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Motivation

1 Two simple questions associated with the structure of algebras.
If an algebra is defined by generators and relations, the realization
problem is to reconstruct the algebra as a vector space with hopefully
explicit multiplication formulas on elements of a basis;
If an algebra is defined in term of a vector space such as an
endomorphism algebra, it is natural to seek their generators and
defining relations.

2 Examples:
Kac–Moody algebras, quantum enveloping algebras (QEAs) ...
Endomorphism algebras such as Iwahori–Hecke algebras, q-Schur
algebras and their generalization, degenerate Ringel–Hall algebras, ....

3 Known realizations: Kac–Moody algebras (Kac, Peng–Xiao,...), the
±-part of quantum enveloping algebras (Ringel, ...), QEA of gln
(Beilinson-Lusztig-MacPherson), ...

4 The approaches are all different. I will talk about the BLM approach
in this talk.
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The (modified) BLM approach

1 By the quantum Schur–Weyl duality, there exist Q(v)-algebra
homomorphisms:

ξr : U(gln)→ EndH(r)(Ω⊗rn ) = S(n, r), the q-Schur algebra

2 Construct spanning set {A(j, r)}A∈Θ±(n,r) for S(n, r) with certain
explicit multiplication formulas with structure constants independent
of r ;

3 Relations similar to the defining relations for U(gln) can be derived
from these formulas;

4 Consider a quotient K(n) ∼= ⊕r>1S(n, r) of U̇(gln) and define a
completion K̂(n) ∼=

∏
r>1 S(n, r);

5 The subspace A(n) spanned by all A(j) =
∑

r>1 A(j, r) is a subalgebra

of K̂(n) isomorphic to U(gln).
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The affine analogue

1 By the quantum Schur–Weyl duality, there exist Q(υ)-algebra
homomorphisms:

ξr : U(ĝln)→ EndHM(r)(Ω⊗rM ) = SM(n, r), the affine q-Schur algebra

2 Construct spanning set {A(j, r)}A∈Θ±M (n,r) for SM(n, r) with certain
explicit multiplication formulas with structure constants independent
of r (not enough!);

3 Relations similar to the defining relations for U(gln) for Chevalley
generators can be derived from these formulas;

4 Let KM(n) = ⊕r>1SM(n, r) and define a completion K̂M(n);

5 The subspace A(n) spanned by all A(j) =
∑

r>1 A(j, r) is a

conjectural subalgebra of K̂M(n) isomorphic to U(ĝln).
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Quantum Schur algebras

Quantum Schur algebras

Let Z = Z[υ, υ−1] be the ring of Laurent polynomials in indeterminate υ.

The Hecke algebra H = H(r) associated to the symmetric group Sr

is an associative Z-algebra generated by Ti , 1 6 i 6 r − 1 subject to
the relations (where q = υ2)

T 2
i = (q − 1)Ti + q, TiTj = TjTi , TiTi+1Ti = Ti+1TiTi+1.

Basis {Tw}w∈Sr .

For each λ ∈ Λ(n, r) := (Nn)r , putting xλ =
∑

w∈Sλ Tw , the algebra

S(n, r) := EndH(⊕λ∈Λ(n,r)xλH)

is called the quantum Schur algebra.

This algebra Z-free with a basis φdλ,µ indexed by triples (λ, d , µ),
where λ, µ ∈ Λ(n, r) and d ∈ Dλ,µ. This is seen easily from

S(n, r) =
⊕
λ,µ

Hom(xλH, xµH) ∼=
⊕
λ,µ

xλH ∩Hxµ.
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Quantum Schur algebras BLM Spanning set

There is a bijection

 : {(λ, d , µ) | λ, µ ∈ Λ(n, r), d ∈ Dλ,µ} → Θ(n, r)

where Θ(n, r) denote the set of matrices over N of size n whose
entries sum to r .

For each (λ, d , µ) = A ∈ Θ(n, r), let [A] = vdAφdλ,µ, where
dA =

∑
i>k,j<l ai ,jak,l .

Let Θ±(n, r) = {A ∈ Θ(n, r) | ai ,i = 0 for all i}.
For A ∈ Θ±(n, r) and j ∈ Zn, define

A(j, r) =
∑

λ∈Λ(n,r−|A|)

υλ�j[A + diag(λ)]

The set
{A(j, r) | A ∈ Θ±(n, r), j ∈ Nn}

forms a spanning set for S(n, r).
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Quantum Schur algebras Multiplication formulas

Theorem (BLM ’90)

Assume 1 6 h 6 n. For i ∈ Z j, j′ ∈ Zn and A ∈ Θ±(n), if we put
f (i) = f (i ,A) =

∑
j>i ah,j −

∑
j>i ah+1,j , αi = e i − e i+1, and

βi = −e i − e i+1, then the following identities hold in S(n, r) for all r > 0:

(1) 0(j, r)A(j′, r) = υj�ro(A)A(j + j′, r), A(j′, r)0(j, r) = υj�co(A)A(j + j′, r).

(2) Eh,h+1(0, r)A(j, r) =
∑

i<h;ah+1,i>1

υf (i)

[[
ah,i + 1

1

]]
(A + Eh,i − Eh+1,i )(j + αh, r)

+
∑

i>h+1;ah+1,i>1

υf (i)

[[
ah,i + 1

1

]]
(A + Eh,i − Eh+1,i )(j, r)

+ υf (h)−jh−1 (A− Eh+1,h)(j + αh, r)− (A− Eh+1,h)(j + βh, r)

1− υ−2

+ υf (h+1)+jh+1

[[
ah,h+1 + 1

1

]]
(A + Eh,h+1)(j, r).

(3) EMh+1,h(0, r)A(j, r) = · · · .
All formulas are independent of r .
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Affine quantum Schur algebras Affine multiplication formulas

The affine analogue

Theorem (D–Fu ’10)

Assume 1 6 h 6 n. For i ∈ Z j, j′ ∈ Zn
M and A ∈ Θ±M (n), if we put

f (i) = f (i ,A) =
∑

j>i ah,j −
∑

j>i ah+1,j , then the following identities hold
in SM(n, r) for all r > 0:

(1) 0(j, r)A(j′, r) = υj�ro(A)A(j + j′, r), A(j′, r)0(j, r) = υj�co(A)A(j + j′, r).

(2) EM
h,h+1(0, r)A(j, r) =

∑
i<h;ah+1,i>1

υf (i)

[[
ah,i + 1

1

]]
(A + EM

h,i − EM
h+1,i )(j + αM

h , r)

+
∑

i>h+1;ah+1,i>1

υf (i)

[[
ah,i + 1

1

]]
(A + EM

h,i − EM
h+1,i )(j, r)

+ υf (h)−jh−1
(A− EM

h+1,h)(j + αM
h , r)− (A− EM

h+1,h)(j + βM
h , r)

1− υ−2

+ υf (h+1)+jh+1

[[
ah,h+1 + 1

1

]]
(A + EM

h,h+1)(j, r).

(3) EMh+1,h(0, r)A(j, r) = · · · .
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Affine quantum Schur algebras Affine multiplication formulas

Definition
1 Let KM(n) be the algebra which has Z-basis {[A]}A∈ΘM(n) and

multiplication defined by [A] · [B] = 0 if co(A) 6= ro(B), and [A] · [B]
as given in SM(n, r) if co(A) = ro(B) and r = |A|.

KM(n) ∼= ⊕r>0SM(n, r)

2 Let K̂M(n) be the vector space of all formal (possibly infinite)
Q(v)-linear combinations

∑
A∈Ξ̃(η)

βA[A] which have the following

properties: for any x ∈ Nn
M,

the sets
{A ∈ ΘM(n) | βA 6= 0, ro(A) = x}
{A ∈ ΘM(n) | βA 6= 0, co(A) = x}

are finite.

We obtain an associative algebra with identity element, the sum of all
diagonal matrices in ΘM(n).

K̂M(n) ∼=
∏

r>0 SM(n, r)
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Affine quantum Schur algebras Affine multiplication formulas

BLM type basis

Definition

For A ∈ Θ±M (n) and j ∈ Zn
M, define

A(j) :=
∑
λ∈Nn

M

υλ�j[A + diag(λ)] =
∑
r>0

A(j, r) ∈ K̂M(n)

and let AM(n) be the subspace of K̂M(n) spanned by

BM= {A(j) | A ∈ Θ±M (n), j ∈ Zn
M}.

Lemma

The set BM= {A(j) | A ∈ Θ±M (n), j ∈ Zn
M} forms a basis for AM(n).

Call BM the BLM basis of AM(n).
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Affine quantum Schur algebras Affine multiplication formulas

A realization conjecture

Theorem

The algebra homomorphisms ξr : U(ĝln)→ SM(n, r) induce an algebra

homomorphism ξ : U(ĝln) ∼= DM(n)→ K̂M(n). (It is constructed by the
double Ringel–Hall algebras DM(n).) Restriction gives rise to the following
algebra homomorphisms:

ξ : U(ŝln)→ AM(n) (D–Fu);

ξ : HM(n)>0 → AM(n), ξ : HM(n)60 → AM(n) ([VV]);

Conjecture

Im(ξ) = AM(n). Equivalently, the Q(υ)-space AM(n) is a subalgebra of
K̂M(n).

The conjecture is true in the classical (υ = 1) case. We now look at
this case.
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The conjecture Proof of the classical case

Loop algebra of gln

Consider the loop algebra ĝln(Q) := gln(Q)⊗Q[t, t−1].
This algebra is identified with the matrix Lie algebra MM,n(Q) of all
Z× Z matrices A = (ai ,j)i ,j∈Z with ai ,j ∈ Q such that
(a) ai,j = ai+n,j+n for i , j ∈ Z, and
(b) for every i ∈ Z, the set {j ∈ Z | ai,j 6= 0} is finite.

Thus, we obtain a natural action of ĝln on ΩQ. Hence, an action of

U(ĝln) on Ω⊗rQ .

This gives algebra homomorphisms

ηr : U(ĝln)→ SM(n, r)Q = EndQSr (Ω⊗rQ )

for every r > 1.

Hence, an algebra homomorphism

η =
∏
r>0

ηr : U(ĝln) −→ K̂M(n)Q ∼=
∏
r>1

SM(n, r)Q.
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The conjecture Proof of the classical case

Realization of U(ĝln)

Theorem (Deng-D-Fu ’11)

The universal enveloping algebra U(ĝln) of the loop algebra ĝln(Q) has a
basis {A[j] | A ∈ Θ±M (n), j ∈ Nn

M} which satisfies the following
multiplication formulas:

(1) 0[eMt ]A[j] = A[j + eMt ] +
(∑
s∈Z

at,s
)
A[j];

(2) EMh,h+ε[0]A[j] =
∑

ah+ε,i>1

∀i 6=h,h+ε

(ah,i + 1)(A + EMh,i − EMh+ε,i )[j]

+
∑

06i6jh

(−1)i
(
jh
i

)
(A− EMh+ε,h)[j + (1− i)eMh ]

+ (ah,h+ε + 1)
∑

06i6jh+ε

(
jh+ε

i

)
(A + EMh,h+ε)[j− ieMh+ε],
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The conjecture Proof of the classical case

Realization of U(ĝln)

Theorem (Deng-D-Fu)

(3) EMh,h+mn[0]A[j] =
∑

s 6∈{h,h−mn}
ah,s>1

(ah,s+mn + 1)(A + EMh,s+mn − EMh,s)[0]

+
∑

06t6jh

(ah,h+mn + 1)

(
jh
t

)
(A + EMh,h+mn)[j− teMh ]

+
∑

06t6jh

(−1)t
(
jh
t

)
(A− EMh,h−mn)[j + (1− t)eMh ].

for all 1 6 h, t 6 n, j = (jk) ∈ Nn
M, A = (ai ,j) ∈ Θ±M (n), ε ∈ {1,−1}, and

m ∈ Z\{0}.

J. Du (UNSW) 24–27 September 2012 15 / 16



The conjecture Proof of the classical case

THANK YOU!
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