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Abstract

The most important open problem in Monotone Operator Theory concerns the maximal mono-
tonicity of the sum of two maximally monotone operators provided that the classical Rockafel-
lar’s constraint qualification holds.

In this paper, we establish the maximal monotonicity of A + B provided that A and B are
maximally monotone operators such that star(dom A) Nint dom B # &, and A is of type (FPV).
We show that when also dom A is convex, the sum operator: A + B is also of type (FPV). Our
result generalizes and unifies several recent sum theorems.
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1 Introduction

Throughout this paper, we assume that X is a real Banach space with norm || - ||, that X* is the
continuous dual of X, and that X and X* are paired by (-,-). Let A: X = X* be a set-valued
operator (also known as a relation, point-to-set mapping or multifunction) from X to X*, i.e., for
every € X, Az C X*, and let graA := {(z,2*) € X x X* | 2* € Az} be the graph of A. Recall
that A is monotone if

(x —y, 2" —y*) >0, V(z,z%) €graAV(y,y") € gra A,
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and mazimally monotone if A is monotone and A has no proper monotone extension (in the sense
of graph inclusion). Let A : X = X* be monotone and (z,z*) € X x X*. We say (x,z*) is
monotonically related to gra A if

(x —y,x" —y*) >0, V(y,y") € graA.

Let A: X = X* be maximally monotone. We say A is of type (FPV) if for every open convex set
U C X such that U Ndom A # &, the implication

x € U and (z, 2¥) is monotonically related to gra AN (U x X*) = (x,2") € gra A

holds. We emphasize that it remains possible that all maximally monotone operators are of type
(FPV). Also every (FPV) operator has the closure of its domain convex. See [28] 27, 8, [10] for this
and more information on operators of type (FPV). We say A is a linear relation if gra A is a linear
subspace.

Monotone operators have proven important in modern Optimization and Analysis; see, e.g., the
books [1}, [8l, 14, 15}, 20} 27, 28], 25, 40, [41],[42] and the references therein. We adopt standard notation
used in these books: thus, dom A := {x € X | Ax # @} is the domain of A. Given a subset C of X,
int C is the interior of C, bdry C' is the boundary of C, aff C' is the affine hull of C', C' is the norm
closure of C, and span C is the span (the set of all finite linear combinations) of C. The intrinsic
core or relative algebraic interior of C, *C [40], is defined by ‘C := {a € C | Vx € aff(C — C),36 >
0,VA € [0,0] : @+ Az € C}. We then define “C by

iccr.— {ZC, if aff C' is closed;

&, otherwise,

The indicator function of C, written as v¢, is defined at x € X by

0, ifzedC,
to(x) = {

oo, otherwise.

fC,DC X weset C—D={x—y|zeC,yec D}. Forevery x € X, the normal cone operator
of C at x is defined by N¢(z) := {2* € X* | sup,cc(c — z,2*) <0}, if z € C; and Ne(z) = @, if
x ¢ C. We define the support points of C, written as supp C, by supp C := {c € C' | No(c) # {0}}.
For z,y € X, we set [z,y] := {tx + (1 —t)y | 0 < ¢t < 1}. We define the centre or star of C' by
star C :={z € C' | [x,c] C C, Vc € C} [7]. Then C is convex if and only if star C = C.

Given f: X — ]—00, +0o0], we set dom f := f~}(R). We say f is proper if dom f # @. We also
set Py : X x X* — X: (z,2*) — . Finally, the open unit ball in X is denoted by Ux := {x € X |
||| < 1}, the closed unit ball in X is denoted by Bx := {z € X | |lz|| <1}, and N:= {1,2,3,...}.
We denote by — and —+ the norm convergence and weak® convergence of nets, respectively.

Let A and B be maximally monotone operators from X to X*. Clearly, the sum operator
A+ B: X = X*: z — Az + Bx := {a* 4+ b* | a* € Az and b* € Bz} is monotone. Rockafellar
established the following very important result in 1970.



Theorem 1.1 (Rockafellar’s sum theorem) (See [24, Theorem 1] or [§].) Suppose that X is
reflexive. Let A, B : X = X* be maximally monotone. Assume that A and B satisfy the classical
constraint qualification

dom A Nintdom B # &.

Then A + B is mazximally monotone.

Arguably, the most significant open problem in the theory concerns the maximal monotonicity
of the sum of two maximally monotone operators in general Banach spaces; this is called the “sum
problem”. Some recent developments on the sum problem can be found in Simons’ monograph
[28] and [4, 5] 6] 8l 12, 11, B6, 19, B1], 37, B8, B9]. It is known, among other things, that the sum
theorem holds under Rockafellar’s constraint qualification when both operators are of dense type
or when each operator has nonempty domain interior [8, Ch. 8] and [35].

Here we focus on the case when A is of type (FPV), and B is maximally monotone such that
star(dom A) N int dom B # @.

(Implicitly this means that B is also of type (FPV).) In Theorem we shall show that A + B
is maximally monotone. As noted it seems possible that all maximally monotone operators are of
type (FPV).

The remainder of this paper is organized as follows. In Section [2| we collect auxiliary results for
future reference and for the reader’s convenience. In Section [3| our main result (Theorem is
presented. In Section[d] we then provide various corollaries and examples. We also pose several sig-
nificant open questions on the sum problem. We leave the details of proof of Case 2 of Theorem
to Appendix

2 Auxiliary Results

We first introduce one of Rockafellar’s results.

Fact 2.1 (Rockafellar) (See [23, Theorem 1] or [28, Theorem 27.1 and Theorem 27.3].) Let
A X = X* be maximally monotone with intdom A # &. Then intdom A = intdom A and
int dom A and dom A are both convez.

The Fitzpatrick function defined below has proven to be an important tool in Monotone Operator
Theory.

Fact 2.2 (Fitzpatrick) (See [I7, Corollary 3.9].) Let A: X == X* be monotone, and set

(1) Fp: X x X* = ]—00,+00] : (z,2") =  sup  ((z,a*) + (a,2%) — (a,a”)),
(a,a*)egra A



the Fitzpatrick function associated with A. Suppose also A is mazimally monotone. Then for every
(x,z*) € X x X*, the inequality (z,x*) < Fa(x,z*) is true, and the equality holds if and only if
(x,2*) € gra A.

The next result is central to our arguments.

Fact 2.3 (See [33, Theorem 3.4 and Corollary 5.6], or [28, Theorem 24.1(b)].) Let A,B : X =
X* be mazimally monotone operators. Assume |Jy5o A [Px(dom Fy) — Px(dom Fp)] is a closed

subspace. If
FA+B > <'7 > on X X X*v

then A + B is mazimally monotone.

We next cite several results regarding operators of type (FPV).

Fact 2.4 (Simons) (See [28, Theorem 46.1].) Let A : X = X* be a mazimally monotone linear
relation. Then A is of type (FPV).

The following result presents a sufficient condition for a maximally monotone operator to be of
type (FPV).

Fact 2.5 (Simons and Verona-Verona) (See [28, Theorem 44.1], [29] or [5].) Let A: X =% X*
be mazximally monotone. Suppose that for every closed convex subset C of X with dom ANint C' # &,
the operator A + N¢ is mazximally monotone. Then A is of type (FPV).

Fact 2.6 (See [2, Lemma 2.5].) Let C be a nonempty closed convex subset of X such thatint C' # @.
Let ¢y € int C' and suppose that z € X ~ C. Then there exists X € ]0,1[ such that Aco + (1 — N)z €
bdry C.

Fact 2.7 (Boundedness below) (See [9, Fact 4.1].) Let A : X = X* be monotone and x €
int dom A. Then there exist § > 0 and M > 0 such that x+6Bx C dom A and sup,¢, 55, ||Aal <
M. Assume that (z,z*) is monotonically related to gra A. Then

(z —2,2%) 2 6|17 = (Ilz — =l + ) M.

Fact 2.8 (Voisei and Zalinescu) (See [30, Corollary 4].) Let A,B : X =% X* be mazimally
monotone. Assume that ““(dom A) # &, (dom B) # @ and 0 € [dom A — dom B]. Then A+ B
1s mazimally monotone.

The proof of the next Lemma follows closely the lines of that of [I2] Lemma 2.10]. It
generalizes both [I2] Lemma 2.10] and [3, Lemma 2.10].

Lemma 2.9 Let A : X = X* be monotone, and let B : X =% X* be a maximally monotone
operator. Suppose that star(dom A) Nintdom B # @. Suppose also that (z,2*) € X x X* with
z € dom A is monotonically related to gra(A + B). Then z € dom B.
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Proof. We can and do suppose that (0,0) € gra ANgra B and 0 € star(dom A)Nint dom B. Suppose
to the contrary that z ¢ dom B. Then we have z # 0. We claim that

(2) Ny + B is maximally monotone.

Because z # 0, we have 3z € (dom Np.)).  Clearly, “(domB) # @ and 0 €
ic [dom Npp,») — dom B]. By Fact Njp;) + B is maximally monotone and hence holds.
Since (z, 2*) ¢ gra(Njg ) + B), there exist A € [0,1] and z*,y* € X* such that (\z,2*) € gra Ny ;,
(Az,y*) € gra B and

(3) (z = Az, 2" — 2" —y*) <O,

Now A < 1, since (Az,y*) € gra B and z ¢ dom B, by ,
(4) (z,—2") + (2, 2" —y") = (2,2" — 2" —y*) <O.
Since (Az,2*) € gra Njg .|, we have (z — Az,z*) < 0. Then (2, —z*) > 0. Thus implies that
(5) (z,2" —y*) <.
Since 0 € star(dom A) and z € dom A, Az € dom A. By the assumption on (z, z*), we have
(z—=Az,2" —a" —y") >0, Va* e A(\2).
Thence, (z,2* — a* — y*) > 0 and hence
(6) (z,2" —y*) > (2,a"), Va" € A(\z).
Next we show that
(7) (z,a*) >0, Fa* € A(\z).
We consider two cases.
Case 1: A =0. Then take a* = 0 to see that holds.

Case 2: A # 0. Let a* € A(Az). Since (A\z,a*) € gra A, (Az,a*) = (Az—0,a* —0) > 0 and hence
(z,a*) > 0. Hence holds.

Combining @ and 7
(2,2 —y*) >0, which contradicts .
Hence z € dom B. -

The proof of Lemma is modelled on that of [37, Proposition 3.1]. It is the first in a sequence
of lemmas we give that will allow us to apply Fact [2.3]



Lemma 2.10 Let A : X = X* be monotone, and let B : X = X* be mazimally monotone. Let
(z,2%) € X x X*. Suppose x¢ € dom ANintdom B and that there exists a sequence (an, @) )neN in

gra AN (domB X X*) such that (ap)nen converges to a point in [z, z[, while
(8) (z = an, ap) — +00.

Then Faip(z,2*) = +00.

Proof. Since a,, € dom B for every n € N, we may pick v} € B(a,). We again consider two cases.
Case 1: (v} )nen is bounded.

Then we have

*

Fasn(s,27) > sup [(an,2) + (2 — anya5) + {2 — an, 03]
{neN}

> sup [=llan| - [[2"]] 4+ (z = an, az,) — ||z = anl| - [0
{neN}

=400 (by and the boundedness of (v))nen).
Hence Fa4p(z,2") = +00.
Case 2: (v} )nen is unbounded.
By assumption, there exists 0 < A < 1 such that
(9) an — T + Az — o).
We first show that

(10) limsup (z — ap, v;;) = +00.

n—oo

Since (v})nen is unbounded and, after passing to a subsequence if necessary, we may assume that
|lvs|l # 0,¥n € N and that ||v};|| — +00. By z¢ € intdom B and Fact there exist dg > 0 and
Ky > 0 such that

(11) {an — w0, v5) = dollvpll = ([lan — zol[ + do) Ko.

Then we have

. - do) K
(12) (an — x0, UZ ) > b0 — Ul $0|*|+ 0) 0 vneN.
[0 [0
By the Banach-Alaoglu Theorem (see [26], Theorem 3.15]), there exist a weak™ convergent subnet

(”Zﬁ)wep of (HZﬁ)nGN such that

(13) —L sk € X*.



Using @ and taking the limit in along the subnet, we obtain
(14) (Mz = x0),v5.) > do.

Hence A is strictly positive and

(15) (z — wo,v3) > % > 0.

Now assume contrary to that there exists M > 0 such that

limsup(z — an, v,,) < M.

n—oo

Then, for all n sufficiently large,
(z —ap,v,) <M +1,

and so
v:‘z ) < M;i— 1.
vl (vl

Then by @ and , taking the limit in along the subnet again, we see that

(16) (z — an,

(I =X)(z —xo,v%) <0.
Since A < 1, we see (z — xg,v},) < 0 contradicting , and holds. By and ,

Faip(z,2%) > sup [(an, 2%) + (z — an, an) + (z — ap, v))] = +00.
neN

Hence
FA+B(Z7 Z*) = 400,
as asserted. [ |

We also need the following two lemmas.

Lemma 2.11 Let A: X == X* be monotone, and let B : X = X* be mazimally monotone. Let
(z,2%) € X x X*. Suppose that xo € dom A Nint dom B and that there exists a sequence (an)nen
in dom A Ndom B such that (an)nen converges to a point in [xo, z[, and that

(17) an € bdrydom B, Vn € N.

Then Faip(z,2%) = +oo.



Proof. Suppose to the contrary that

(18) (z,2") € dom Fa4 p.
By the assumption, there exists 0 < A < 1 such that

(19) an — xo + Az — o).

By the Separation Theorem and Fact there exists (y))nen in X* such that ||yf|| = 1 and
yn € Nyo—p(an). Thus ky; € Np—5(a,), ¥k > 0. Since xg € int dom B, there exists § > 0 such
that zo + Bx C dom B. Thus

(Y, an) > sup (yn, xo + 6Bx) > (yn, x0) + sup (ys, 6Bx ) = (yn. o) + 6||yy ||
= <y,’;,xo> =+ 9.

Hence
(20) <y;§, ap — .1‘0> > 0.

By the Banach-Alaoglu Theorem (see [26, Theorem 3.15]), there exists a weak® convergent and
bounded subnet (y});co such that

(21) Y 7wt Yno € X ™.
Then and imply that
<y;o, Az — m0)> > 0.

Thus, as before, A > 0 and

> 0.

>|

(22) <y:|)<ov z — 1E0> Z
Since B is maximally monotone, B = B + Ny—5. As a, € dom AN dom B, we have

Fayp(z,2") >sup [(z — an, A(an)) + (z — an, B(an) + ky;) + (z*,an)], Vn € N,Vk > 0.

Thus

FAJFBk(Z’Z) > sup [<z — O, A(an)> + <z — Qn, Blan) + y;;> + (z,an>] ; VneN,Vk>0.

k k k
Since (z,2*) € dom Fayp by (18), on letting & — oo we obtain
02<z—an,y;:>, Vn € N.

Combining with , and taking the limit along the bounded subnet in the above inequality,
we have

0> ((1=A)(z —20),y%)-



Since A < 1,
(z — 20,y%) <0,
which contradicts .
Hence Faip(z,2%) = +o0. [ ]

Lemma 2.12 Let A: X = X* be of type (FPV). Suppose xo € dom A but that z ¢ dom A. Then

there is a sequence (G, a) )nen in gra A so that (an)nen converges to a point in [xo, z[ and

(z — an,ar) — +o0.
Proof. Since z ¢ dom A, z # xy. Thence there exist & > 0 and y§ € X* such that (y},z — zo) > a.
Set
Up == [x0,2] + 1Ux, VneN.

Since zp € dom A, U, Ndom A # @. Now (z,ny;) ¢ graA and z € U,. As A is of type (FPV),
there exist (ap,a) )nen in gra A with a,, € U, such that

(23) (z —an,an) > (z — ap,nyp)-
As ay, € Uy, (ap)nen has a subsequence convergent to an element in [zg, z]. We can assume that
(24) an — o+ Az —x0), where 0< <1,
and since z ¢ dom A, we have A < 1. Thus, xo + A(z — o) € [z, 2].
Thus by and (z — x0,y5) > o >0,

(z = an,y5) — (1= N){(z — zo,y5) > (1 — N)a > 0.

Hence there exists Ny € N such that for every n > Ny

(1-XNa

5 > 0.

(25) <Z - an7y5> Z
Appealing to , we have
1-A
<z - an,afl> > (Q)Oén >0, Vn> Ny,

and so <z — Gy, aj;> — 400. This completes the proof. |



3 Our main result

Before we come to our main result, we need the following two technical results which let us place
points in the closures of the domains of A and B. The proof of Proposition follows in part that
of [37, Theorem 3.4].

Proposition 3.1 Let A: X =% X* be of type (FPV), and let B : X = X* be mazimally monotone.
Suppose that dom A Nintdom B # &. Let (z,2*) € X x X* with z € dom B. Then

Faip(z,2") > (z,27%).
Proof. Clearly, Fayp(z,2%) > (z,2%) if (z,2"*) ¢ dom Fa1p. Now suppose that (z, z*) € dom Fa4 p.
We can suppose that 0 € dom A Nint dom B and (0,0) € gra A N gra B. Next, we show that
(26) Fa,p(tz,tz*) > t%(2,2*) and tz € intdomB, Vt€]0,1].
Fix t €]0,1[. As 0 € intdom B, z € dom B, Fact and [40, Theorem 1.1.2(ii)] imply
(27) tz € int dom B,
and Fact strengthens this to

(28) tz € int dom B.

We again consider two cases.
Case 1: tz € dom A.
On selecting a* € A(tz),b* € B(tz), the definition of the Fitzpatrick function shows
Faip(tz,tz") > (t2",tz) + (tz,a” + b*) — (tz,a” +b*) = (tz,tz").
Hence holds.
Case 2: tz ¢ dom A.

If (z,2%) <0, then Faip(tz, tz*) > 0 > (tz,tz*) because (0,0) € graANgraB. So we assume
that

(29) (z,2%) > 0.
We first show that

(30) tz € dom A.
Set

U, = [0,tz] + 1Ux, VneN.
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Since 0 € dom A, U,, Ndom A # @. Since (tz,nz*) ¢ gra A and tz € U,, while A is of type (FPV),
there is (ap, @} )nen in gra A with a, € U, such that

(31) (tz,ar) > n(tz — an, 2%) + (an, a}).
As a,, € Uy, (an)nen has a subsequence convergent to an element in [0,tz]. We can assume that
(32) an, — Az, where 0< A<t

As tz € intdom B also Az € int dom B,and so appealing to Fact there exist N € Nand K >0
such that

(33) anp € intdom B and sup |[v*|| < K, Vn>N.
v*€B(an)

We claim that
(34) A=t

Suppose to the contrary that 0 < XA < t. As (ap,a)) € gra A and holds, for every n > N

Faip(z,2%)

> sup [(an 2" + (2,05 — (an,al) + (2 — an,0%)
{v*€B(an)}

> sup  [{an,2") +(z,a,) — {(an, a,) — K|z — a,][]
{”*EB(‘M)}

> {an, 2%) + (2, a,) — (an, ap) — K|z — an||
> (ap, 2") + %n(tz —an,z") + %(an, ay) — {an,ar)y — K||z — ay| (by )
> (an, 2*) + In(tz — an, 2*) — K[|z — ay|| (since (an,ak) > 0 by (0,0) € graA and ¢t < 1).

Divide by n on both sides of the above inequality and take the limit with respect to n. Since
and Fa1p(z,2*) < 400, we obtain

(1= 2)(2,2") = (2 — 22,2%) <0.

Since 0 < A < t, we obtain (z, 2*) < 0, which contradicts . Hence A =t and by tz € dom A
so that holds.

We next show that

(35) Fayp(tz,tz*) > t*(z, 2%).

Set
H, =tz + %UX, Vn € N.

Note that H,, Ndom A # &, since tz € dom A\dom A by (30).
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Because (tz,tz*) ¢ gra A and tz € Hy, and A is of type (FPV), there exists (by, b} )nen in gra A
such that b,, € H,, and

(36) (t2,0%) + (b, t2*) — (b, b5) > t3(z,2*), ¥n € N.
As tz € intdom B and b, — tz, by Fact there exist N; € N and M > 0 such that

(37) by, € intdom B and sup |[v*|| <M, Vn> Nj.
v*€B(bn)

We now compute

Faip(tz,tz*) > sup  [(bn,tz") + (tz,b),) — (b, b)) + (tz — by, )], VYn > N;

{c*€B(bn)}
> sup [t2<z, )+ (tz — by, )], VYn> Ny (by (36))
{c*€B(bn)}
(38) > sup [t2(2,2*> — M|tz — an] , Vn>N; (by )

Thus,
Fayip(tz,tz*) > t3(z, 2%)

because b, — tz. Hence Fa, p(tz,tz*) > t?(z, 2*). Thus holds.

Combining the above cases, we see that holds. Since (0,0) € gra(A + B) and A + B is
monotone, we have Fu1p(0,0) = (0,0) = 0. Since F44p is convex, implies that

tFA (2, 2%) = tFayp(2,2%) + (1 — ) Fa 5(0,0) > Fa,p(tz, t2*) > t3(z,2%), Vt€]0,1].
Letting ¢t — 17 in the above inequality, we obtain Fayp(z,2*) > (z,2%). [
We have one more block to put in place:

Proposition 3.2 Let A: X = X* be of type (FPV), and let B : X = X* be mazimally monotone.
Suppose star(dom A) Nintdom B # &, and (z,z*) € dom Fayp. Then z € dom A.

Proof. We can and do suppose that 0 € star(dom A) Nintdom B and (0,0) € graANgraB. As
before, we suppose to the contrary that

(39) z ¢ dom A.

Then z # 0. By the assumption that z ¢ dom A, Lemma implies that there exist (an,a))nen
in graA and 0 < X\ < 1 such that

(40) (z —ap,ay) — +o0 and a, — Az.

We yet again consider two cases.

Case 1: There exists a subsequence of (a,)pen in dom B.

12



We can suppose that a, € dom B for every n € N. Thus by and Lemma we have
Fuyp(z,2%) = +o0, which contradicts our original assumption that (z,z*) € dom F4 p.

Case 2: There exists N1 € N such that a, ¢ dom B for every n > Nj.

Now we can suppose that a,, ¢ dom B for every n € N. Since a,, ¢ dom B, Fact and Fact
shows that there exists A, € [0,1] such that

(41) Anay, € bdry dom B.

By , we can suppose that

(42) Anln — AsoZ.

Since 0 € star(dom A) and a,, € dom A, A\,ay, € dom A. Then implies that

(43) Ao < 1.

We further split Case 2 into two subcases.

Subcase 2.1: There exists a subsequence of (A,ap)nen in dom B. We may again suppose \pa, €
dom B for every n € N. Since 0 € star(dom A) and a, € dom A, A\,a, € domA. Then by

and (42)), and Lemma Faip(z,2*) = +00, which contradicts the hypothesis that
(2,2%) € dom Fayp.

Subcase 2.2: There exists Ny € N such that A\,a, € dom B for every n > Ns. We can now
assume that A\,a, ¢ dom B for every n € N. Thus a, # 0 for every n € N. Since 0 € int dom B,

and imply that 0 < Ao and then by
(44) 0< Ao <1

Since 0 € int dom B, implies that A, > 0 for every n € N. By , llan, — z|| - 0. Then we can
and do suppose that ||a, — z|| # 0 for every n € N. Fix n € N. Since 0 € int dom B, there exists
0 < po < 1 such that poBx C dom B. As 0 € star(dom A) and a,, € dom A, \,a, € dom A. Set

(45) bp := Apa, and take b, € A(Apan).
Next we show that there exists e, € ]O,%[ such that with H, := (1 — ,)b, + enpoUx and

0= 5y | 2lell + 2llanll + 2+ (Jan | + 12l

0 } , we have

1
(46) H, Cdom B and inf |B(H,)|| = n(1+ 70||b}||), while &, max{[la,]|,1} < §Hz — ap||An.

For every s € )0, 1], and Fact imply that (1—s)b, + spoBx C dom B. By Fact again,
(1 = 8)by, + spoUx C intdom B = int dom B.

13



Now we show the second assertion of . Let k € N and (sg)ren be a positive sequence such
that s — 0 when & — oco. It suffices to show

(47) lim inf HB((l — i)y + skpoUx) H = +o0.

k—00

Suppose to the contrary there exist a sequence (cx, ¢ )ren in gra BN [((1 — Sk)bn + skngX) X X*]
and L > 0 such that supcy ||ci|| £ L. Then ¢, — b, = A\pap. By the Banach-Alaoglu Theorem
(again see [26, Theorem 3.15]), there exist a weak™ convergent submet, (cj)ges of (cj)ren such
that ¢ —u+c5, € X*. [9, Corollary 4.1] shows that (Anan,c,) € graB, which contradicts our
assumption that A,a, ¢ dom B. Hence holds and so does .

Set t,, ;= 5229 and thus 0 < ¢, < i. Thus

= Dallz—an]
(48) tadnz + (1 —t,)(1 —en)by, € Hy,.
Next we show there exists (@, @, )nen in gra AN (H, x X*) such that
(49) (2 = am,an") > —70l|by |-
We consider two further subcases.

Subcase 2.2a: (tn)\nz + (1 —tn)(1 —epn)by, (1 + tn)b:;) € graA. Set (an,an’) := (tn)\nz +(1-
tn)(1 = €n)bn, (14 t,)b}). Since (0,0) € gra A, (by,bj;) > 0.

Then we have
<tn)\nz —a, a,;> - <tn)\nz —tdnz — (1= tn)(1 — e)bn, (14 tn)b;';>
(50) = < (1= )1 — 2n)bn, (1 + tn)b;> - 7<(1 —2)1 - sn)bn,b:;> > —<bn,b;§>.
On the other hand, and the monotonicity of A imply that
<tn>\nz + (1= tn)(1 = en)by — bn,tnb;> - <tn)\nz (1= tn)(1 = )by — by, (1 + L)b — b;;> > 0.
Thus
(51) (tadnz = [1 = (1= ta)(1 = 0)] b, b ) = 0.

Since 1 — (1 —t,)(1 — &,) > 0 and (by,,b%) = (b, — 0,b — 0) > 0, implies that (t,\,z,05) >0
and thus

(2,05) > 0.

Then by a,” = (1 + t,)b}, and t,\, <1, implies that

(2= @) = =(ba, 52) = =lball - 1551 > =llanl - 1551 > =70l153]1
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Hence holds.

Subcase 2.2b: (tpAnz+(1—tn)(1—€n)bn, (1+t,)b) ¢ gra A. By 0 € star(dom A) and a,, € dom A,
we have (1 — e,)\pa, € dom A, hence dom AN H,, # @. Since ty, \pz + (1 —t,)(1 — ep)by, € Hy
by ([@8), (tndnz + (1 — tn)(1 — €n)by, (1 + to)b}) ¢ graA and A is of type (FPV), there exists
(an,an”) € gra A such that a, € H, and

<tn)\nz (1= t)(1— en)b — @y @ — (14 tn)b;;> >0
= (tadnz = [1= (1= ) (1 = )] @ + (1= ta)(1 = 20) (b — @), @” — b} )
> <tn)\nz F (1= t)(1 = en)by — @, tnb;;> > <tn)\nz _a, tnb;;> (since (by, b)) > 0)
= <tn)\nz = (1=t — e, @ — b;;>
> <(1 1)1 — £2)(bn — @), bE — a;> n <tn)\nz ol tnb;;>
= (tadnz = [1= (1= ta)(1 = £)] @, @ = b ) > (tadaz — s tub)
= <tn)\nz —[tn + € — tnen] @, a;*> > <tn)\nz _a tnb;;> + <tn)\nz —[tn + En — tucn] @n, b;;>.

Since </a/\7’/laa\7’-;*> = </a/\7’/L_07/a/\7'/L* _0> Z 0 and tn+5n_tn5n 2 tn Z tnAn; < [tn + En — tngn] a’;{? ZI:—;*> 2

tn)\n<a;, ZL};*> Thus

<tn)\nz — A a;> > <tn)\nz —an, tnb;;> n <tn)\nz ~tn + En — tntn] @n, b;;>

(e oy (e, i) (et

Antn, ’ An Antn
— —~ 1 . En 1 _
= <z—an, an > > <tn)\nz—an, —bn>+<z— 14+ — —¢e,| —an, bn>
An tn An
., 1., . 1 2An|z — an||
= (2=, @) > =10 (2l + laall 1) = 1311 (1121 + 5= Claal + 1) (1 + ==HE=220)
/\n )\n £0
— 1 2 ||z — a
= (=@ @) > =1l 2l + 2]+ 2 el + 1) 2 E= 2 g,
n £0
Finally, combining all the subcases, we deduce that holds.
Since g, < % and a, € H,, shows that
(52) ap — Aoo?-
Take w}, € B(ay) by (46). Then by again,
(53) [wn |l = n(L+70l[b[]),  Vn € N.
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Then by , we have

~rollbill + (2 = @) + (") < (2= am @) + (== @n,wi) + (=", )

Thus
70|05 — w A F z,z*
[[w3 | w3l [yl [[wy |l

By the Banach-Alaoglu Theorem (see [26, Theorem 3.15]), there exist a weak™® convergent subnet,

(||Z}||)i€1 of ”zﬁ such that

(55) i el € X*

Combine , and , by Fa+p(z,2*) < 400, and take the limit along the subnet in
to obtain

<z — /\OOz,wzo> <0.

Then shows that

(56) <z,w§o> < 0.

On the other hand, since 0 € int dom B, Fact implies that there exists p; > 0 and M > 0 such
that

(@mywn) = prlwill = (@l + 1) M.
Thus

*

<N o >2p1—w'

a
"l [

Use , and , and take the limit along the subnet in the above inequality to obtain

<)\OOz, w:o> > p1.

Hence

which contradicts .
Combining all the above cases, we have arrived at z € dom A. |

We are finally ready to prove our main result. The special case in which B is the normal cone
operator of a nonempty closed convex set was first established by Voisei in [34].
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Theorem 3.3 ((FPV) Sum Theorem) Let A,B : X =% X* be mazimally monotone with
star(dom A)Nint dom B # &. Assume that A is of type (FPV). Then A+ B is maximally monotone.

Proof. After translating the graphs if necessary, we can and do assume that 0 € star(dom A) N
int dom B and that (0,0) € graA N graB. By Fact dom A C Px(dom Fy) and dom B C
Px(dom Fp). Hence,

(57) | A(Px(dom Fa) — Px(dom Fi)) = X.
A>0

Thus, by Fact it suffices to show that
(58) Faip(z,2*) > (2,2%), V(z,2") e X x X".
Take (z,2*) € X x X*. Then

FA+B(Z7 Z*)

(59) = { sup } (z,2") + (z —z,2") + (2 — 2,¥") — tgraa(x, ") — tgaB(z,¥")].
T,r*,y*

Suppose to the contrary that there exists n > 0 such that

(60) FA+B(*Z’Z*)+77< <Z72*>7
so that
(61) (z,2") is monotonically related to gra(A + B).

Then by Proposition [3.1] and Proposition ,
(62) z € dom A\dom B.
Now by Lemma 2.9
(63) z ¢ dom A.

Indeed, if z € dom A, Lemma and show that z € dom B. Thus, z € dom A Ndom B and
hence Fayp(z,2*) > (2, 2*) which contradicts (60)). Thence we have established (63)).

Thus implies that there exists (an,a))nen in gra A such that
(64) an — 2.

By , a, ¢ dom B for all but finitely many terms a,. We can suppose that a, ¢ dom B for all
n € N. Fact [2.1) and Fact [2.6{ show that there exists A, € ]0, 1[ such that

(65) Anayn € bdry dom B.
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By , we can assume that

(66) An — Ao € [0,1]  and thus A,a, — Axoz.
Then by and
(67) Ao < 1.

We consider two cases.
Case 1: There exists a subsequence of (A,ap)nen in dom B.

We can suppose that \,a, € domB for every n € N. Since 0 € star(dom A) and a,, € dom A,
Anln € domA Then by (65) . ., and Lemma -, 2.11} Fa+p(z,2*) = 400, which contradicts
. ) that (z,2*) € dom Fa4p.

Case 2: There exists N € N such that A\,a,, € dom B for every n > N.

We can suppose that \,a, ¢ dom B for every n € N. Thus a,, # 0 for every n € N. Following
the pattern of Subcase 2.2 in the proof of Proposition [3.2|[[] we obtain a contradiction.

Combing all the above cases, we have F4yp(z,2*) > (z,2*) for all (z,2*) € X x X*. Hence
A+ B is maximally monotone. |

Remark 3.4 In Case 2 in the proof of Theorem (see Appendix [5| below), we use Lemma
to deduce that ||a, — z|| # 0. Without the help of Lemma we may still can obtain as
follows. For the case of a,, = z, consider whether ((1 — en)bn,O) = ((1 — en))\nz,O) € H, x X* is
in gra A or not. We can deduce that there exists (@, an " )nen in gra AN (H, x X*) such that

<Z —E;,a;*> 2 0.

Hence holds, and the proof of Theorem can be achieved without Lemma O

4 Examples and Consequences

We start by illustrating that the starshaped hypothesis catches operators whose domain may be
non-convex and have no algebraic interior.

Example 4.1 (Operators with starshaped domains) We illustrate that there are many
choices of maximally monotone operator A of type (FPV) with non-convex domain such that
‘“dom A = int dom A = @ and star(dom A) # @. Let f: R? — ]—o00, +0oc] be defined by

(2.9) {m“{l —Va lyl}y itz >0

00, otherwise.

"'We banish the details to Appendix [5|to spare the readers.
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Consider an infinite dimensional Banach space X containing a nonempty closed and convex set
C such that *“C = @. It is not known whether all spaces have this property but all separable or
reflexive spaces certainly do [8]. Define 4 : (R? x X) = (R? x X*) by

(v, w) = <6f(v),8Lc(w)) = 9F (v, w),

where F := f @ 1c. Define || - || on R? x X by |[(v,w)]| := [Jv| + ||w].

Then f is proper convex and lowers semicontinuous and so, therefore, is F. Indeed, [22, Example
before Theorem 23.5, page 218] shows that dom df is not convex and consequently dom A is not
convex. (Many other candidates for f are given in [8, Chapter 7].) Clearly, A = OF is maximally
monotone. Let wy € C and vp = (2,0). Consider (vg,wp) € R? x X. Since vy = (2,0) € int dom df,
vp € star(domdf) since dom f is convex. Thus (v, wp) € star(dom A). Since “C' = @ and so
int C' = @, it follows that “dom A = intdom A = @. [28, Theorem 48.4(d)] shows that A = OF is
of type (FPV). O

The next example gives all the details of how to associate the support points of a convex set to a
subgradient. In [I8], [I3] and [8, Exercise 8.4.1, page 401] the construction is used to build empty
subgradients in various Fréchet spaces and incomplete normed spaces.

Example 4.2 (Support points) Suppose that X is separable. We can always find a compact

convex set C' C X such that spanC # X and spanC = X [§]. Take zg ¢ spanC. Define
f:X = ]—00,+00] by

(68) f(z) =min{t e R |z +txg € C}, VrelX.

By direct computation f is proper lower semicontinuous and convex, see [18]. By the definition of
f,dom f =C 4+ Rxy. Let t € R and ¢ € C. We shall establish that

Ne(e)n{y* € X* *xo)y =—1}, if ¢ € suppC
(69) O f (Lo + ) = c(e)n{y | (y*, 20) } upp 5.
g, otherwise.
Thence, also domdf = Rzy + supp C.
First we show that the implication

(70) trg+c=sxg+d, wheret,seR,c,deC = t=s and c=d

holds. Let ¢t,s € R and ¢,d € C. We have (t — s)xg = d — ¢ € spanC — span C' = span C. Since
xo ¢ spanC, t = s and then ¢ = d. Hence we obtain .

By , we have
(71) fltxo+c)=—t, VteRVeeC.

We next show that holds.

19



Since dom f = C + Rz, by , we have

" € df (txg + ¢)
= <x*,sx0+d—(ta:0—|—c)> < f(sxo+d)— f(teg+¢)=—s+t, VseRVdeC

(
(
& <x*,5$0> < —s and <:C*,d— c> <0, VseR,Vde(C
<:L‘*,saco> <—-s and z" € Ng(c),z"#0, VseR

& <.CC*,£C()> =—1, z*€ N¢g(c) and ¢ € suppC.

Hence holds.

As a concrete example of C' consider, for 1 < p < oo, any order interval C := {x € /P(N): a <
z < B} where a < € (P(N). The example extends to all weakly compactly generated (WCGQ)
spaces [§] with a weakly compact convex set in the role of C. O

We gave the last example in part as it allows one to better understand what the domain of a
maximally monotone operator with empty interior can look like. While the star may be empty, it
has been recently proven [32], see also [16], that for a closed convex function f the domain of Jf is
always pathwise and locally pathwise connected.

An immediate corollary of Theorem is the following which generalizes [37, Corollary 3.9].

Corollary 4.3 (Convex domain) Let A,B : X =% X* be maxzimally monotone with dom A N
intdom B # @&. Assume that A is of type (FPV) with convex domain. Then A + B is maximally
momnotone.

An only slightly less immediate corollary is given next.

Corollary 4.4 (Nonempty interior) (See [5, Theorem 9(i)] or Fact2.8]) Let A, B : X = X* be
mazimally monotone with int dom A Nintdom B # &. Then A+ B is mazximally monotone.

Proof. By the assumption, there exists xg € int dom A Nint dom B. We first show that A is of type
(FPV). Let C be a nonempty closed convex subset of X, and suppose that dom ANint C # &. Let
x1 € dom ANint C. Factand [40, Theorem 1.1.2(ii)] imply that [z, z1][ € int dom A = int dom A.
Since x1 € int C, there exists 0 < § < 1 such that x1 +d(xg—z1) € int dom ANint C. Then No+ A
is maximally monotone by Corollary and [28, Theorem 48.4(d)]. Hence by Fact A is of
type (FPV), see also [5].
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Since z € int dom A, Fact [2.1]and [40, Theorem 1.1.2(ii)] imply that z¢ € star(dom A) and hence
we have xg € star(dom A) Nint dom B. Then by Theorem we deduce that A 4+ B is maximally
monotone. |

Corollary 4.5 (Linear relation) (See [12, Theorem 3.1].) Let A : X = X* be a mazimally
monotone linear relation, and let B : X = X* be maximally monotone. Suppose that dom A N
intdom B # @. Then A+ B is mazimally monotone.

Proof. Apply Fact 2.4 and Corollary [.3] directly. [

The proof of our final Corollary is adapted from that of [37, Corollary 2.10] and [12, Corol-
lary 3.3]. Moreover, it generalizes both [37, Corollary 2.10] and [12], Corollary 3.3].

Corollary 4.6 (FPV property of the sum) Let A,B: X = X* be mazimally monotone with
dom ANint dom B # &. Assume that A is of type (FPV) with convexr domain, as holds if A is type
(FPV) with closed domain. Then A+ B is of type (FPV).

Proof. By Corollary A + B is maximally monotone. Let C be a nonempty closed convex
subset of X, and suppose that dom(A + B) NintC # @. Let ;1 € domA N intdom B and
zo € dom(A + B)Nint C. Then x1, 22 € dom A, 21 € intdom B and z2 € dom B Nint C. Hence
Az1+ (1 —A)x2 € int dom B for every A € ]0,1] by Fact [2.1]and [40, Theorem 1.1.2(ii)] and so there
exists 0 € |0, 1] such that Az + (1 — Az € int C for every A € [0, 4].

Thus, 0x1 + (1 — d)xy € dom A N intdom B Nint C. By Corollary B + N¢ is maximally
monotone. Then, by Corollary [4.3] (applied A and B+ N¢ to A and B), A4+ B+ N¢ = A+(B+N¢)
is maximally monotone. By Fact A+ B is of type (FPV).

The final conclusion holds since as we have noted dom A has a convex closure. [ |
We have been unable to relax the convexity hypothesis in Corollary

We finish by listing some related interesting, at least to the current authors, questions regarding
the sum problem.

Open Problem 4.7 Let A: X = X* be maximally monotone with convexr domain. Is A neces-
sarily of type (FPV)?

Let us recall a problem posed by S. Simons in [27, Problem 41.2]

Open Problem 4.8 Let A: X = X* be of type (FPV), let C be a nonempty closed convex subset
of X, and suppose that dom ANint C' # &. Is A+ N¢ necessarily mazimally monotone?

More generally, can we relax or indeed entirely drop the starshaped hypothesis on dom A in
Theorem 3.3
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Open Problem 4.9 Let A, B : X = X* be mazimally monotone with dom A Nintdom B # &.
Assume that A is of type (FPV). Is A+ B necessarily mazimally monotone?

If all maximally monotone operators are type (FPV) this is no easier than the full sum problem.
Can the results of [32] help here?
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5 Appendix

Proof of Case 2 in the proof of Theorem

Proof. Case 2: There exists N € N such that \,a, € dom B for every n > N.
We can and do suppose that \,a, ¢ dom B for every n € N. Thus a,, # 0 for every n € N.
Since 0 € int dom B, and imply that 0 < Ao and hence by

(72) 0< Ao <1

By (63), [|an — z|| # 0 for every n € N.

Fix n € N. Since 0 € intdom B, there exists 0 < pg < 1 such that poBx C dom B. Since
0 € star(dom A) and a, € dim A, A\,a, € dom A. Set

(73) by := Apa, and take b € A(A\pan).

Next we show that there exists ¢, € ]0, %[ such that

(74) H, CdomB and inf HB(Hn)H >n(l+m70lbr|), enmax{|anl,1} < %Hz — an||An.

where Hy i= (1= £)b + £npoUsx and 7o 1= 3 20|21 + 2lanl] +2 + (Jlan | + 1) 2elz=el )
For every ¢ € ]0,1[, by and Fact (1 —¢e)b, + epoBx € dom B. By Fact again,

(1 —¢e)b, +epoUx C intdom B = int dom B.

Now we show the second part of . Let k € N and (si)ren be a positive sequence such that
s — 0 when k — oo. It suffices to show

(75) lim inf || B((1 = s)bn + skpoUx)|| = +o0.

k—oo
Suppose to the contrary there exist a sequence (cy;, ¢ )ren in gra BN [((1 — Sk)bn + SkpoUX) X X*}
and L > 0 such that sup,ey[|cil| < L. Then ¢ — b, = Apan. By the Banach-Alaoglu The-
orem (see [26, Theorem 3.15]), there exist a weak™ convergent subnet, (cj)ses of (c})ken such

that cf —y»cs, € X™ [9, Corollary 4.1] shows that (Anan,c’,) € gra B, which contradicts our
assumption that \,a, ¢ dom B.

Hence holds and so does .

Set t,, := 5222 and thus 0 < ¢, < i. Thus

= Dallz—aal
(76) tadnz + (1 —t,)(1 —en)by, € Hy.
Next we show there exists (ay,, @, )nen in gra A N (H, x X*) such that

(77) (2 = an,an") = —ollby .
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We consider two subcases.
Subcase 2.1: (tpdnz 4+ (1 — t5)(1 — €5)bn, (1 +5)b};) € gra A.

Then set (an, an") == (tpAnz + (1 — tn)(1 — €0)by, (1 + t,)b};). Since (0,0) € gra A, (by, b)) > 0.
Then we have

<tn)\nz —an, &;> - <tn)\nz —tadnz — (1 — ) (1 — £2)bn, (1 + tn)b;;>
(78) = (= (1= ) (1= )b, (1)) = ={(1 = £2)(1 = )b, b ) = = (b, b7,
On the other hand, and the monotonicity of A imply that
<tn)\nz (1= tn)(1 — en)by — bn,tnb;;> - <tn)\nz (1= tn)(1 — en)bp — b, (14 £0)b5 — b;';> >0
Thus
(79) <tn)\nz = (1= ta)(1 = 20)] b, b;;> > 0.

Since 1 — (1 —t,)(1 —&,) > 0 and (b, b%) = (b, — 0,b —0) >0, implies that (t,\,z,b%) >0
and thus

(z,b}) > 0.
Then by a,” = (1 + t,)b}, and t, \, < 1, implies that
(== i) = —=(bus b2) 2 —lball - B3] = =laall - 3] = =7olle5].
Hence holds.
Subcase 2.2: (tpdnz 4+ (1 — t5)(1 — €n)bn, (1 + 5)b},) ¢ gra A.
Since 0 € star(dom A) and a,, € dom A, we have (1 —e,)\,a, € dom A, hence dom AN H,, # &.

Since thApz + (1 — 1) (1 — €5)by € Hy, by (7T6), (tnAnz 4+ (1 —t5)(1 — &5)bn, (1 4+ 1,,)b};) ¢ gra A and
A is of type (FPV), there exists (ap,a," ) € gra A such that a, € H, and

<tn)\nz (1= t) (1 — en)bp — G @ — (14 tn)b;:> >0
= (tadnz = [1 = (1= ta)(1 = 2)] @ + (1= ) (1= £0) (b — @), " — b )

> <tn)\nz (1= ta)(1 — )by — arn, tnb;;> > <tn/\nz —a, tnb;;> (since (bn, b%) > 0)
- <tn)\nz M- (1=t =)@, @ — b;;>

> (U= ta)(1 = 20)(by = @), by = @ )+ (tadnz — @, tab))

N <tn)\nz = (1= t)(1— )], @ — b:;> > <tn>\nz _a, tnb;;>
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N <tn)\nz ~[tn + En — tnen] @n, a;> > <tn)\nz —ax, tnb;;> T <tn)\nz ~tn + En — tntn] @, b;;>.

Since <a\7_z/7a\7;*> = <EL\7/L_07&\7/L* _0> Z 0 and tn+€n_tn€n 2 tn Z tnAna < [tn + En — tngn] a\’;t,? 2L\7;>k> 2

tn/\n<a\;, Efl*>. Thus

<tn>\nz -1 Ana;a EL;*> > <tn)\nz - EL\T:’ tnb;> + <tn>\nz - [tn +éen — tngn] ET; b:;>

thAnz — thAny 1 tndnz — [tn +€n — then] an

< e , Qn > > <tn)\nz — an, )\—nbn> —|—< e , b >
:>< ~>><t)\ ib*>+<— 1+n 1z b*>

zZ — an, Qp, Z — an, )\n n z tn En An Ap,y Oy

s . . 2)\n Z— ap
= (5@ @) > — Il + lanll+ 1) = 5 (120 + 5ol + D1+ 22220l
* 2)‘71”’2 an” *

= (=@ @) > =1l 2l + 2l + 2 el + 122 E= 2 g,

Hence combining all the subcases, we have holds.
Since g, < % and a, € H,, shows that

(80) Un — Aoo?-

Take w}, € B(ay,) by (74). Then by again,
(81) lwpll = (1 +70llbn]]),  ¥Vn €N,
Then by , we have

—rollbi |+ (2 = ) + (@) < (2= @) + (2=l ) + (@)

Thus

* *

* . . r 2t
(82) _TOanH +<z—an, Wy, >+< < 7an> < A+B(Z < )

[y, [l [, [l

Al all
By the Banach Alaoglu Theorem (see [26, Theorem 3.15]), there exist a weak® convergent subnet,

w.
(” :”)zel of ”w*” such that

(83) i ewf € X*

Combining (80| and (83)), by Fatp(z,2*) < 400, take the limit along the subnet in (82)) to
obtain

<z — )\ooz,w;o> <0.
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Then shows that

(84) <z,w$o> < 0.

On the other hand, since 0 € int dom B, Fact [2.7 implies that there exists p; > 0 and M > 0 such
that

(@ wy) = prllwgll = (@l + p) M.
Thus

(2, 5 5y - Ul 20
mny * — * :
[ [yl

Combining , and , take the limit along the subnet in the above inequality to obtain

<)\OOZ, w:o> > p1.

Hence

which contradicts .
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