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Uniform regularity

X – Banach space
Ω := {Ω1, . . . ,Ωm} (m > 1) x̄ ∈

⋂m
i=1 Ωi

Definition
Ω is uniformly regular at x̄ if ∃α, δ > 0 such that

m⋂
i=1

(Ωi − ωi − xi)
⋂

(ρB) 6= ∅ ∀ρ ∈ (0, δ)

∀ωi ∈ Ωi ∩ Bδ(x̄) and xi ∈ X (i = 1, . . . ,m) with max
1≤i≤m

‖xi‖ < αρ

θ̂[Ω](x̄) :=lim inf
ωi

Ωi→x̄
ρ↓0

sup

{
r ≥ 0 |

m⋂
i=1

(Ωi − ωi − xi)
⋂

(ρB) 6= ∅,∀xi ∈ rB
}

ρ
>0
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Metric characterizations

X – Banach space
Ω := {Ω1, . . . ,Ωm} (m > 1) x̄ ∈

⋂m
i=1 Ωi

θ̂[Ω](x̄) = lim inf
x→x̄

xi→0 (1≤i≤m)
x /∈

⋂m
i=1(Ωi−xi )

max1≤i≤m d(x ,Ωi − xi)

d
(
x ,
⋂m

i=1(Ωi − xi)
)

Uniform regularity
Ω is uniformly regular at x̄ ⇐⇒ ∃γ, δ > 0 such that

γd

(
x ,

m⋂
i=1

(Ωi − xi)

)
≤ max

1≤i≤m
d(x ,Ωi − xi)

for any x ∈ Bδ(x̄), xi ∈ δB (i = 1, . . . ,m)
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Collections of sets vs set-valued mappings

X – Banach space
Ω := {Ω1, . . . ,Ωm} (m > 1) x̄ ∈

⋂m
i=1 Ωi

F : X ⇒ Xm: F (x) := (Ω1 − x)× . . .× (Ωm − x) (Ioffe, 2000)

Proposition

Ω is uniformly regular at x̄ ⇐⇒ F is metrically regular at (x̄ , 0),
i.e., ∃γ, δ > 0 such that

γd
(
x ,F−1(y)

)
≤ d (y ,F (x)) ∀x ∈ Bδ(x̄), y ∈ δBm
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Collections of sets vs set-valued mappings

X ,Y – Banach spaces
F : X ⇒ Y , (x̄ , ȳ) ∈ gphF

Ω1 = gphF , Ω2 = X × {ȳ} ∈ X × Y , Ω := {Ω1,Ω2}

Proposition

F is metrically regular at (x̄ , ȳ) ⇐⇒ Ω is uniformly regular at
(x̄ , ȳ)
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Dual characterizations: Fréchet normals

x ∈ Ω
Fréchet normal cone to Ω at x :

NΩ(x) :=

{
x∗ ∈ X ∗

∣∣ lim sup
u→x , u∈Ω\{x}

〈x∗, u − x〉
‖u − x‖

≤ 0

}
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Dual characterizations

X – Asplund space, Ω1, . . . ,Ωm – closed

θ̂[Ω](x̄) = lim
δ↓0

inf∑m
i=1‖x∗i ‖=1

ωi∈Ωi∩Bδ(x̄), x∗i ∈NΩi
(ωi ) (i=1,...,m)

∥∥∥∥∥
m∑
i=1

x∗i

∥∥∥∥∥

Uniform regularity
Ω is uniformly regular at x̄ ⇐⇒ ∃α, δ > 0 such that∥∥∥∥∥

m∑
i=1

x∗i

∥∥∥∥∥ ≥ α

∀ωi ∈ Ωi ∩ Bδ(x̄), x∗i ∈ NΩi
(ωi) (i = 1, . . . ,m) with

∑m
i=1 ‖x∗i ‖ = 1
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Uniform regularity in Hilbert spaces

X – Hilbert space, Ω1,Ω2 – closed, Ω := {Ω1,Ω2},
x̄ ∈ bdΩ1 ∩ bdΩ2

Ω is uniformly regular at x̄ ⇐⇒ θ̂[Ω](x̄) > 0

θ̂[Ω](x̄) = lim
δ↓0

inf
‖v1‖+‖v2‖=1

ωi∈Ωi∩Bδ(x̄), vi∈NΩi
(ωi ) (i=1,2)

‖v1 + v2‖

=
1

2
lim
δ↓0

inf
ωi∈Ωi∩Bδ(x̄), vi∈NΩi

(ωi )∩S (i=1,2)
‖v1 + v2‖

ĉ[Ω](x̄) = − lim
δ↓0

inf
ωi∈Ωi∩Bδ(x̄), vi∈NΩi

(ωi )∩S (i=1,2)
〈v1, v2〉

2(θ̂[Ω](x̄))2 + ĉ[Ω](x̄) = 1
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ĉ[Ω](x̄) = − lim
δ↓0

inf
ωi∈Ωi∩Bδ(x̄), vi∈NΩi

(ωi )∩S (i=1,2)
〈v1, v2〉

2(θ̂[Ω](x̄))2 + ĉ[Ω](x̄) = 1
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Projections

X – Hilbert space, Ω 6= ∅ – closed,

PΩ(x) := {ω ∈ Ω | ‖x − ω‖ = d(x ,Ω)}

Ω
xω

x − ω

1 If dimX <∞, then PΩ(x) 6= ∅
2 If dimX <∞ and Ω is convex, then PΩ(x) is a singleton

3 ω ∈ PΩ(x) =⇒ x − ω ∈ NΩ(ω)
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Projections

X – Hilbert space, Ω 6= ∅ – closed,

PΩ(x) := {ω ∈ Ω | ‖x − ω‖ = d(x ,Ω)}

Ω
xω

x − ω

Proximal normal cone to Ω at ω ∈ Ω: Np
Ω(ω) := cone

(
P−1

Ω (ω)− ω
)

Np
Ω(ω) ⊂ NΩ(ω)
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Super-regularity of a set

X – Hilbert space, Ω 6= ∅ – closed,

Definition (Lewis, Luke, Malick, 2009)

Ω is super-regular at x̄ ∈ Ω if

〈x − ω, u − ω〉 ≤ γ‖x − ω‖ ‖u − ω‖

∀γ > 0, x ∈ X and u ∈ Ω near x̄ , ω ∈ PΩ(x)

Convexity ⇒ Super-regularity
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Alternating projections

X – Hilbert space, Ω1,Ω2 – closed, Ω := {Ω1,Ω2} ⊂ X , Ω1 ∩Ω2 6= ∅

Problem: Find a point in Ω1 ∩ Ω2

Definition
(xk) is generated by the alternating projections for Ω if

x2k+1 ∈ PΩ1(x2k) and x2k+2 ∈ PΩ2(x2k+1) (k = 0, 1, . . .)

Ω1

Ω2
xk+1 xk−1

xk
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Linear convergence

Definition
(xk) linearly converges to x if there is a constant c ∈ (0, 1) s.t.

‖xk+1 − x‖ ≤ c‖xk − x‖ ∀k sufficiently large

x
xk+1 xk−1

xk

c = 1√
2

x
xk−1

xk

xk+1

lim
k→∞

‖xk+1−x‖
‖xk−x‖

= 1
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Alternating projections: linear convergence

dimX <∞, Ω1,Ω2 – closed, Ω := {Ω1,Ω2} ⊂ X , Ω1 ∩ Ω2 6= ∅
Problem: Find a point in Ω1 ∩ Ω2

History
Ω1,Ω2 are convex and Ω is subregular
(Bauschke, Borwein, 1993)

Ω1 is super-regular and Ω is uniformly regular
(Lewis, Luke, Malick, 2009)

Ω1 is Ω2-super-regular and Ω is inherently transversal
(Bauschke, Luke, Phan, Wang, 2013)

Ω is intrinsically transversal
(Drusvyatskiy, Ioffe, Lewis; preprint 2014)
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Alternating projections: linear convergence

X – Hilbert space, Ω1,Ω2 – closed, Ω := {Ω1,Ω2}, Ω1 ∩ Ω2 6= ∅

Problem: Find a point in Ω1 ∩ Ω2

Theorem (Lewis, Luke, Malick, 2009)

Suppose that Ω is uniformly regular at x̄ ∈ Ω1 ∩ Ω2 and Ω1 is
super-regular at x̄ . Then, for any c ∈ (ĉ[Ω1,Ω2](x̄), 1), a sequence
generated by alternating projections for Ω linearly converges to a
point in Ω1 ∩ Ω2 with rate

√
c, provided x0 is close enough to x̄
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