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Introduction

@ Directed graph

Graph groupoid

C*(E) Graph C*-algebra
( L(E)\( Leavitt path algebra

| Xe,Xe | One- and two-sided edge shifts
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A groupoid is a nonempty set G satisfying the following properties.

G1. There is a distinguished subset G C G, called the unit
space. Elements of g(o) are called units.

G2. There are maps r,s : G — G(O satisfying r(u) = s(u) = u for
all ue G(®. These maps are called the range and source maps
respectively.

G3. Setting G® := {(a, ) : o, B € G,s(a) = r(B)} CG x G,
there is a ‘law of composition’

G® — G:(a,8)— ap
that satisfies
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(i) For every (a, 8) € G, r(af) = r(a) and s(aB) = s(B).

(i) If (o, 3) and (3,7) belong to G(?), then (a, 87) and (af3,~)
also belong to G and (af)y = a(B7).

(iii) For every a € G, r(a)a = a = as(a).

G4. For every o € G there is an ‘inverse’ a~! € G (necessarily
unique) such that (o, 1) and (=, a) belong to G(?) and such
that aa™! = r(a) and ata = s(a).
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Topological groupoids

A topological groupoid is a groupoid G with a topology such that

i. The set of composable pairs G(?) C G x G is closed under the
relative topology (automatic when G is Hausdorff).

ii. Composition G — G : (o, B) — af and inversion
G — G:a— a ! are continuous.

A topological groupoid G is called étale if the maps r,s: G — G
are local homeomorphisms.
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Homomorphisms of groupoids

Let G and H be groupoids. A groupoid homomorphism is a map
¢ : G — H such that (¢(a), d(8)) € H?) whenever (a,3) € P,
and such that ¢(afB) = ¢(a)p(B). A groupoid isomorphism is a
groupoid homomorphism that is bijective.

If G and H are topological groupoids, then a topological
groupoid isomorphism is a groupoid isomorphism that is also a
homeomorphism.

If G is a topological groupoid and H =T is a discrete group, then
a continuous homomorphism ¢ : G — T is called a continuous
cocycle. Thatis, ¢ : G — I carries composition in G to the group
operation in .
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The reduced C*-algebra of a groupoid

Let G be a locally compact, Hausdorff, étale groupoid. The space
Cc(G) is given the structure of a complex *-algebra with
convolution

f-g(v)= Y fla)g(B),

af=y

for v € G, and involution

foraeg.
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The reduced C*-algebra of a groupoid

For u € G(9, there is a representation 7, : C(G) — B(*(s~1(u)))
such that
m(F)oy = D f(@)ary,
s(e)=r(7)

for v € s71(u).

There is a C*-norm on C(G) defined by

1117 := sup{[lma(f)llop : u € GO}

The reduced C*-algebra C}(G) of G is the completion of C.(G)
under this norm.
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The boundary path space of a directed graph

Let E = (E° EY, r,s) be a directed graph. Denote by E* the set
of finite sequences i in E and by E the set of infinite sequences
x of edges in E such that r(x;) = s(xj41) for all i.

The boundary path space OE of E is the space

OE := E® U{u € E*: s7*(r(p)) is empty or infinite}.

For € E*, define a cylinder set Z(u) by

Z(p) :={px € OF : x € OE,s(x) = r(pn)} C OE.

James Rout Graph algebras, groupoids and SFT 9 /27



The boundary path space of a directed graph

For € E* and a finite subset F C E* such that s(f) = r(u) for
all f € F, we define

Z(u\F) = ZGo\ (U Z(uh).

feF

Sam Webster showed that the collection of all such sets forms a
basis for a locally compact, Hausdorff topology on OE, and each
such set is compact and open.

For n €N, let 0E=" := {x € OE : |x| > n} C OE. Define the
edge shift map og : 0EZ! — OE by

oe(x1x0Xx3...) = x0x3. ..

for x1x0x3 - -- € OEZ? and of(e) = r(e) for e € OE N EL.
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The groupoid of a directed graph

The graph groupoid Gg of a directed graph E is given by
Ge :={(x,m—n,y) € 0EXZXOE : m;n € N and of (x) = o£(y)},
with unit space

QI(EO) ={(x,0,x) : x € OE} = OE,
range and source maps

r(x,m—n,y):=x and s(x,m—n,y): =y,
composition
(x,m—n,y)(w,m —n',z):=(x,m+m —(n+n'),2)

whenever y = w and undefined otherwise, and inverse

(x,m—n,y) L= (y,n—m,x).
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The groupoid of a directed graph

Let m,n € N, let U be an open subset of JE=™ such that o/T|y is
injective, let V be an open subset of OEZ" such that otlv is
injective, and such that o (U) = o£(V). Define

n

Z(U7 m, n, V) = {(X7 m_nay) € gE NS Uay € V7UE(X) :UE(y)}

The graph groupoid G is a locally compact, Hausdorff, étale
groupoid when equipped with the topology generated by subsets of
the form Z(U, m,n, V).
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Graph C*-algebras and general gauge actions

Kumjian, Pask, Raeburn and Renault originally used graph
groupoids to construct C*-algebras for a large class of directed
graphs. For a directed graph E, the graph C*-algebra C*(E) is
the groupoid C*-algebra of Gg.
For u,v € E* with r(p) = r(v), let
Z(p,v) = Z(Z(w), |ul, lv|, Z(v)).

The graph C*-algebra C*(E) is

C*(gE) = Span{lz(u,u) AN AS E*’ r(:u’) = r(l/)}.
The diagonal subalgebra of C*(E), denoted D(E), is

Go(0E) = W{lz(u) € ET}
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Cocycles and generalised gauge-actions

Let E be a directed graph, and let k : E! — R be a function. Then
k extends to a function k : E* — R given by k(v) = 0 for v € E°
and k(ey...ep) = k(e1)+---+ k(e,) forer...e, € E", n> 1.

We then get a continuous cocycle ¢ : Ge — R given by
ci((px, [ul = vl vx)) = k(p) — k(v)

and a generalised gauge action v5% : R — Aut(C*(E))
satisfying

_ et (k) —k(

'YtE7k(1Z(,u,,1/)) V))]-Z(u,u)

for y,v € E* and t € R.

Define kg : E! — R by kg(e) = 1 for all e € E. Then ¢, is
standard continuous cocycle and 75X is the standard gauge
action.
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Diagonal-preserving gauge-invariant isomorphism

Theorem (Brownlowe—Carlsen—-Whittaker, Carlsen—R)

Let E and F be directed graphs and let k : E} — R and
I : F — R be functions. TFAE.

1. There is an isomorphism ® : G — G satisfying

a(®(n)) = ck(n)

forn € Ge.

2. There is a x-isomorphism W : C*(E) — C*(F) satisfying

W(D(E)) = D(F) and £ o W = WoyFk

for t € R.
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Stabilised graphs

Let E be a graph. “Adding a head” to a vertex v € E® means
attaching the following graph to v.

€4y €3 v €y €1,v
W3 v w2 v Wiv 1%

Form a “stabilised graph” SE by "adding a head” to each vertex
and defining

(SE)? := E%U U {wiv,way,...}

veEo

and

(SE)':=E'U |J {erv, €20, -}
veEo

and setting r(e;,) := w;_1, and s(e;,,) := w;, for each v € E°
and i=1,2,....
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Stabilised graph C*-algebras

Denote by K the compact operators on ¢2(N) which are
generated by the rank-one operators {6, : i,j € N}. Denote by C
the maximal abelian subalgebra of IC consisting of diagonal
operators which are generated by the rank-one operators

{9,'7,' i E N}

Mark Tomforde showed that C*(SE) is isomorphic to C*(E) ® K.
In fact, D(SE) is isomorphic to D(E) ® C.

For a function & : E' - R, we define a function k:(SE)' - R by
k(e) = k(e) for e € E1, and k(e;,) = 0 for v € E° and
i=1,2,....

The isomorphism between C*(SE) and C*(E) ® K intertwines the
gauge actions v°E% and vEK @ Id.
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Stable isomorphism of graph C*-algebras

Let E and F be directed graphs and k : E* - R and | : F* - R
functions. TFAE.

1. There is an isomorphism ® : Gsg — G satisfying

forn € GsEg.

2. There is a x-isomorphism W : C*(E)@ K — C*(F)®@ K
satisfying W(D(E) ® C) = D(F) ® C and

(v ®ldic) o W = Wo (3 @ ldx)

for t € R.

James Rout Graph algebras, groupoids and SFT 18 / 27



Two-sided edge shifts

Let E be a finite directed graph with no sinks or sources. The
two-sided edge shift Xg is the space

Xe = {(xn)nez : Xo € E* and r(x,) = 5(xpy1) for all n € Z}.

The shift map is the homeomorphism g : Xg — Xg given by
EE(...X_1XOX1...) = ... X0X1X2 . ...

If E and F are finite directed graphs with no sinks or sources, then
XE and Xfg are conjugate if there is a homeomorphism
¢ : Xg — XF such that

OF0¢=¢oTE.
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Two-sided edge shifts and groupoids

Let E and F are finite graphs with no sinks or sources. TFAE.

1. The two-sided edge shifts Xg and Xg are conjugate.

2. There is an isomorphism ® : Gsg — Gsr satisfying

. (®(7) = . (7)

for v € Gse.
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Two-sided edge shifts and graph C*-algebras

Corollary (Cuntz—Krieger, Carlsen—-R)
Let E and F are finite graphs with no sinks or sources. TFAE.

1. The two-sided edge shifts Xg and X are conjugate.

2. There is a x-isomorphism V : C*(E)@ K — C*(F)®@ K
satisfying W(D(E) ® C) = D(F) ® C and

(7 @ ldi) o W = Wo (7% ® ldk)

fort € R )
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Graded Leavitt path algebras

Let E be a graph and R a commutative integral domain with
identity. The Leavitt path algebra Lg(E) is the R-algebra

SpanR{]'Z(,u,V) Ve E*u r(:“’) = r(V)}7
and the diagonal subalgebra Dg(E) is the R-algebra
spang{lz(,) : € E*}.

Let k : E! — R be a function and write ', for the additive
subgroup {k(un) — k(v) : p,v € E*,r(n) = r(v)} of R. For g € 'y,
setting

Lr(E)g :=spang{lz(uy) : v € E*, r(p) = r(v), k(n)—k(v) = g},

gives a [',-grading Lr(E) = @ er, LrR(E)g- The standard
Z-grading is obtained when k = kg.
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Groupoids and graded Leavitt path algebras

Theorem (Ara—Bosa—Hazrat-Sims, Carlsen—R)

Let E and F be directed graphs and let k : E} — R and
I : F — R be functions. TFAE.

1. There is an isomorphism ® : Gg — G satisfying

c(®(n)) = c(n)

forn € Gg.

2. There is a ring-isomorphism V : Lg(E) — Lgr(F) satisfying

V(D(E)) = D(F) and W(Lr(E)g) = Lr(F)q

for g € ck(GE)-
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Two-sided edge shifts and Leavitt path algebras

Let M (R) denote the ring of finitely supported, countable
infinite square matrices over R, and Do (R) the abelian subring
of Mx(R) consisting of diagonal matrices.

Corollary

If E and F are finite graphs with no sinks or sources and R is a
commutative integral domain with identity, then TFAE.

1. The two-sided edge shifts Xg and Xg are conjugate.

2. There is a ring-isomorphism
V: Lg(E) ® Mx(R) = Lr(F) ® Mx(R) such that

V(Dr(E) ® Doo(R)) = Dr(F) @ Doo(R))

and
\U(LR(E)n ® MOO(R)) = LR(F)n ® MOO(R)
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