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Motivation

@ Two simple questions associated with the structure of algebras.

o If an algebra is defined by generators and relations, the realization
problem is to reconstruct the algebra as a vector space with hopefully
explicit multiplication formulas on elements of a basis;

o If an algebra is defined in term of a vector space such as an
endomorphism algebra, it is natural to seek their generators and
defining relations.

@ Examples:

o Kac—Moody algebras, quantum enveloping algebras (QEAs) ...

e Endomorphism algebras such as lwahori—Hecke algebras, g-Schur
algebras and their generalization, degenerate Ringel-Hall algebras, ....

© Known realizations: Kac—-Moody algebras (Kac, Peng—Xiao,...), the
+-part of quantum enveloping algebras (Ringel, ...), QEA of gl,
(Beilinson-Lusztig-MacPherson), ...

@ The approaches are all different. | will talk about the BLM approach
in this talk.

J. Du (UNSW) 24-27 September 2012 2 /16



References

Finite dimensional algebras and quantum groups

Bangming Deng, Jie Du,
Brian Parshall and Jianpan Wang
Mathematical Surveys and Monographs, Volume 150
The American Mathematical Society, 2008

759+ pages

A double Hall algebra approach to affine quantum
Schur—Weyl theory
Bangming Deng, Jie Du and Qiang Fu
London Mathematical Society Lecture Note Series, Volume 401
Cambridge University Press, 2012

2074 pages

J. Du (UNSW) 24-27 September 2012 3/16



The (modified) BLM approach

By the quantum Schur-Weyl duality, there exist Q(v)-algebra
homomorphisms:

& U(al,) = Endgy()(R57) = S(n, r), the g-Schur algebra

Construct spanning set {A(j, r)} aco=(n,r) for S(n, r) with certain
explicit multiplication formulas with structure constants independent
of r;

Relations similar to the defining relations for U(gl,,) can be derived
from these formulas;

Consider a quotient IC(n) = &,>18(n, r) of U(gl,) and define a
completion IC(n) = [[,5, S(n, r);

The subspace 21(n) spanned by all A(j) =>_,.; A(j, r) is a subalgebra
of K(n) isomorphic to U(gl,).
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The affine analogue

By the quantum Schur-Weyl duality, there exist Q(v)-algebra
homomorphisms:

& U(g/[;) — Endqy, (0 (27) = Su(n, r), the affine q-Schur algebra

Construct spanning set {A(j, I’)}AeeAi(n’r) for Sa(n, r) with certain
explicit multiplication formulas with structure constants independent
of r (not enough!);

Relations similar to the defining relations for U(gl,,) for Chevalley
generators can be derived from these formulas;

Let KCa(n) = @,>184(n, r) and define a completion Ku(n);
The subspace 2(n) spanned by all A(j) =>_,.; A(j,r) is a
conjectural subalgebra of Kx(n) isomorphic to U(g/[;)
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Quantum Schur algebras
Quantum Schur algebras

Let Z = Z[v,v~] be the ring of Laurent polynomials in indeterminate v.

@ The Hecke algebra H = H(r) associated to the symmetric group &,
is an associative Z-algebra generated by T;,1 < i < r — 1 subject to
the relations (where g = v?)

T?=(q-1OTi+q TTj=TT, TiTiaTi= TinaTiTia.
Basis { Tw }wes, -
o For each A € A(n,r) := (N"),, putting xx = >_,ce, Tw, the algebra
S(n, r) := Endy(Drean,r) 2 H)

is called the quantum Schur algebra.
@ This algebra Z-free with a basis ¢§’“ indexed by triples (\, d, 1),
where A\, € A(n,r) and d € ©, . This is seen easily from

S(n,r) = @ Hom(x\H, x, H) = @x)}l N Hx,.
A A
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Quantum Schur algebras BLM Spanning set

@ There is a bijection
7:AMd ) [ A e Nn,r),d €Dy} — O(n,r)

where ©(n, r) denote the set of matrices over N of size n whose
entries sum to r.

e For each j(\,d,u) = A€ O(n,r), let [A] = vdAngiM, where
da = Dizkj<r Ak

o Let ©F(n,r)={A€O(n,r)|a;;=0forall i}.

e For Ac ©*(n,r) and j € Z", define

AGory= > vMA+diag(V)
XeA(n,r—|A])

@ The set
{AGG.r) | A€ ©*(n,r),j e N"}

forms a spanning set for S(n, r).
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Quantum Schur algebras Multiplication formulas

Theorem (BLM '90)

Assume 1 < h< n. Fori € Zj,j’ € Z" and A € ©*(n), if we put

f(l) = f(i, A) = Zj}iahd' - Zj>i dpt1,j, X = €j — €41, and

Bi = —ej — ejy1, then the following identities hold in S(n,r) for all r > 0:

(1) 0G, NAG,r) = v MAG+§,r), AG, oG, r) = " WAG+,r).
. i+ 1

(2) Eh,h+1(0, I‘)A(J7 r) = Z 140 [[ah, ) :”(A—l— Eh: — Eh+1 ,)( + ap, r )

i<hiapi1,i>1

NETES :
Y Uf()[["’l H(AJrEh,;Ehﬂ,i)(af)

i>h+1;ap,1,i 21

4 o (=1 (A= Enp1.0)( + an r) = (A= Epr1.n)([§ + Bns 1)
1—v—2

v [ amper 17
+ f (h+1)Hihe Hah’h+1 * ﬂ (A+ Enpi1)(, r)-

1
(3) EhA—i-l,h(07 rAG,r)=---
o All formulas are independent of r.

v
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Affine quantum Schur algebras ~ Affine multiplication formulas

The affine analogue

Theorem (D-Fu '10)

Assume1 < h<n. Fori € Zj,j € Z and A € ©F(n), if we put

£(i) = f(i,A) = > ;=i anj — D_j~; an+1,j, then the following identities hold
in 8x(n, r) for all r > 0:

(1) 0G, A, r) = v°WAG+§,r), A, n0G, r) = vWAG+7,r).

. i anp,j +1 .
@ Eira@0AGN = ¥ o0 ar g - B )G+ odn

i<hapi1,i=>1

+ Z vf () [[ah, 1+ ﬂ (A+Ep; — Epyr )(sr)

i>h+1ap1,;21

+ Uf(h)ij"il (A - EhA+1,h)(j + aﬁa I’) - (A - El1A+1,h)(j + ,Bﬁ, r)
1—v2

MR Py | .
+ Uf(h+1)+1h+1 ﬂah’h_T :|:| (A + ElvA,h+1)( ) r)'

[l [l
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Affine quantum Schur algebras ~ Affine multiplication formulas

© Let KCy(n) be the algebra which has Z-basis {[A]} ace,(n) and
multiplication defined by [A] - [B] = 0 if co(A) # ro(B), and [A] - [B]
as given in Sy(n, r) if co(A) =ro(B) and r = |A]|.
o ICA(n) = @r>08a(n, r)
Q Let IEA(n) be the vector space of all formal (possibly infinite)
Q(v)-linear combinations ZAei(n) BalA] which have the following
properties: for any x € N7,

{A € @u(n) | Ba#0, ro(A) = x}
{A€Ox(n) | Ba+#0, co(A) =x}

We obtain an associative algebra with identity element, the sum of all
diagonal matrices in ©,(n).

o ’/(\:A(I'I) = Hr}O SA(”7 r)

the sets are finite.
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Affine quantum Schur algebras ~ Affine multiplication formulas

BLM type basis

For A€ ©f(n) and j € 7, define

AG) =Y vM[A+diag(\)] = Y A, r) € Kau(n)

AeNy r>0

and let A5(n) be the subspace of Kx(n) spanned by

%= {AG) | A€ ©5(n),j € Z]}.

The set B, = {A(j) | A € ©F(n),j € Z"} forms a basis for 2,(n).

Call %, the BLM basis of 2,(n).
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Affine quantum Schur algebras ~ Affine multiplication formulas

A realization conjecture

The algebra homomorphisms &, : U(g/[\,,) — 8u(n, r) induce an algebra
homomorphism & : U(gl,) = Da(n) — KCa(n). (It is constructed by the
double Ringel-Hall algebras ®,(n).) Restriction gives rise to the following
algebra homomorphisms:

o & : U(sly) — Au(n) (D-Fu);

o &:5,(n)7° — As(n), & : Hu(n)=° — Aa(n) ((VV]);

Im(&) = Ax(n). Equivalently, the Q(v)-space 2;(n) is a subalgebra of
KA(H).

@ The conjecture is true in the classical (v = 1) case. We now look at
this case.
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The conjecture Proof of the classical case

Loop algebra of gl,

o Consider the loop algebra QT[\,,(Q) = gl,(Q) ® Q[t, t71].

e This algebra is identified with the matrix Lie algebra M, ,(Q) of all
Z x 7 matrices A = (a;j)i jez With a;j € Q such that
(a) aij = ajynjtn fori,j € Z, and
(b) for every i € Z, the set {j € Z | a; j # 0} is finite.

@ Thus, we obtain a natural action of g/E7 on €g. Hence, an action of
U(gl,) on Qg’.

@ This gives algebra homomorphisms

ne  U(gl,) = Sy(n, r)g = Endge, (QF")

for every r > 1.
@ Hence, an algebra homomorphism

n—Hnr. g[)—)lCAn)Q HSAnr

r=0 r>1

J. Du (UNSW) 24-27 September 2012 13/ 16



The conjecture Proof of the classical case

Realization of L[(g/[\,,)

Theorem (Deng-D-Fu '11)
The universal enveloping algebra U (ng) of the loop algebra g[\,,((@) has a

basis {Aj] | A € ©=(n),j € NI} which satisfies the following
multiplication formulas:

(1) O[ef]AL] = Ali + ef]+ (O ars) Alil:

SEZ
@) Eipedl0lAll = YD (ani+ V(AT B — B
T
i Jh A . N\ A A
+ 3 (M)A - B+ (- e

0<i<Un

Jh .
= (ah,h—f—a 2 1) Z ( 7_8> (A + Eﬁ,h-i—a)h - ’eﬁ—ka]a

ogigjh-#s

v
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The conjecture Proof of the classical case

Realization of L{(g/[\,,)

Theorem (Deng-D-Fu)

(3) Ei1A,h+mn[0]A[.|] = Z (ah,s—i-mn + 1)(A + EhA,s—l—mn - EhA,s)[O]

s¢{h,h—mn}
ap,s=1
Jh .
+ 3 Garemn + 1) (1) (A4 Bl e
0<t<n
Jn .
+ 30 (7)) (A= B mnlli+ (- t)ef)
0<t<n

forall 1< h,t <n, j=(jx) €NI, A= (a;j) € ©F(n), e € {1,-1}, and
m € Z\{0}.

J. Du (UNSW) 24-27 September 2012 15 / 16



The conjecture Proof of the classical case

THANK YOU!
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