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First connection of additive combinatorics and ergodic theory

Theorem (Szemeredi)

Let A C Z be a set of positive upper Banach density. Then A contains arbitrary
long AP’s.
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Theorem (Szemeredi)

Let A C Z be a set of positive upper Banach density. Then A contains arbitrary

long AP’s.

v

Theorem (Furstenberg)

Let (X,B,u, T) be an ergodic Z-system. Then for every A € ¥ with u(A) >0,

and every k > 1, there exists n € IN such that
w(ANT"AN..nT-k=nay > 0.
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First connection of additive combinatorics and ergodic theory

Theorem (Szemeredi)

Let A C Z be a set of positive upper Banach density. Then A contains arbitrary
long AP’s.

v

Theorem (Furstenberg)

Let (X,B,u, T) be an ergodic Z-system. Then for every A € ¥ with u(A) >0,
and every k > 1, there exists n € IN such that
w(ANT"AN..nT-k=nay > 0.

v

Furstenberg Correspondence principle

Let A CZ be a set with d*(A) > 0. Then there exists an ergodic Z-system
(X,B,u, T) and a set A € X such that for every k > 1, every ny,...,n,x € Z we
have

d(A=m)N...n(A=ne)) > (T ™AN...n T~ "A).
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Sumsets through ergodic theory

[ countable abelian group
A,B sets in I
A+B={a+blacAbe B}

v
Folner sequences

A sequence of finite sets F, C I' is Folner if for every v € I' we have

|(y+ Fn) N Fnl
| Fnl

— 1 as n— oo.
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Sumsets through ergodic theory

[ countable abelian group
A,B sets in I
A+B={a+blacAbe B}

v
Folner sequences

A sequence of finite sets F, C I' is Folner if for every v € I' we have

(Y + Fn) 0 Fa

— 1 as n— oo.
| Fnl

Upper Banach density of ACT:

|AN Fp|
|Fal

d*(A)= sup limsup
(F,) Folner
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Sumsets through ergodic theory

d*(2z) =, d*(Un[n!,n! +n]NZ) =1, d*(0) = 0.
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Sumsets through ergodic theory

d*(2z) =, d*(Un[n!,n! +n]NZ) =1, d*(0) = 0.

Furstenberg correspondence principle for sumsets

A CT with d*(A) > 0. 3 an ergodic I-system (X,%,u, T) and A€ X s.t.
VBCT:

d*(A+ B) > (U, eg THA),
d"(A) = u(A).
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Quasi-ergodic sets

quasi-ergodic set

B C T is quasi-ergodic if for every ergodic I-system (X,X.u, T) and every
A€ X with p(A) >0 we have u(U,ep THA) = 1.
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Quasi-ergodic sets

quasi-ergodic set

B C T is quasi-ergodic if for every ergodic I-system (X,X.u, T) and every
A€ X with p(A) >0 we have u(U,ep THA) = 1.

1) every B C T with d*(B) =1 is quasi-ergodic.
2) (Boshernitzan, Kolesnik, Quas, Wierdl) =

B={[n"]In€ N},a ¢Q

is quasi-ergodic.
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Quasi-ergodic sets

quasi-ergodic set

B C T is quasi-ergodic if for every ergodic I-system (X,X.u, T) and every
A€ X with p(A) >0 we have u(U,ep THA) = 1.

1) every B C T with d*(B) =1 is quasi-ergodic.
2) (Boshernitzan, Kolesnik, Quas, Wierdl) =

B={[n"]Ine N},a ¢Q

is quasi-ergodic.

k quasi-ergodic set

Let k> 1. A set BCT is k quasi-ergodic if the set kB is quasi-ergodic.

1) Vinogradov theorem = Primes is 4-quasi-ergodic.
2) Laplace theorem = [ is 4-quasi-ergodic.
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Main results

Bjorklund, F.

B CT is k-quasi-ergodic. Then for every ergodic -system (X,X,u, T) and
every A € ¥ we have

_1
1(UyerTHA) 2 n(A)'F.
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Bjorklund, F.

B CT is k-quasi-ergodic. Then for every ergodic -system (X,X,u, T) and
every A € ¥ we have

_1
1(UyerTHA) 2 n(A)'F.

”
Corollary

Let B C T be k-quasi-ergodic set. Then for every A C ' we have:

d*(A+B) > d*(A)L*.
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Bjorklund, F.

B CT is k-quasi-ergodic. Then for every ergodic -system (X,X,u, T) and
every A € ¥ we have

1—1
1(Urep TyA) 2 p(A) k.

y

Corollary

Let B C T be k-quasi-ergodic set. Then for every A C ' we have:

d*(A+B) > d*(A)L*.

v

d*(A+B) > Uyep Ty A) > (A% = d*(A)L .
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Main results

Bjorklund, F.

B CT is k-quasi-ergodic. Then for every ergodic -system (X,X,u, T) and
every A € ¥ we have

1—1
1(Urep TyA) 2 p(A) k.

| A

Corollary

Let B C T be k-quasi-ergodic set. Then for every A C I we have:

d*(A+B) > d*(A)L*.

Proof

| A

d*(A+B) > Uyep Ty A) > (A% = d*(A)L .

| N

Renling Jin
A,BC IN, d*(kB) =1, then

d*(A+B) > (d*(A)' .

A\
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Pliinnecke inequalities in additive combinatorics

Magnification ratios

For A,B C T finite sets:

. |A+kB|
= inf —— k>1,
Hk p£AaCA A -

for 6 >0
|A"+ kB|

in k>1
ACA A >51A] Al T T

Hk,5 =
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Pliinnecke inequalities in additive combinatorics
Magnification ratios

For A,B C T finite sets:

. |A’ + kB
= inf —— k>1,
Hk p£AaCA A -
for 6 > 0
" |A"+ kB|
ACA,|A[25|A] A

v
Pliinnecke thm

1
k

H

Hk,s = s k>1

is a decreasing sequence

A\
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Pliinnecke inequalities in additive combinatorics
Magnification ratios

For A,B C T finite sets:

|A' + kB
= in — k>1,
Hk g£A CA A -
for6 >0 ,
. |A + kB|
= nf —— k>1
Moo= wealwizsial A -

o’

Pliinnecke thm

1
k

H

Corollary (Pliinnecke)

There exist cj 5 >0, cx,5 — 1 as 6 — 0 such that

is a decreasing sequence

1 1
p1 > Cz,au > 3,503 > - > Ch sl
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Ergodic Theory

Let (X,X,u, T) - be measure preserving -system, BC T, A€ X, u(A) > 0.
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Ergodic Theory

Let (X,X,u, T) - be measure preserving -system, BC T, A€ X, u(A) > 0.

Magnification ratios

w(Uyeka THA")

= inf
Kk A’ CA,u(A)>0 (A
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Ergodic Theory

Let (X,X,u, T) - be measure preserving -system, BC T, A€ X, u(A) > 0.

Magnification ratios

_ . 1(Urer THA')
Ly = inf =
A CAu(A)>0 1(A)
Let 6 >0 ,
. #(U'yekB THA )
Hk,5 = inf ——
A CAuA)ZouA)  (A)

Alexander Fish Ergodic Pliinnecke inequalities



Ergodic Theory

Let (X,X,u, T) - be measure preserving -system, BC T, A€ X, u(A) > 0.

Magnification ratios

_ . 1(Urer THA')
Ly = inf =
A CAu(A)>0 1(A)
Let 6 >0 ,
. #(U'yekB THA )
Hk,5 = inf ——
A CAuA)ZouA)  (A)

v

1
Is it true that p/ is a decreasing sequence?

\
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Ergodic Theory

Let (X,X,u, T) - be measure preserving -system, BC T, A€ X, u(A) > 0.

Magnification ratios

_ . 1(Urer THA')
Ly = inf =
A CAu(A)>0 1(A)
Let 6 >0 ,
. #(U'yekB THA )
Hk,5 = inf ——
A CAuA)ZouA)  (A)

v

1
Is it true that p/ is a decreasing sequence? )
Bjorklund, F.

1
If B CT is finite then y/ is a decreasing sequence.
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Application of Ergodic Pliinnecke inequalities

1
Assume puf is | for any BCT. J
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Application of Ergodic Pliinnecke inequalities

1
Assume puf is | for any BCT. J

B CT s.t. kB is quasi-ergodic: p(Uyeckg TyA) =1, VA: u(A) >0

f N(UvekBT'yA/): 1
A/ CAu(A)>0 1(A) K(A)

k
M1 > pg =
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Application of Ergodic Pliinnecke inequalities

1
Assume puf is | for any BCT. J

B CT s.t. kB is quasi-ergodic: p(Uyeckg TyA) =1, VA: u(A) >0

H(U'yekB T"/A/) 1

E > g = inf =
A/ CAu(A)>0 1(A) K(A)
U~eg THA Ureg THA
5 = inf w( 'yeB/ +A") < w( ~eB Iy )
ACAp(A)>0  p(A") 1(A)
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Application of Ergodic Pliinnecke inequalities

1
Assume puf is | for any BCT. J

B CT s.t. kB is quasi-ergodic: p(Uyeckg TyA) =1, VA: u(A) >0

o= g e DA) 1
- A'CA,u(A')>0 p(A) w(A)
. inf w(Uyep THA") < m(UyeB T’YA).
ACAu(A)>0 (A 1(A)
:> 1
1(Uyep THA) > u(A)*
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Ergodic Theoretic Results

Bjorklund, Fish

B C T finite. Then
1
° uf .

1 1 1
® 15> C2,6ﬂ22,5 > C375,u§’5 >...> Ck,(;;ui’(sv where ¢ s — 1 as § — 0.
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Ergodic Theoretic Results
Bjorklund, Fish

B C T finite. Then
1
° uf .

1 1 1
® 15> C2,6ﬂ22,5 > C375,u§’5 >...> Ck,(;;ui’(sv where ¢ s — 1 as § — 0.

V.

Bjorklund, Fish

B CT s.t. Bis quasi-ergodic, 6 > 0. Then

. .U'(UWEB’ T’YA/) 1
sup inf 7 > .
B/CB,|B/|<o0 A CA, u(A")>61(A) w(A) K(A)
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Ergodic Theoretic Results
Bjorklund, Fish

B C T finite. Then

1
° uf .

1 1 1
® 15> C2,6M22,5 > C375,u§’5 >...> ckwg,u,ﬁ’&, where ¢ s — 1 as § — 0.

V.

Bjorklund, Fish

B CT s.t. Bis quasi-ergodic, 6 > 0. Then

. ,U'(UvEB’ T’YA/) 1
sup inf z > .
B/CB,|B/|<o0 A CA, u(A")>61(A) w(A) K(A)

4

Corollary

Let B C T be k-quasi-ergodic. Then for every ergodic -system (X,X,u, T)
and every A € ¥ we have

=

WUy THA) > p(A) 7 F.
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Sketch of proofs for I = 7Z

B C Z finite. Then

1

ou,f J.

1 1 1
© 1 >G5 > C3 .53 > .. > Ci 5, Where ¢ s —1asd — 0.
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Sketch of proofs for I = 7Z

B C Z finite. Then

1

ou,f J.

1 1 1
© 1 >G5 > C3 .53 > .. > Ci 5, Where ¢ s —1asd — 0.

e Ergodicity = Fix = Upez{x € X| T"x = x}

wu(Fix) € {0,1}.
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Sketch of proofs for I = 7Z

B C Z finite. Then

1

ou,f J.

1 1 1
© 1 >G5 > C3 .53 > .. > Ci 5, Where ¢ s —1asd — 0.

e Ergodicity = Fix = Upez{x € X| T"x = x}

wu(Fix) € {0,1}.

@ Periodic case (u(Fix) = 1) follows from Pliinnecke inequalities.
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Sketch of proofs for I = 7Z

B C Z finite. Then

1

ou,f J.

1 1 1
© 1 >G5 > C3 .53 > .. > Ci 5, Where ¢ s —1asd — 0.

Ergodicity = Fix = Upez{x € X| T"x = x}

wu(Fix) € {0,1}.

Periodic case (u(Fix) = 1) follows from Pliinnecke inequalities.
Aperiodic case (p(Fix) =0):
o Prove inequalities for a special aperiodic ergodic Z-system
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Sketch of proofs for I = 7Z

B C Z finite. Then

1

ou,f J.

1 1 1
© 1 >G5 > C3 .53 > .. > Ci 5, Where ¢ s —1asd — 0.

Ergodicity = Fix = Upez{x € X| T"x = x}

wu(Fix) € {0,1}.

Periodic case (u(Fix) = 1) follows from Pliinnecke inequalities.
Aperiodic case (p(Fix) =0):
o Prove inequalities for a special aperiodic ergodic Z-system

o Use conjugacy lemma of Halmos to prove inequalities for a general
aperiodic Z-system.
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,

(Z2,+) compact abelian monothetic group generated by the element 1.
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,

(Z2,+) compact abelian monothetic group generated by the element 1.

T :Zy—Zp by T(x)=x+1.
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,
(Z2,+) compact abelian monothetic group generated by the element 1.
T :Zy—Zp by T(x)=x+1.

The system (Zp,1B, mz,, T) is an ergodic aperiodic Z-system.
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,
(Z2,+) compact abelian monothetic group generated by the element 1.
T :Zy—Zp by T(x)=x+1.

The system (Zp,1B, mz,, T) is an ergodic aperiodic Z-system.

Periodic partitions of (Z,B, mz

L

2 T)

For every n, there exists a partition P, = { Gy, TC, ..., Tzn_lCo} of Zs.
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,
(Z2,+) compact abelian monothetic group generated by the element 1.
T :Zy—Zp by T(x)=x+1.

The system (Zp,1B, mz,, T) is an ergodic aperiodic Z-system.

Periodic partitions of (Z,B, mz

L

2 T)
For every n, there exists a partition P, = { Gy, TC, ..., Tzn_lCo} of Zs.

Elements of P,'s generate o-algebra B.
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Sketch of proofs for I = 7Z

Special aperiodic ergodic Z-system

Take 2-odometer: Zy are 2-adic integers,
(Z2,+) compact abelian monothetic group generated by the element 1.
T :Zy—Zp by T(x)=x+1.

The system (Zp,1B, mz,, T) is an ergodic aperiodic Z-system.

Periodic partitions of (Z,B, mz

L

2 T)

For every n, there exists a partition P, = { Gy, TC, ..., Tzn_lCo} of Zs.

Elements of P,'s generate o-algebra B.

Use the approximation by elements of partition P, and Pliinnecke inequalities
in Z to prove that for the system (Z2,B, mz,, T) and a finite B C Z ergodic
Pliinnecke inequalities hold true.
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Halmos conjugacy lemma

(X,X, ) is a standard measure space.
APER ={S: X — X,Su=p,S is aperiodic}.
Then for any T € APER, the conjugacy class of T
conj(T)={oTo }|o € Aut(X,u)}

is dense in uniform topology,
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Halmos conjugacy lemma

(X,X, ) is a standard measure space.
APER ={S: X — X,Su=p,S is aperiodic}.
Then for any T € APER, the conjugacy class of T
conj(T)={oTo }|o € Aut(X,u)}
is dense in uniform topology,

VS € APER, Ve >0, 3o € Aut(X, 1) VA € X

w(S(A) AoTo HA)) <e.
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Special Case of Theorem 2

B C Z s.t. B is quasi-ergodic, 6 > 0. Then

n al
sup o WUnep T'A) 1
B/CB,|B!|<oo A CA, u(A")>61(A) p(A) w(A)
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Special Case of Theorem 2

B C Z s.t. B is quasi-ergodic, 6 > 0. Then

n al
sup - WUnep T'A) 1
B/CB,|B!|<oo A CA, u(A")>61(A) p(A) w(A)

v

Special case

Let 6 > 0. Then

. H(Un<NTnAI) 1
sup inf = > .
N ACA u(A)Zou(A)  (A) 1(A)
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Special Case of Theorem 2

Special case

Let § > 0. Then

. :U'(Un<NTnAI) 1
sup inf == > .
N ACA u(A)25u(A) (A 1(A)

Periodic case is trivial.

\
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Special Case of Theorem 2

Special case

Let § > 0. Then

. :U'(Un<NTnAI) 1
sup inf == > .
N ACA u(A)25u(A) (A 1(A)

Periodic case is trivial.

Aperiodic case: Uses Rokhlin’'s lemma and poitnwise ergodic theorem.

\
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Thank you!!!
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