µ i+1

i
µ

...
... . . . . . . 0 n−2

n−1
µ 1− 2µ


[3]
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r
∂u
∂r → 2∂

2u
∂r 2 + ∂2u

∂r 2

centred difference; 3 urr (0, tj ) ≈ 3
(∆r)2 (u1,j − 2u0,j + u−1,j ) + O((∆r)2)

‘ghost’ node: ur (0, tj ) = 0 =⇒ u1,j−u−1,j

2∆r = 0 =⇒ u−1,j = u1,j

u(j+1) = Au(j), where A is tri-diagonal but not symmetric.

A =



1− 6µ 6µ 0 0 . . . 0
µ(1− 1) 1− 2µ µ(1 + 1) 0 . . . 0

0 1
2
µ 1− 2µ 3

2
µ . . . 0

...
. . .

. . .
. . .

. . .
...

... . . . i−1
i
µ 1− 2µ i+1

i
µ

...
... . . . . . . 0 n−2

n−1
µ 1− 2µ


[3]

Carl Ormerod (SMAS) CRDD November 27, 2015 6 / 28



Crank-Nicholson scheme

C-N is an average of the Forward and Backward Euler methods.

ui+1,j−ui,j = 1
2µ [(ui+1,j+1 − 2ui+1,j + ui+1,j−1) + (ui,j+1 − 2ui,j + ui,j−1)]

for i = 0, . . . ,m and j = 1, . . . , (n − 1) with µ = ∆t
(∆r)2 .

B u(i+1) = C u(i) + 1
2 (b(i) + b(i+1))

Use LU decomp or Gaussian reduction (Thomas algorithm).

unconditionally stable but ‘noise’ sensitive.
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Outward Flux: − ∂
∂r u
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Mass transfer through outer boundary
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Mesh
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What is Controlled Release?

Higuchi - (1961): ‘Higuchi equation: Derivation, applications, use and
misuse.’Siepman &, Peppas (2011) [4]
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Some papers . . .

Peppas & Narasimhan (2014) ‘How modeling has shaped the way we design
new drug delivery systems.’ [5]

Siepmann, J. & F.‘Mathematical modeling of drug delivery.’ - Review (2008)
[6]

Cohen & Erneux - SIAM monograph on asymptotics for diffusion (1998) [7]

Hsieh & McCue - Double moving BVPs (2012) [8] Hsieh:2012

Simon - Transdermal Mixed BVP (2013) [9]

Singh et al (2008) [Singh.S:2008 ]
No imaginary eigenvalues to 2D polar diffusion.

Peppas (1985), 2 pages with > 1100 citations!
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A bit of Fun

Figure : Circular diffusion with IC and Robin BC
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Mixed BVP: Formulation

Non-axisymmetric circular diffusion equation:

∂u

∂t
= D

[
1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r

∂

∂θ

(
r
∂u

∂θ

)]
Split Robin BCs

∂u

∂r
+ γku

∣∣∣∣
r=a

= 0, k =

{
T , 0 ≤ θ < π

B, −π ≤ θ < 0.

With conditions:

u(r , θ, t) = u(r , θ + 2π, t) (Periodicity),

u(r , θ, 0) = u0 ∈ R,
|u(r , θ, t)| <∞.
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Outline solution method

Make homogeneous IC

Apply Laplace transform

Separate variables

Solve angular and radial DEs

Superposition

Orthogonalise using Filter function

γk = γT [H(θ)− H(θ − π)︸ ︷︷ ︸
FT

] + γB [H(θ + π)− H(θ︸ ︷︷ ︸
FB

].

Invert LT using residues

[10, 11, 12, 13]
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Laplace-space Solution

It can be shown that

A0 =
γ̄

s · [ξ I ′0(ξa) + γ̄I0(ξa)]
, where γ̄ =

γT + γB

2
,

An = 0,

B2n−1 =
4

s π(2n − 1)

(γB − γT )/2

ξI ′2n−1(ξa) + γ̄I2n−1(ξa)
.

V (r , θ) =

(
γ̄

s ·Ψ0

)
I0(ξr) +

∑
n∈N

(
2

π(2n − 1)

γB − γT

s ·Ψ2n−1

)
I2n−1(ξr) sin((2n − 1)θ),

where Ψk = ξ I ′k (ξa) + γ̄Ik (ξa).
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Solution
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Solution

The Full Monty:

u(r , θ, t) = 1−
∑
m∈N

2γ̄ J0(ζ0,mr) exp(−Dζ2
0,mt)

a [γ̄ζ0,mJ1(ζ0,ma) + ζ2
0,mJ0(ζ0,ma)]

−
∑
n∈N

∑
m∈N

4aγ̂ sin(νθ) Jν(ζν,mr) exp(−Dζ2
ν,mt)

πν
[
γ̄ζν,ma2Jν+1(ζν,ma) +

(
ζ2
ν,ma

2 − ν2
(
1 + a

ν γ̄
))

Jν(ζν,ma)
]

Where the ζν,m satisfy the transcendental equation:

(aγ̄ + ν) Jν(ζa)− ζa Jν+1(ζa) = 0

with
ν = 2n − 1, γ̄ = 1

2 (γB + γT ) and γ̂ = γB − γT . .
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Numerics: Polar (2 space + time)

Strang: CSE(2007)[14]

circulant for periodic BC

block matrix

kron: MATLAB function for
Kronecker Tensor Product

(K1 + K2)−1 is not sparse.

Alternating Direction Implicit?

Multigrid methods?
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Time Curves
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Radial Curves
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Use SQUEEZE to get a 1D string of data from a 3D matrix
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A bit more fun?

Figure : Circular diffusion with IC U0 = 1 and Mixed Robin BC, Flux through outer
boundary.
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Considerations

Is the problem well posed ?

Use n sectors, with few non-zero flux ‘gates’ → narrow escape problem.

Expand to spherical and cylindrical geometries.

Data from UoW Innovation Campus Advanced Polymer Research Unit.

Better comparison by Method of Lines.

Finite element method - handles most geometries.

Variable diffusion coefficients: D(r , t) → non-linearity.

Singh (2011)[15] nuclear fuel, multiple layers, no residues -‘gob-stopper’
model.
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