Iterating the Cuntz—Nica—Pimsner construction for compactly aligned
product systems over quasi-lattice ordered groups

James Fletcher

Victoria University of Wellington

27th July 2017

James Fletcher (VUW) Iterating the Cuntz—Nica—Pimsner construction 27th July 2017 1/ 40



Motivation

@ Deaconu investigated what he called iterated Toeplitz and Cuntz—Pimsner algebras.
Here's his setup:
(1) Let A be a unital C*-algebra, and E; and E; be full finitely generated Hilbert A-bimodules,
such that the left action of A on each of E; and E; is faithful and nondegenerate; and
(2) Suppose there exists a Hilbert A-bimodule isomorphism x : E; ®4 E; — E; ®a E;.
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Motivation

@ Deaconu investigated what he called iterated Toeplitz and Cuntz—Pimsner algebras.
Here's his setup:
(1) Let A be a unital C*-algebra, and E; and E; be full finitely generated Hilbert A-bimodules,
such that the left action of A on each of E; and E; is faithful and nondegenerate; and
(2) Suppose there exists a Hilbert A-bimodule isomorphism x : E; ®4 E; — E; ®a E;.

@ Deaconu argues that the balanced tensor product E> ®4 T, has the structure of a Hilbert
Tg,-bimodule (the non-straightforward part is getting the left action of 7g,) — a process
he calls ‘extending the scalars’.
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Motivation

@ Deaconu investigated what he called iterated Toeplitz and Cuntz—Pimsner algebras.
Here's his setup:

(1) Let A be a unital C*-algebra, and E; and E; be full finitely generated Hilbert A-bimodules,
such that the left action of A on each of E; and E; is faithful and nondegenerate; and
(2) Suppose there exists a Hilbert A-bimodule isomorphism x : E; ®4 E; — E; ®a E;.
@ Deaconu argues that the balanced tensor product E> ®4 T, has the structure of a Hilbert
Tg,-bimodule (the non-straightforward part is getting the left action of 7g,) — a process
he calls ‘extending the scalars’.

e Similarly, Ex ®a O, has the structure of a Hilbert Og,-bimodule.
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1) 7%2®A7El = 7751®ATEZ;
2) 0E2®A051 = OEI@AOEZ;

@ Deaconu then proves the following isomorphisms:
(
(
(3) OEz®A77_=1 = 7-E1®AOE2 and OE1®A7EZ = 7-E2®A051'
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Deaconu then proves the following isomorphisms:

(1) ,TEz®A7751 = 7751®ATEZ;

(2) OE2®A051 = OEI@AOEZ;

(3) OEz®AT51 = 7-E1®AOE2 and (911_1®A7752 = 7-E2®AO[:'1'

Unfortunately, some of the proofs lack detail, and it's not clear where the various
hypotheses are used, nor if they are necessary to make the procedure work.

The results in this talk show that Deaconu's iterative procedure can be extended to
quasi-lattice ordered groups that are more general than (Z2,N?).

In doing so we will verify the above isomorphisms, showing that many of Deaconu's
hypotheses can be relaxed/removed, and hopefully gain a better understanding of what
exactly is going on.
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Hilbert bimodules

An inner-product A-module is a complex vector space X equipped with a right action of

C*-algebra A, and a map (-,-)a: X X X — A, linear in its second argument, satisfying the
following conditions:

(1) (X, y)a =y, X)a:

(2) (x,y-a)a = (x,y)aa;

(3) (x,x)a>0in A; and

(4) (x,x)a =0 if and only if x = 0.

The formula ||x|| := H(x,x>AH/14/2 defines a norm on X, and we say that X is a Hilbert
A-module if it is complete with respect to this norm.
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Quasi-lattice ordered groups

@ A quasi-lattice ordered group (G, P) consists of a group G and a subsemigroup P of G
such that
(1) PN P71 ={e},
(2) With respect to the partial order on G induced by p < g < p~!q € P, any two elements
p, q € G which have a common upper bound in P have a least common upper bound in P.

e It follows that if p, g € G have a least common upper bound in P, then it is unique (and
we denote it by p V q).

o We write pV g = oo if p and g have no common upper bound in P, and pV g < ©
otherwise.

@ We say that P is directed if pV g < oo for every p,q € P.
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Combining quasi-lattice ordered groups

Lemma

Let (G, P) and (H, Q) be quasi-lattice ordered groups. If o : H — Aut(G) is a group
homomorphism with ay(P) C P, then the semidirect product (G x, H,P x4 Q) is a
quasi-lattice ordered group.
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Combining quasi-lattice ordered groups

Lemma

Let (G, P) and (H, Q) be quasi-lattice ordered groups. If o : H — Aut(G) is a group
homomorphism with ay(P) C P, then the semidirect product (G x, H,P x4 Q) is a
quasi-lattice ordered group.

o In particular, (G x4 H, P x4 Q) has the product order i.e.
(g,h) < (k,J) <= g<kand h<|I.
Thus,

gVvg . ,hvH ifgVg <oo, hVH < oo
(g,h)v<g',h')={( )

otherwise.
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Combining quasi-lattice ordered groups

Lemma

Let (G, P) and (H, Q) be quasi-lattice ordered groups. If o : H — Aut(G) is a group
homomorphism with ay(P) C P, then the semidirect product (G x, H,P x4 Q) is a
quasi-lattice ordered group.

o In particular, (G x4 H, P x4 Q) has the product order i.e.
(g.h) < (k,]) <= g<kand h<|.
Thus,
(gvg ,hvH) ifgVvg <oo, hVH <o

00 otherwise.

(g,h) V(g h)= {

@ The condition ayy(P) C P is not necessary: (Q o Q,N x4 NY) where ay(g) = hg for
each h € QJXF, g € Q is quasi-lattice ordered (although not with the product order). Also,
N and N are directed, whilst N x4 N is not.

James Fletcher (VUW) Iterating the Cuntz—Nica—Pimsner construction 27th July 2017 6 / 40



Compactly aligned product systems

Let (G, P) be a quasi-lattice ordered group, and A a C*-algebra. A product system over P
with coefficient algebra A is a semigroup X = |_|p€P X, such that:

(1) For each p € P, X, C X is a Hilbert A-bimodule;
(2) Xe is equal to the Hilbert A-bimodule pAa;
(3) For each p,q € P with p # e, there exists a Hilbert A-bimodule isomorphism
I\/I,))(,q 1 Xp ®a Xg — Xpq satisfying Ml))(’q(x ®Ay) = xy for each x € X, and y € X; and
(4) Multiplication in X by elements of X, = A implements the left and right actions of A on
each X,; that is xa=x-aand ax = a- x for each p € P, a€ A, and x € X,.
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o We write ¢ : A — L4(Xp) for the homomorphism that implements the left action of A
on Xp, and ()% for the A-valued inner-product on Xp.

e Foreach p € P\ {e} and g € P, we define a homomorphism :5? : L4 (X,) = La (Xpq) by
qu(S) = /\/l;(’q 0(S®aidyx,)o (MI)J(’q)_l.

For notational simplicity, we write td : Ka (Xe) = A — L4 (Xq) for ¢4 for each g € P.

e We say that X is compactly aligned if for any p, g € P with pV g and any S € Ka(X,),
T € Ka(Xq), we have

1579(S8)YT) € Ka(Xpvq)-

James Fletcher (VUW) Iterating the Cuntz—Nica—Pimsner construction 27th July 2017 8 /40



Representations of product systems

@ A representation of X in a C*-algebra B is a map ¢ : X — B satisfying the following
relations:

(T1) each v, := 9|x, is a linear map, and 7). is a homomorphism;
(T2) Yp(xX)q(y) = Ypq(xy) for all p,g € P and x € X, y € Xg; and
(T3) ¥p(x) Up(y) = ve({x,y)a) for all p € P and x,y € X,.

o For each p € P there exists a homomorphism 1(P) : IC4 (X,) — B such that

P (Oyy) = Yp(X)¥p(y)* forall x,y € Xp.
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Nica covariance

e We say that ¢ is Nica covariant if, for any p,g € P and S € Ka(X,), T € Ka(Xq), we
have

y(PVa) (Lqu(S)Lqu(T)) if pVg<oo
0 otherwise.

PP(S)(T) = {
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Nica covariance

e We say that ¢ is Nica covariant if, for any p,g € P and S € Ka(X,), T € Ka(Xq), we
have

y(PVa) (Lqu(S)Lqu(T)) if pVg<oo
0 otherwise.

PP(S)(T) = {

@ Combining the Hewitt—Cohen—Blanchard factorisation theorem with Nica covariance, we
get that

¥p(Xp)* ¥q(Xq) S SPAI{Yp-1(pvq) (Xp=1(pva)) Ya—1(pva)(Xg-1(pva)) "}

if pV g < oo, and is {0} otherwise.
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Cuntz—Pimsner covariance

@ For simplicity’s sake, assume that each ¢ is injective.
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Cuntz—Pimsner covariance

@ For simplicity’s sake, assume that each ¢ is injective.
e Given a quasi-lattice ordered group (G, P), we say that predicate statment P(s) (where
s € P) is true for large s if, given any p € P, there exists ¢ > p, such that P(s) is true

whenever s > q.
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Cuntz—Pimsner covariance

@ For simplicity’s sake, assume that each ¢ is injective.

e Given a quasi-lattice ordered group (G, P), we say that predicate statment P(s) (where
s € P) is true for large s if, given any p € P, there exists ¢ > p, such that P(s) is true

whenever s > q.
@ We say that a representation ¢ : X — B is Cuntz—Pimsner covariant if, for any finite set
F C P and any choice of compact operators { T, € K (X,) : p € F}, we have that

Z 3 (Tp) =06 La(Xs) forlarges = Z¢(p)(Tp) =0.

p
pEeF peF
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Cuntz—Pimsner covariance

@ For simplicity’s sake, assume that each ¢ is injective.

e Given a quasi-lattice ordered group (G, P), we say that predicate statment P(s) (where
s € P) is true for large s if, given any p € P, there exists ¢ > p, such that P(s) is true
whenever s > q.

@ We say that a representation ¢ : X — B is Cuntz—Pimsner covariant if, for any finite set
F C P and any choice of compact operators { T, € K (X,) : p € F}, we have that

Z i(Tp) =0€ La(Xs) forlarges = Zw(”)(Tp) =0.
pEeF peF

o If P is directed and ¢,(A) C Ka(Xp) for each p € P, then ) is Cuntz—Pimsner covariant
if and only if 1(P)(¢,(a)) = 1he(a) for each p € P and a € A.
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The Nica—Toeplitz and Cuntz—Nica—Pimsner algebras

@ There exists a C*-algebra N'Tx, which we call N'Tx the Nica—Toeplitz algebra of X, and
a Nica covariant representation ix : X — NTx, that are universal in the following sense:

(1) the image of ix generates N'Tx; and
(2) given any other Nica covariant representation 1) : X — B, there exists a homomorphism
1y : N'Tx — B such that 1, o ix = 1.

@ Since ix generates N7, it follows that
NTx =span {ix(x)ix(y)*: x,y € X}.

@ Similarly, there exists a C*-algebra N’'Ox generated by a universal Cuntz—Nica—Pimsner
covariant representation jx, which we call the Cuntz—Nica—Pismner algebra of X.

@ NOx is a quotient of N'Tx, and we write gx for the quotient map.
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Iterating the Nica—Toeplitz construction

We'll have the following standing hypotheses throughout the rest of the talk:
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We'll have the following standing hypotheses throughout the rest of the talk:
e (G,P) and (H, Q) are quasi-lattice ordered groups
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Iterating the Nica—Toeplitz construction

We'll have the following standing hypotheses throughout the rest of the talk:
e (G,P) and (H, Q) are quasi-lattice ordered groups
@ a: H— Aut(G) is a homomorphism with ay(P) C P.
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Iterating the Nica—Toeplitz construction

We'll have the following standing hypotheses throughout the rest of the talk:
e (G,P) and (H, Q) are quasi-lattice ordered groups
@ a: H— Aut(G) is a homomorphism with ay(P) C P.

@ Z is a compactly aligned product system over (G x4 H, P X, Q) with coefficient algebra
A.
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Iterating the Nica—Toeplitz construction

We'll have the following standing hypotheses throughout the rest of the talk:
e (G,P) and (H, Q) are quasi-lattice ordered groups
@ a: H— Aut(G) is a homomorphism with ay(P) C P.

@ Z is a compactly aligned product system over (G x4 H, P X, Q) with coefficient algebra
A.

o X := |_|peP Xp = |_|peP Z(, ., is a compactly aligned product system over (G, P) with
coefficient algebra A.
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Iterating the Nica—Toeplitz construction

We'll have the following standing hypotheses throughout the rest of the talk:
e (G,P) and (H, Q) are quasi-lattice ordered groups
e o: H — Aut(G) is a homomorphism with ay(P) C P.

@ Z is a compactly aligned product system over (G x4 H, P X, Q) with coefficient algebra
A.

o X := |_|peP Xp = |_|peP Z(,,) is a compactly aligned product system over (G, P) with
coefficient algebra A.

We'll prove the following:

Theorem

Suppose that G is an amenable group. Then there exists a compactly aligned product system
YNT over (H, Q) with coefficient algebra N'Tx such that N Tyxt = NTz.
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How does this fit in with Deaconu’s procedure

e The data (Ey, Ez, X) is effectively the same as a product system over N2. Indeed, if

| EPTM @A ESY" ifm>1
Zmm = ggn if m=0
2 - d

then Z := | |, enz Z(m,n) is @ product system over N? = N x N, with multiplication
determined by the isomorphisms

M(Z1,0),(0,1) '=idge,E and M(Zo,1),(1,o) =X
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How does this fit in with Deaconu’s procedure

e The data (Ey, Ez, X) is effectively the same as a product system over N2. Indeed, if

| EPTM @A ESY" ifm>1
Zmm = ggn if m=0
2 - d

then Z := | |, enz Z(m,n) is @ product system over N? = N x N, with multiplication
determined by the isomorphisms

M(Z1,o),(0,1) '=idge,E and M(Zo,1),(1,o) =X

@ Deaconu's assumption that E; and E; are finitely generated ensures that Z is compactly
aligned (and so N'Tz exists).
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@ We will see that the subspace
YT = span{iz(Zpx (1)) iz (Zpxio}) } SN Tz

has the structure of a Hilbert N'Tx = Tg,-bimodule, and may be identified with
Ex; ®a TE,-
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@ We will see that the subspace
YT = span{iz(Zpx1})iz(Zpxioy) } SN Tz

has the structure of a Hilbert N'Tx = Tg,-bimodule, and may be identified with
E> @4 T, .

@ Our theorem then says that
Te0aTe, = 7}{\/7 X NTynvt ZNTz.
By symmetry, 77:-1@/‘7—,_:2 is also isomorphic to N7z, and so we get

T ®aTE = 77:_1®A7752 :
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Constructing the product system Y7

The first step in our procedure is checking that the inclusion of X in Z induces an inclusion
between their respective Nica—Toeplitz algebras.

Proposition

There exists a homomorphism cz%\(/T : NTx — NTz such that (b'Q/T oix =1iz. If G is an
amenable group, then qb;\(/ T is injective.

In summary, for every p € P, the following diagram commutes.

Z(p.en)

Xp E— NTZ
% o7
NTx =: YQ/HT
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We use this injective homomorphism to construct a collection of Hilbert AT x-modules
{(YNT :qe Q). Weset YA := yry NTx) jry

Proposition
Suppose G is an amenable group. For each q € Q \ {en}, define
YT = span{iz,_ ., (Z(ee.) X | (NTx)} =50a0{iz(Zps,(q})iz(ZPsatent) } SN Tz
Then Y{,v T has the structure of a Hilbert N'T x-module, with
y-b:=yo¥T(b) foreachyc YQ/T, be NTx

and
W)y = (qbeT)_l (y*w) foreachy,w e YQ/T.
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Sketch Proof.
Need to check that if y, w € Y{;[T, then y*w € ¢)§\(/T(/\/'Tx). By linearity and continuity, it
suffices to consider when y = iz, _ ) (x)g[);\(/T(a) and w =iz, (z)¢)§\(/7'(b) for some
X,Z € Z(eg,q) and a, b € N'Tx. Relation (T3) gives
(Zop 0y VK T (2)) 2. ()X (B) = 6K T (3) iz, 1y () iz 0 ()X T ()
= X7 (@ )z (02057 5T (0)
= &7 (2", (0 2)55)b).

James Fletcher (VUW) Iterating the Cuntz—Nica—Pimsner construction 27th July 2017 18 / 40



The homomorphism ¢/){T also gives a left action of A'Tx on YQ/T by adjointable operators.
Hence, each Y{,W- is a Hilbert AT x-bimodule, and it can be shown that the collection of
these bimodules gives a compactly aligned product system.
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The homomorphism qu)}fT also gives a left action of A'Tx on Y{,VT by adjointable operators.
Hence, each Y{,vT is a Hilbert AT x-bimodule, and it can be shown that the collection of
these bimodules gives a compactly aligned product system.

Proposition

Suppose G is an amenable group. For each q € Q \ {ey}, there exists a homomorphism
ONT  N'Tx — L7y (YAT) such that

*NT(b)(y) = ¢¥ T (b)y foreachbe NTx, y € YNT.
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The homomorphism qu)}fT also gives a left action of A'Tx on Yﬁ,vT by adjointable operators.
Hence, each YévT is a Hilbert AT x-bimodule, and it can be shown that the collection of
these bimodules gives a compactly aligned product system.

Proposition

Suppose G is an amenable group. For each q € Q \ {ey}, there exists a homomorphism
ONT  N'Tx — L7y (YAT) such that

*NT(b)(y) = ¢¥ T (b)y foreachbe NTx, y € YNT.

Proposition

Suppose G is an amenable group. Then YNT .= L] qcQ quv T (with multiplication given by
multiplication in N'T z) is a compactly aligned product system over (H, Q) with coefficient
algebra N'Tx.
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Sketch Proof.

The basic idea is to show that YQ/TY{YT C YQ,CT. By linearity and continuity it suffices to
show that if y =iz, (X)iz(r,eH)(Z)* and w = iZ(m,n)(u)iz(s,eH)(v)*’ then yw € YfJ\,CT.

Using the Nica covariance of iz and the fact that (G x, H, P X, Q) has the product order, we
get that yw = 0 if r V. m = oo, whilst if r vV m,

) (Z)* iz(m,n) (U) iZ(s7eH) ( V)*

€ 8pan{ iz (Z (pay(r—1(rvm))am) 2 (Z(sa, 1 (m-1(rvm)yem) € Yo

2,0 (X iz, o,

where we used the fact that

(P, q)(r, en) " ((r, en) V (m, n)) = (pag(r~"(rV m)), gn)
(s.en)(m,n) 1 ((r,en) Vv (m, n)) = (sa,-1(m~1(r v m)), en).

O]

v
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Establishing the isomorphism N7 yvr = N7z

@ The idea is to use the universal properties of N'Tyn~7 and N7z to induce
homomorphisms between the two C*-algebras, and then check that these homomorphisms
are mutually inverse.
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Establishing the isomorphism N7 yvr = N7z

@ The idea is to use the universal properties of N'Tyn~7 and N7z to induce
homomorphisms between the two C*-algebras, and then check that these homomorphisms
are mutually inverse.

@ The homomorphism from N'Tyx7 to N7z is easy to get. The key point is that once we
identify N"Tx with ¢ 7 (N'Tx), each fibre Y7 sits inside N'Tz.
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Establishing the isomorphism N7 yvr = N7z

@ The idea is to use the universal properties of N'Tyn~7 and N7z to induce
homomorphisms between the two C*-algebras, and then check that these homomorphisms
are mutually inverse.

@ The homomorphism from N'Tyx7 to N7z is easy to get. The key point is that once we
identify N'Tx with gb/)YT(/\/'Tx), each fibre YQ/T sits inside N7 z.
Proposition

The inclusion of Y{,V T in N'Tz is a Nica covariant representation. Hence, there exists a
homomorphism QNT : N'Tyn7 — N'Tz such that QN7 o iyar = inclynr for each q € Q.
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@ The homomorphism from N7z to N'Tynr is slightly more difficult to get. The key
point is that

2(Z(p.0) € Y3
for any (p, q) € P x4 Q.

To see this observe that if z € Z(, 5y and z = 2’ - (z’,z/>£\p’q) is its
Hewitt—Cohen—Blanchard factorisation, then

iz(qu) (Z) = iZ(P,q)(Z/)iZ(eG,eH) (<Z/7 ZI>,(4p7q)) = Y{TI\/T
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@ The homomorphism from N7z to N'Tya7 is slightly more difficult to get. The key
point is that
for any (p, q) € P x4 Q.
To see this observe that if z € Z(, 5y and z = 2’ - (z’,z’>£\p’q)
Hewitt—Cohen—Blanchard factorisation, then

iZ(qu) (Z) = iZ(P,q)(Z/)iZ(eG,eH) (<Z/7 zl>,(4p7q)) € Y{ZI\/T

is its

Proposition

The map @NT : Z — N'Tynr defined by <p/(\£7;) = Ilyé\/’T oiz,, Is a Nica covariant
representation of Z. Hence, there exists a homomorphism ONT NTz N Tyn~T such that

NT o . o
Q °1Z4q = IY{;VT ©1Zq)-
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Theorem

The homomorphisms QNT : NTyxr — NTz and QN7 : N'Tz — NTywr are mutually
inverse. Hence, N'Ty~7 and N'T z are isomorphic.

In summary, the maps in the following diagram exist, and make the diagram commutative.

QNT

e

. Q .
1d/\/TYN7— C NTyNT e NTZ D idarr,
(p,a)

X ’V

Z(p.q)
incly v
q

IyNT

Yq )
I
Z(p.q9)

NT
Yq
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Straightforward corollaries

Katsura has numerous results relating the coefficent algebra of a Hilbert bimodule to its
Toeplitz algebra. Repeatedly decomposing N¥ as N x N~1, we may view Nica—Toeplitz
algebras of product systems over N as a k-times iterated Toeplitz algebras.
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Straightforward corollaries

Katsura has numerous results relating the coefficent algebra of a Hilbert bimodule to its
Toeplitz algebra. Repeatedly decomposing N¥ as N x N~1, we may view Nica—Toeplitz
algebras of product systems over N¥ as a k-times iterated Toeplitz algebras.

Corollary

Let Z be a compactly aligned product system over N¥ with coefficient algebra A. Then

(1) The homomorphism iz, induces an isomorphism K.(A) = K.(N'Tz),

(2) If A is separable and the fibres {Z¢, : 1 < i < k} are countably generated as Hilbert
A-modules, then iz, induces a KK-equivalence between A and N'T z;

(3) A is exact if and only if N'Tz is exact; and

(4) A is nuclear if and only if N'T z is nuclear.
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Iterating the Cuntz—Nica—Pimsner construction

We now aim to prove the following analogous decomposition result for Cuntz—Nica—Pimsner
algebras.

Theorem

Suppose that G is an amenable group and Q is directed. If A acts faithfully on each fibre of Z
and compactly on each Z .. 4, then there exists a compactly aligned product system yNO
over (H, Q) with coefficient algebra N'Ox such that NOywxo and N Oz are isomorphic.
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Constructing the product system YVO

First things first, we need to know that AN/Oz contains a faithful copy of N Ox.
Proposition

Suppose A acts faithfully on each fibre of Z. Then the inclusion of X in Z induces a
homomorphism ¢3© : NOx — N Oz such that ¢§'© o jx = jz for each x € X. If G is an
amenable group, then qb;\(/ O s injective.
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Proof Sketch.

The idea is to show that if {T, € K4 (Xp) : p € F} is a finite collection of compact operators

such that Y- £ 15(Tp) = 0 € La(X) for large s then Epe,_-jé(p’e”))(Tp) = 0. Since jz is
Cuntz—Pimsner covariant, it suffices to show that

Z LE,SJ’;)H)(Tp) =0€ La(Zsyy) for large (s, t).

pEF

Since Z(s,t) = Z(s,e,.,) XA Z(eg,t) = Xs ®a Z(eg,t)v we get that

(st) _ gz . z -1
(o0 (To) = M ey o © | 2o 3T @aidz, ) | o (Meeyieon)) -
peF peEF

We then get what we need since (G x, H, P X, Q) has the product order.

To get injectivity use the gauge invariant uniqueness theorem.
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In summary, for every p € P, the following diagram is commutative:
Jz

Pien)

Z(p,en) qz

Xp NTz

NOz

NT
o

-jXp NTX - YNT

ax

NOx = YQ/HO
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@ We use the injective homomorphism gbﬁ\(/o to construct a product system over (H, Q) with
coefficient algebra N'Ox. The idea is to make use of the collection of Hilbert

NT x-bimodules {Y{,\/T 1q € Q} exhibited earlier and apply the canonical quotient

homomorphisms gx : NTx — NOx and gz : NTz — N Oz at the appropriate places.
For each g € Q \ {en}, we set Yé\[o =gz (YQ/T) CNOz.

James Fletcher (VUW)
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@ We use the injective homomorphism gbj)yo to construct a product system over (H, Q) with
coefficient algebra N'Ox. The idea is to make use of the collection of Hilbert

NT x-bimodules {Y{]\/T 1q € Q} exhibited earlier and apply the canonical quotient
homomorphisms gx : NTx — NOx and gz : NTz — N Oz at the appropriate places.
For each g € Q \ {en}, we set Yé\[o =qz (YQ/T) CNOz.

@ The key point is that we have the following (easily verified) relationship between gb/)éfo

and QSQ/T:

o oax=qzo ¥,
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@ There exists a well-defined map from Y{,\/O x NOx — Yé\/o given by

(gz(y), ax(a)) — qz(y -a) forally € Y27, ae N'Tx.
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@ There exists a well-defined map from Y{,\/O x NOx — Y{;/o given by

(gz(y), ax(a)) — qz(y -a) forally € Y27, ae N'Tx.

@ There exists a well-defined map (-, '>7\f(9x : Yé\/o X Yé\/o — N Ox given by

(qz(y), QZ(W)>7\/OX = ax (¥, W>7\/7’x) forall y,w € Yf_.,VT.
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@ There exists a well-defined map from Y{,\[O x NOx — Y{;/o given by

(az(y), ax(a)) = az(y -a) forally € Y37, a € N'Tx.

@ There exists a well-defined map (-, '>7\f(9x : YQ/O X Y{;/O — N Ox given by

(az(y); az(w))pro, = ax((ysw)isr,) forall y,w e Y57

@ There is a well-defined homomorphism d){yo : NOx — Lyoy (Yé\/o) given by

N9 (gx(a)) (az(y)) = qz(®Y 7 (a)(y)) forally € YT, ae N'Tx
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@ There exists a well-defined map from Y{,\[O x NOx — Y{;/O given by

(az(y), ax(a)) = az(y -a) forally € Y37, a € N'Tx.

@ There exists a well-defined map (-, '>7\f(9x : YQ/O X Y{;/O — N Ox given by

(az(y); az(w))pro, = ax((ysw)isr,) forall y,w e Y57

@ There is a well-defined homomorphism (DQ/O : NOx — Lyoy (Yé\/o) given by

N9 (gx(a)) (az(y)) = qz(®Y 7 (a)(y)) forally € YT, ae N'Tx

@ For each g,t € Q\ {ey} there is a well-defined Hilbert N’Ox-bimodule isomorphism
MY D YNO @50, YNO 5 YNO given by

NO NT
I\/I;t (qz(y) QN Ox qz(y)) = qz(M;t (y OaT W)) forall y € YQ/T, w E Y?/T.
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e With YQ[HO 1= nox (NOx) no, the semigroup YNO = Ugeo Yé\/o (multiplication is
given by multiplication in NOz) is a compactly aligned product system over (H, Q) with
coefficient algebra N'Ox.

s . <'v'>q
YT o Ny 2 T YAT s yNT T w7y
quQXJ qu ququ qu
YNO X NOx ——— YO YNOxYNO ___ , NO
q X Ua) sy 2 q q q o, X

(a,y) = )T (a)(y) My
NTx x YT ‘ YNT YNT @pry YNT —2 s YT
gx X qu{ JQZ 9z ONTx QZJ( J{qz
NOx x Y)© YA© YO @po) YNO — s YNO
T ey o oM@y O I U yyye
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Establishing the isomorphism N Oyxo = N Oy

o Firstly, we need to know that the Cuntz—Nica—Pimsner algebra of the product system
YNO exists (i.e. the homomorphisms ®YC : NOx — Loy (YY'O) are injective).

Proposition

Suppose G is an amenable group, A acts faithfully on each fibre of Z, so that the product
system YNO exists. Then ®)'C . NOx — Loy (YYO) is injective.
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Establishing the isomorphism N Oyxo = N Oy

o Firstly, we need to know that the Cuntz—Nica—Pimsner algebra of the product system
YNO exists (i.e. the homomorphisms CDQ/O NOx — Lyoy (Yé\fo) are injective).

Proposition

Suppose G is an amenable group, A acts faithfully on each fibre of Z, so that the product
system YNO exists. Then CD{JV O NOx — Loy (Yé\[ ) is injective.

e Additional standing hypothesis: To avoid repeating ourselves, we'll assume from now on
that G is amenable and A acts faithfully on each fibre of Z.
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Proposition

The representation oN© : Z — N Oyn~o given by gof\g% = jy.‘/l\[(’) ©JZ(,q 1S

Cuntz-Nica—Pimsner covariant, and so induces a homomorphism QNC : NOz — N Oyw~o
such that Q¥€ o jz, == jyno o jz, ..
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Proposition

The representation oN© : Z — N Oyw~o given by @f\g% = jyéxro 0 JZ(pq IS

Cuntz—Nica—Pimsner covariant, and so induces a homomorphism QN© : NOz — N Oyno
such that Q¥€ o jz, == jyno o jz, ..

Proposition

Suppose that A acts compactly on each Z (. o) (this implies that NOx acts compactly on
each fibre of YN©) and Q is directed. Then the inclusion of Yé\/ OinNOz is a
Cuntz—Nica—Pimsner covariant representation of YNO | and so induces a homomorphism
QNO : NOywo — NOz such that QNO o jyao = inclyyo.
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Proposition

The representation goN O Z = NOyno given by gof\;g) o= jyéxro ©JZ(q 1S

Cuntz-Nica—Pimsner covariant, and so induces a homomorphism QNC : NOz — N Oywo
O . o .
such that QN0 o J2(.0) = Y0 OJz() -

Proposition
Suppose that A acts compactly on each Z (. o) (this implies that NOx acts compactly on
each fibre of YN©) and Q is directed. Then the inclusion of Yé\/ OinNOz is a

Cuntz—Nica—Pimsner covariant representation of YNO | and so induces a homomorphism
QNO : NOywo — NOz such that QNO o jyao = inclyyo.

Theorem
The homomorphisms QN and Q'NO are mutually inverse. Hence, N Oz = NOywo.
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= incl.
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Using this theorem we can view the Cuntz—Nica—Pimsner algebra of a compactly aligned
product system over N¥ (with faithful and compact left actions) as a k-times iterated
Cuntz—Pimsner algebra.
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Using this theorem we can view the Cuntz—Nica—Pimsner algebra of a compactly aligned
product system over N¥ (with faithful and compact left actions) as a k-times iterated
Cuntz—Pimsner algebra.

Corollary

Let Z be a product system over NK with coefficient algebra A. Suppose that A acts faithfully
and compactly on the fibres {Z., : 1 < i < k}. Then

(1) A is exact if and only if NOz is exact;

(2) If A is nuclear, then N Oz is nuclear;

(3) If each Z,, is countably generated as a Hilbert A-module and A is separable, nuclear, and
satisfies the universal coefficient theorem, then N'Oz satisfies the universal coefficient
theorem.
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Relative Cuntz—Nica—Pimsner algebras

We now assume that « is trivial so that

(GXaH,P %0y Q)=(GXH,PxQ)=(HXG,Q xP).

If we also assume that
@ H is amenable;
@ A acts faithfully on each fibre of Z;

then we can swap the roles of G and H (and P and Q) in our earlier results to get the
following:

(1) A compactly aligned product systems V := | | ..o Vg := | |,cq Z(ec.q) OVer (H, Q) with
coefficient algebra A;
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(2) An injective homomorphism ¢y © : NOy — N Oz such that ¢ o jy = jz;

(3) A compactly aligned product system WNO over (G, P) with coefficient algebra N'Oy,

with fibres given by

WNO —span{Jz )ngo( b):x€Z be NOy}

p,eH)>

(4) We can also show that each of the homomorphisms ¢{¥\/T NTx = LTy (YQ/T) is
injective (and so we know that N'Oyar exists).

We then have the following theorem:

Theorem

Suppose that Q is directed, and A acts compactly on each Z( o, then NOynT 2N TWNo.J
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Sketch Proof.

(1) Show that the map ¥ : Z — N'T\wo defined by ¥, ) := iwyo ©Jjz,., is a Nica
covariant representation of Z.

(2) Show that (subject to some hypotheses) restricting the induced homomorphism
= :NTz = NTwro to YNT C ATz gives a Cuntz—Nica—Pimsner covariant
representation of YA which we denote by W (the idea is that = plays the same role as
the inclusion map). Let w : NOyx7 — NT\wwro denote the induced homomorphism.

(3) Show that 9’ : V — NOynr defined by 9, = JynT O iZ(eG,q) is a Cuntz—Nica—Pimsner
covariant representation. Let W, _: N'Oy — N Oyn7 denote the induced homomorphism.

(4) Use W’ to construct, for each p € P\ {eg}, a norm decreasing map
W, : WO = NOywr such that W, o jz = jynr 0 iz, .

(5) Check that the collection of maps {W},: p € P} gives a Nica covariant representation of
WHNO “and let W' : NTywwo — NOynr denote the induced homomorphism.

(6) Verify that w and w’ are mutually inverse.
Ol
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incl. incl.

/ Pq)\

NOz
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Future work

@ Can we remove/relax any of our hypotheses? @
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Future work

@ Can we remove/relax any of our hypotheses? @

@ Can we use this procedure to compute the K-theory of k-graphs algebras (row finite, no
sources) when k > 3 (idea: view C*(A) as an iterated Cuntz—Pimsner algebra and apply

the Pimsner—Voiculescu exact sequence)?
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Future work

e Can we remove/relax any of our hypotheses?

@ Can we use this procedure to compute the K-theory of k-graphs algebras (row finite, no
sources) when k > 3 (idea: view C*(A) as an iterated Cuntz—Pimsner algebra and apply
the Pimsner—\Voiculescu exact sequence)?

e Can we prove that the K-theory of a k-graph algebra (row finite, no sources, k > 3) does
not depend on the factorisation scheme (i.e. just depends on the skeleton)?
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