Product system models for twisted C*-algebras of topological

higher-rank graphs

Becky Armstrong

The University of Sydney

Wednesday, 26" July 2017

(Joint work with Nathan Brownlowe)

Becky Armstrong Product system models for twisted C*-algebras of topological k-graphs 1/22



Directed graph C*-algebras and their generalisations

Becky Armstrong

Twisted topological
k-graph C*-algebras

TN

Topological Twisted k-graph
k-graph C*-algebras
C*-algebras &

|

T

[ Topological graph ) k-graph

N

C*-algebras C*-algebras

J

S

Directed graph
C*-algebras

Product system models for twisted C*-algebras of topological k-graphs




Topological graph C*-algebras

Definition (Katsura 2004)

A topological graph is a quadruple E = (E°, EL, r,s), such that E° and E* are
locally compact Hausdorff spaces, r: E! — E° is a continuous map, and s: E! — E°
is a local homeomorphism.

The topological graph correspondence of E is a Co(E®)-correspondence
X(E) C C(E') with bimodule structure given by

(h-f)(e) = h(r(e))f(e) and (f-h)(e) = f(e)h(s(e)),

and

(f,e)xE)(v)= > f(e)

e€s—1(v)

Each topological graph E then has a Toeplitz algebra 7(X(E)), and a Cuntz—Pimsner
algebra O(X(E)).
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Topological k-graphs

Definition (Yeend 2006)
Let k € N\{0}. A topological k-graph is a pair (A, d) consisting of a small category
A = (Obj(A), Mor(A), r, s, 0) and a continuous functor d: A — N¥, called the degree
map, which satisfy
(i) Obj(A) and Mor(A) are both second-countable, locally compact Hausdorff spaces;
(ii) r,s: Mor(A) — Obj(A) are continuous, and s is a local homeomorphism;
(iii) the composition map
o: AxcA={(A\pn) e NxA|s(A)=r(u)} = A
is continuous and open, where A x. A has the subspace topology inherited from
the product topology on A x A; and
(iv) the unique factorisation property: for all A € A and m, n € N¥ such that
d(A) = m+ n, there exists a unique pair (u,v) € A X A such that A\ = uv,
d(p) = m, and d(v) = n.
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Topological k-graphs

We call the elements of Obj(A) vertices, and the elements of Mor(A) paths. We call r
the range map and s the source map.

For each n € N¥, we define A" := d~1(n). We have A® = Obj(A).

Given A € A and m,n € N with m < n < d()), there is a unique path
A(m, n) € A"~ such that A = p A(m, n) v, for some (unique) p € A"™ and
v e N,

We say that A is source-free if, for each v € A% and n € N, |} (v) # 0.

We say that A is proper if, for each n € N¥, r|an is a proper map, in the sense that for
any compact subset V of A%, r[; (V) is a compact subset of A"
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The k-graph €y

Let Q4 be the category with
o Obj(Qy) := NK;
o Mor(Q) = {(m,n) € Nk x Nk | m < n};
e r(m,n)=m;
e s(m,n) = n; and
e composition (m, n)(n, p) = (m, p).

Define a functor d: Q, — NX by d(m,n) :=n—m.

Then (Q4, d) is a k-graph.
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The infinite-path space

Definition

Let A be a proper, source-free topological k-graph. The infinite-path space of A is
the set

N = {x: Q — N | x is a k-graph morphism}.

For any subset U of A, we define

Z(U) == {x € A*° | x(0,n) € U for some n € N¥}.

Proposition (Yeend 2006)

Let A\ be a proper, source-free topological k-graph. The collection
{Z(U) | U is an open subset of A" for some n € N}

is a basis for a locally compact Hausdorff topology on N*°.
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Building C*-correspondences from topological k-graphs

For each n € NX, there is a local homeomorphism T7: A>® — A™ given by
T"(x)(p,q) = x(p+ n,q+ n). We call each T" a shift map.

Proposition

Let A\ be a proper, source-free topological k-graph. For each n € N¥, the quadruples
Ap = (A0, A" r|an, s|an) and Noo n == (A, A, T° T") are topological graphs.

For each n € N¥, let X, .= X(\,) and Y,, == X(Aso,n) be the topological graph
correspondences associated to N\, and N n, respectively. The homomorphisms
implementing the left actions, ¢x,: Co(A°) — L(X,) and ¢y, : Co(A>®) — L(Y,), are
both injective and have range in the compact operators.
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Cocycles on topological k-graphs

Definition
A continuous T-valued 2-cocycle on a topological k-graph A is a continuous map
c: N xc N — T satisfying

(C1) c(\, w)e(Ap,v) = c(A, uv)c(p, v); and
(C2) c(A,s(N)) =c(r(A),N) =1, for all A € A.

We define Z?(A, T) to be the group of continuous T-valued 2-cocycles on A.
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Topological (k + /)-graphs

Example (A-Brownlowe 2017)

Let A be a topological k-graph, and 3 an action of Z by automorphisms of A.
We can form a topological (k + /)-graph T := A x5 Z! as follows:

@ Obj(IN) := A% x {0}, and Mor(I) := A x N/, both with the product topology;
o r(p, m) = (ra(n),0), and s(u, m) == (B-m(sa(x)),0);
@ composition is given by (i, m)(v, n) = (uBm(v), m + n), whenever
sa(1) = ra(Bm(v)); and
o d(u, m) = (dn(p), m) € Nk+/,

If A is proper and source-free, then so is I'.

Becky Armstrong Product system models for twisted C*-algebras of topological k-graphs



Cocycles on topological (k + /)-graphs

Example (A-Brownlowe 2017)

We can construct several continuous T-valued 2-cocycles on I'. For each g € N\{0}
and m € N9, we define |[m| == Y7 ; m;.

@ Let f: A — T be a continuous functor such that f o 3,, = f, for all m € N'. For
example, take f(u) := e/l9(Wl - We define ¢ € Z%(T, T) by

cr((p, m), (v, ) = f ().

o Let w: N/ — T be a continuous homomorphism. We define ¢, € Z3(I',T) by

col(p, m), (v, ) = w(m) 9L,
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Product systems

Definition (Fowler 2002)

Let A be a C*-algebra. A product system over N¥ is a semigroup X = UpenkXn such
that

(i) each X, is an A-correspondence, with the homomorphism implementing the left
action denoted by ¢x,: A — L(X,);

(ii) the A-correspondence Xj is a copy of aAx;

(iii) for each nonzero m, n € N, the map X, x X, — Xpin given by x ® y — xy
extends to an isomorphism of A-correspondences X, @4 X = Xpm4n; and

(iv) ax = a-x and xa = x - a, for each x € X and a € Xp.

We say that X is compactly aligned, if, for all S € K(Xp,) and T € IC(X,), we have

(S XA 1(m\/n)—m) (T XA 1(m\/n)—n) € K(van)'
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Representations of product systems

Definition (Fowler 2002)
A representation 1 of a product system X in a C*-algebra B is a linear map
1: X — B such that

(i) each (¢n,v0) is a representation of X,, where ¢, .= 1|x,; and

(ii) ¢m+n(x)/) = ¢m(X)¢n(Y), for all x € X, VS Xn.

For each n € N¥, there is a homomorphism (" : KC(X,) — B such that

zﬂ(”)(ex’y) = Yn(x)¥n(y)".
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The Nica—Toeplitz algebra of a product system

Definition (Fowler 2002)

If X is a compactly aligned product system of A-correspondences, we say that a
representation ¢ of X is Nica covariant if, for each S € K(X;) and T € K(X,), we
have

1/1(m)(5)¢(")(7_) = w(mVn) ((5 ®A ]-(mVn)fm)(T ®A ]-(mVn)fn))'

Theorem (Fowler 2002)

There is a universal C*-algebra N'T (X), called the Nica—Toeplitz algebra of X,
which is generated by an isometric Nica-covariant representation ix: X — N'T(X).
That is, if ¢ is a Nica-covariant representation of X, then there exists a
homomorphism N7 such that yNT o ix = 9.
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The Cuntz—Pimsner algebra of a product system

Definition (Fowler 2002)

Suppose that X is a product system of A-correspondences such that each left action
¢x, is injective and has range in K(X,). We say that a representation ¢ of X is
Cuntz—Pimsner covariant if

¢ (¢x,(a)) = Cola),

for all a € A and n € Nk,

Theorem (Fowler 2002)

There is a universal C*-algebra O(X), called the Cuntz—Pimsner algebra of X,
which is generated by an isometric Cuntz—Pimsner-covariant representation

Jx: X = O(X). That is, if  is a Cuntz—Pimsner-covariant representation of X, then
there exists a homomorphism (© such that ¢ o jx = ¢. There is a quotient map
gx: NT(X) = O(X) satisfying jx = gx o ix.

Becky Armstrong Product system models for twisted C*-algebras of topological k-graphs



A product system built from finite paths

Let A be a proper, source-free topological k-graph, and ¢ € 12(/\,11‘). Recall that
An = (A, A", r|pn, s|an), and X, = X(A,), for each n € NX.

Proposition (A—Brownlowe 2017)
For f € X, and g € X,, define fg: N™*" — C by

()(A) = (A0, m), A(m, m+ n)) F(A(0, m)) g(A(m, m + n)).
Then fg € Xm1n, and under this multiplication, the family

X = |] X
neNk

of Co(A®)-correspondences is a compactly aligned product system over NX.
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Twisted C*-algebras of topological k-graphs

Definition (A-Brownlowe 2017)
We define the twisted Toeplitz algebra 7 C*(A, ¢) to be the Nica—Toeplitz algebra
NT(X).

We define the twisted Cuntz—Krieger algebra C*(A, ¢) to be the Cuntz—Pimsner
algebra O(X).
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A product system built from infinite paths

Let A be a proper, source-free topological k-graph, and c € Zz(l\,']l‘). Recall that
Noon = (N, A, TO T™), and Y, = X(Aco.n), for each n € Nk,

Proposition (A—Brownlowe 2017)
Forf € Y, and g € Yy, define fg: N> — C by

(fg)(x) = c(x(0, m),x(m, m + n)) f(x) g(T"(x)).

Then fg € Ymin, and under this multiplication, the family

= L

neNk

of Co(A>)-correspondences is a compactly aligned product system over N.
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A morphism of product systems

Proposition (A—Brownlowe 2017)

For each n € N¥, there is a map a,: X, — Yy, given by an(f)(x) =

f € X, and x € N*°. We have
(i) am(g-f) = ao(g) - am(f), for all f € Xpm, g € Co(A°);
(i) am(f-g) = am(f) - ao(g), for all f € Xy, g € Co(A°);
(iii) (am(f),am(8))v,, = o ((f, 8)x,,), for all f, g € X,
(iv) amtn(fg) = am(f)an(g), for all f € Xm, g € X,, and
)

(v) an is injective, for each n € Nk,

f(x(0, n)), for all
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Theorem (A-Brownlowe 2017)

Let A\ be a proper, source-free topological k-graph, and c € ZZ(/\, T). Then
T C*(N\,c) = NT(X) embeds into NT(Y), and C*(A, c) = O(X) is isomorphic to
O(Y), as illustrated by the following commuting diagram.
X @ Y
. Y :
Ix 0%
] ¥ w‘/\/']’ s
Jx| TC*(Ac) < = > NT(Y) |Jy
ax ¢ qy
¥ 0 ¥
C*(A,c) = 2 O(Y).
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