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Abstract

In this paper, we study the properties of integral functionals induced on L}E(S, i) by
closed convex functions on a Euclidean space E. We give sufficient conditions for such
integral functions to be strongly rotund (well-posed). We show that in this generality
functions such as the Boltzmann-Shannon entropy and the Fermi-Dirac entropy are
strongly rotund. We also study convergence in measure and give various limiting
counterexample.
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1 Introduction

We assume throughout that X is a real Banach space with norm || - ||, that X* is the
continuous dual of X, and that X and X* are paired by (-,-). The open unit ball and the
closed unit ball in X is denoted respectively by Uy := {z | ||z|| < 1} and Bx := {z € X |
|z|| <1}, U(z,8) := o+ 6Ux and B(z,8) := x + 6Bx (where § > 0 and z € X) and
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N ={1,2,3,...}. We also assume that d € N and reserve E for the Euclidean space R? with
the induced norm || - ||.

Throughout the paper, we also assume that (S, i) is a complete finite measure space (with
nonzero measure y and S # &). The Banach space L} (S, p) with ||-]|; stands for the space of
all (equivalence classes of) measurable functions f : S — R™ such that [, || f(s)||dpu(s) < 4o0.
The norm |||y on L(S, ) and (-, ) on L(S, p) x (LE(S, ,u))*< = L3(S, p)) are respectively
defined by

1l = / 1F)lldu(s) and  (f.g) = / () g())du(s), Vf € L5(S. 1), g € LE(S, ).

The norm on L (S, 1) is || - [|co-

Let A: X == X* be a set-valued operator (also known as a relation, point-to-set map-
ping or multifunction) from X to X*, i.e., for every z € X, Az C X* and let gra A :=
{(z,2*) € X x X* | #* € Az} be the graph of A. The domain of A is dom A := {z € X |
Az # @} and ran A := A(X) is the range of A.

Recall that A is monotone if
(1) (x—y, 2 —y") >0, V(z,z")egraAV(y,y*) € graA,

and mazimally monotone if A is monotone and A has no proper monotone extension (in the
sense of graph inclusion).

We now recall some additional standard notations [§]. We denote by — and —" respec-
tively, the norm convergence and weak convergence of sequences. Given a subset C' of X,
int C' is the interior of C and C is the norm closure of C. Let (C,)nen be a sequence of
subsets in X. We define im" C,, by lim" C,, := {x € X | Jz,, € C,, withaz, —\Wx}. Let
f: X — ]—o00,+00] and A € R. Then dom f := f~}(R) is the domain of f. We say f is
proper if dom f # @. The lower level sets of f are the sets {x € X | f(z) < A}. The
epigraph of f is epi f := {(:L‘,?”) eX xR f(x) < 7"}. Let C be convex, we say x € C' is an
extreme point of C' if Au+ (1 — Nv # z,Vu,v € C\{z},VA € [0,1]. If x € argmin f, then
f(z) =inf{f(y) | y € X}. Let f be proper. The subdifferential of f is defined by

Of 1 Xz Xz {at e X | (Ve X)(y—zaz%)+ flz) < fy)}.
We say f has the Kadec or Kadec—Klee property if the following implication
x, ="z €domf, f(z,) — flx) = x,— =z

holds.

As in [6] we say that f is strongly rotund if f is strictly convex on its domain, f has weakly
compact lower level sets, and f has the Kadec property. This is in effect a well-posedness
condition, see [16].



Let ¢ : E — |—00,+00] be proper lower semicontinuous and convex. We define I, :
Li(S, 1) — ]—00,+o0] [20, 21] by

- / o(a(s))du(s).

Then I, is well defined. More precisely, I, is proper lower semicontinuous and convex, and

hence I4(z) > —o0, Vx(-) € LE(S, p) (see Fact 2.13| below or [8, §6.3]).

The integral function I, has attracted much interest, see, e.g., [20, 21, 22, 26], 3], 4] 8]
25, 9, 0] and the references given therein. In the one-dimensional case with Lebesgue
measure, Borwein and Lewis presented some characterizations for the integral function I, to
be strongly rotund (see [6]). In this paper, we extend their work from the line to an arbitrary
Euclidean space.

1.1 Organization of the paper

The remainder of this paper is organized as follows. In Section [2, we collect preliminary
results for future reference and the reader’s convenience. In Section [3, we present a suffi-
cient condition for the integral function /4 to be strongly rotund in our main result (The-
orem . Some examples and applications are provided in Section , in which we show
that the Boltzmann-Shannon entropy and the Fermi-Dirac entropy defined on LL (S, 1) both
are strongly rotund. In Section [5| we present an enlightening illustration of failure of strong
rotundity. In Section [6] we apply a lovely result due to Visintin to both strengthen Theo-
rem [3.§ and to shed light on the Kadec property. In the final Section [7] we turn to the role
of convergence in measure.

2 Preliminary results

We first introduce Vitali’s covering theorem.

Fact 2.1 (Vitali) (See [I3l Theorem 1, page 27].) Let (z;);cr be in E and (6;)ie; be in
10, +o0] such that sup;c;6; < +o00. Then there exists a countable subset I' of I such that
B(24,0q) N B(xg, 05) = @ (for every a, f € I' with a # B) and

iel i€l
Corollary 2.2 Let U be an open subset of E and 6 > 0. Then there ezist a sequence (Zy,)nen
inU and a sequence (8,)nen in]0,0] such that B(x,,, 2)NB(zpm, %) = & (for everyn,m € N
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with n # m) and

(2) U B(n,0,) = U.

neN

Proof. Let x € U. There exists 5, € }O, g] such that

(3) B(x,58,) C U.
Then we have

Uc | Bl 8).

zelU

By Fact , there exist a countable set I and (x;);e; in U such that B(w;, B, )N B(x;, B;) = @
(for every 4,7 € I with i # j) and

zeU el

This and yield
(4) U= B(x:,58s,).
icl
Note that I cannot be a finite set. Otherwise, | J,.; B(xi, 55;,) is closed, which contradicts
[@). Set a; :=50,,,Vi € I. Thus () implies that (2) holds. [ |

Fact 2.3 (Dunford) (See [II, Theorem 4, page 104].) Let D be a weakly compact subset
of LL(S, ). Then for every ¢ > 0, there exists § > 0 such that

/C ly(s)||du(s) <e, Vu(C) <4, VyeD.

Fact 2.4 (Rockafellar) (See [I8, Theorem 1] or [I7, Theorem 2.28].) Let A : X =2 X* be
monotone with intdom A # &. Then A is locally bounded at x € intdom A, that is, there
exist 0 > 0 and K > 0 such that

sup ||y*|| < K, Vyé€ (x+dBx)NdomA.
y*€Ay

Fact 2.5 (See [27, Theorem 2.2.1].) Let f : X — |—o0,+00] be proper convex. Then f is
lower semicontinuous if and only if f is weak—lower semicontinuous.



Fact 2.6 (Borwein and Lewis) (See [0, Lemma 2.8].) Let f: X — |—o00,+0o0] be proper
lower semicontinuous and convexr. Suppose that f* is Fréchet differentiable on dom df*.
Assume that (z,)neny and x € dom df are such that x, =% z, f(x,) — f(z). Thenx, — x.

Definition 2.7 (See [2].) Let f : X — ]—o00,+00] be proper lower semicontinuous and
conver. We say

(i) f is essentially smooth if Of is locally bounded and single-valued on its domain.
(ii) f is essentially strictly convex if (Of)~" is locally bounded on its domain and f is

strictly convex on every convex subset of domOf.

(iii) f is Legendre if f is essentially smooth and essentially strictly conver.

Fact 2.8 (Rockafellar) (See [19, Theorem 26.3].) Let ¢ : E — ]—o0,+o0] be proper
lower semicontinuous and convex. Then ¢ is essentially strictly convex if and only if ¢* is
essentially smooth. O

Fact 2.9 (See [2 Theorem 5.6(ii)&(iii) and Theorem 5.11(ii)].) Let f: X — |—o0,+00| be
proper lower semicontinuous and convex. Then the following hold.

(i) f is essentially smooth if and only if intdom f # & and Of is single-valued, if and
only if intdom f = dom df and Of is single-valued.

(ii) Suppose that X = E. Then [ is essentially strictly convex if and only if f is strictly
convex on every convex subset of domof.

Fact 2.10 (See [8, Fact 5.3.3, page 239].) Let f : X — |—o00, 00| be proper lower semicon-
tinuous and strictly conver. Then (x, f(x)) is an extreme point of epi f for every x € dom f.

Lemma 2.11 Let A: E = E be monotone with intdom A # @. Let C be a bounded closed
subset of int dom A. Then there exists M > 0 such that

sup |la*]] < M.
a*€Aa,acC

Proof. Let z € C. By Fact [2.4] there exist 6, > 0 and M, > 0 such that
(5) sup |[la’]| < M.

a*€Aa,acU(z,0z)

Then we have

(6) ¢ c|JU(o.).

zeC



Since C' is compact, there exists N € N such that (z,)Y_; in C and

N
(7) ¢ cJUu(a.s.,)

n=1
Set M := max{M,, |n=1,--- ,N}. Then by () and (7)), sup,-c aq acc la*|| < M. |

Remark 2.12 If C is assumed norm compact, this proof remains valid in a general Banach
space. O

In the following subsection we turn to properties of the function Iy.

2.1 Basic properties of I

Fact 2.13 (Rockafellar) (See [22 Theorem 3C and Theorem 3H] and [§, Exercise 6.3.7,
page 306].) Let ¢ : E — |—00,+00| be proper, lower semicontinuous and convex. Then I
18 proper lower semicontinuous and conver, and I:; = I4+. Moreover,

a* € Oly(x) < (2*(s) € O¢(x(s)) for almost all s in S).

Remark 2.14 Let ¢ : E — |—00,+00] be proper lower semicontinuous and convex. By
Fact and Fact [2.13] I is proper weak-lower semicontinuous and convex. O

The following three results were proved by Borwein and Lewis when £ = R. Their proofs
can be adapted to the general space F. For the readers’ convenience, we record full proofs
herein.

Fact 2.15 (See [0, Lemma 3.1)].) Let ¢ : E — ]—o00,+00] be proper, lower semicontinuous
and convex. Then I, is strictly convex on its domain if and only if ¢ is strictly conver on
its domain.

Proof. “=": Let v,w € dom ¢ with v # w. Set z(s) := v and y(s) := w for every s € S.
Then {x,y} C LL(S, ) and x # y. Let A € |0, 1[. Since I is strictly convex on its domain,

o0+ (1 /¢ (W0 + (1 — Aw)du(s)
- /¢ (ha(s) + (1= Ny(s)) d(s)

= ﬁ@(m +(1=Ny)



— Mo (@) + —= (1 = A s(y)

1
(5) u(S)

:—A/¢ Ydu(s) + %1— /¢ )du(s
= A\p(v Ap(w).

Hence ¢ is strictly convex on its domain.

“«": By Fact [2.13] I, is convex. Suppose to the contrary that I, is not strictly convex
on its domain. Then there exists A € |0, 1] and {z,y} C dom I, with = # y such that

Iy + (1= A)y) = My(x) — (1= N y(y) = 0.

Then we have
®) /S (Mofa(s) + (1 = No(y(s)) — 6(a(s) + (1= Ay(s)) )dls) = 0.
Since ¢ is convex,

(9) g(s) == Ap(x(s)) + (1 = N)(y(s)) — p(Az(s) + (1 = Ny(s)) > 0.

Thus, ¢(Az(s) + (1 — Ny(s)) — Ap(z(s)) — (1 — N)¢(y(s)) = 0 for all almost s € S. Since
¢ is strictly convex its domain, x(s) = y(s) for all almost s € S. Hence x is equivalent to y
and thus x = y, which contradicts that x # y. [

Following [6], given a measurable set 7' C S we denote by 7°:= {s € S | s ¢ T} and we
denote the restriction of p and z € L (S ) to T respectively by u|r and z|p. We define
I+ LY (T, ulr) — |00, +00] by I2(2) = [y 6(2(5))dp(s).

Fact 2.16 (See [0, Lemma 3.5)].) Let ¢ : E — |—o00,+00] be proper, lower semicontinuous
and convexr, and T be a measurable subset of S. Suppose that (T,)nen in Ly(S,p) such
that x, =% x. Then x|y =" x|r in LL(T, u|r). Moreover, if Is(x,) — I,(x) < +oo, then
15 (xn|7) — I} (2]7) < +o00.

Proof. We first show that x,|r =% x|r. Let * € LY (T, p). Then we define y* by y*(s) :=
z*(s), if s € T; y*(s) :== 0, if s € T°. Then y* € LE(S,u) and (x,|r,x*) = (x,, y*)
(x,y*) = (x|p,z*). Hence x,|r =" z|r.

Now we show that I} (z,|r) — I (z|r) < +00. Since x,|p =" z|r and 2, |ge =" z|7e, by

Fact and Remark [2.14]

(10) liminf I] (z,|7) > I (z|r) and  liminf ]gc(xn

Tc) Z ]$C<CC

7o),



Then we have

lim sup Ig(xnh) = limsup (Iy(z,) — ]gc(xn

7¢))

= lim Iy(x,) — liminf 1] (2 |7¢)
< Iy(x) — Iy (xlre)
= I} (z|7) < 400 (since Iy(x) < +oo and I (x

re¢) > —o0 by Fact [2.13]).
Then by (10)), lim 15 (xn]7) = IS (7). [

Fact 2.17 (See [6, Lemma 3.2].) Let ¢ : E — |—00,+00] be proper, lower semicontinuous
and convex. Then Iy is Fréchet differentiable everywhere on L3S (S, 1) if and only if ¢* is
differentiable everywhere on E.

Proof. “=": Let z € E and set w(s) := z for every s € S. Then w(s) € LF(S, ).
Then we have ¢*(2)u(S) = Iy(w) < +oo and hence z € dom ¢*. Thus dom¢* = E. Let
u,v € E. Now we show ¢* is differentiable at u. Set x(s) := u and y(s) :=v,Vs € S. Then
{z(s),y(s)} € LE(S,n). Let t > 0. Then we have

¢*(u+ 1) + ¢"(u — tv) — 2¢"(u)
t
— L gb*(u—i—tv)—i—(b*(tu—tv) _2¢*<u>du(8)
/ ¢* (x(s) +ty(s)) + 6" (x(s) — ty(s)) — 2" (x(s))
S) t
L Ly (x4 ty) + Iy (z — ty) — 214 (2)

= 5 ; — 0 as t— 0 (by [I7, Exercise 1.24]).

dp(s)

By [17, Exercise 1.24] again, ¢* is differentiable at w.

“<”: By [17, Corollary, page 20], (¢*)" is continuous on E. Let z* € L% (S, ). Then
there exists M > 0 such that ||z*(s)|| < M almost everywhere. We can and do suppose that

|z*(s)|| < M,Vs € S. Since M Bp is compact, (¢*)" is uniformly continuous on M Bg. Let
€ > 0. There exists 6 > 0 such that

(11) [(¢") (z*(s) +v) = (¢")2"(s)|| < (5 Vvl < 4.

Let y* € LY (S, u) with ||y*||oc < d. Then applying Mean Value Theorem, we have

H/@*fﬁﬂ- /¢ )gé@fﬂﬂ@mw@»@@)

—H/ @n—¢Wx@»—<wwuﬂ@xwww}mww
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| [ (@ + @) @) = (@) e @) @) du)]. 3ebl
| [ @@ e+ 1) - @Y o). @) ants)]|. 3 el

< [y @+ @) = @)@ @) a3 e
</ ﬁlly*(S)lldu(S) (by (1))

9
< —— [y [loott(S) = €|y .
71 leen(S) =<l

Hence I, is Fréchet differentiable at z*. [ |

Remark 2.18 Let ¢ : E — ]—00,+00] be proper, lower semicontinuous and convex. By
Fact and ¢ = ¢, ¢ is differentiable everywhere on E if and only if [, is Fréchet
differentiable everywhere on L3 (S, u).

2.2 Strong rotundity and stability

We may apply our results to an important optimization:

Let (Cy)neny and Cy in X be closed convex sets, and let f: X — ]—00,400] be a proper
convex function with weakly compact lower level sets. We consider the following sequences
of optimization problems (See [6].).

(Fn) V(P,):=mf{f(z) |z € Cn},
(Py) V(Py) :=inf{f(z) | z € Cs}.
Fact 2.19 (Borwein and Lewis) (See [6l Theorem 2.9(ii)].) Let (Cy)nen and Cu in X be

closed convex sets, and f : X — |—o00,+00] be a proper convez function with weakly compact
lower level sets. Assume that

m"C, CCx € | J () Can

m>1n>m

Then V(P,) — V(Px). If V(Px) < 400 and f is strongly rotund, then (P,) and (Px)
respectively have unique optimal solutions with x,, and x, and x, — Ts.

In a typical application, C),,1 C C),, may be nested polyhedral approximations to a convex
set Co := [ Ch, that is constructible in the sense of [§]. We look at the failure of strong
rotundity in more detail in Section [6]



3 Properties of Legendre functions and I,

Proposition 3.1 Let ¢ : E — |—o00,+00] be proper, lower semicontinuous and convex with
intdom ¢ # &. Then ¢ is essentially smooth if and only if 01, is single-valued.

Proof. “=": First we show that 0l is single-valued. Let {z*,y*} C 0l,(z). Then by
Fact 2.13] z*(s) € 8¢ (x(s)) for almost all s € S and y*(s) € d¢(z(s)) for almost all s € S.
Since J¢ is smgle—valued. Then z*(s) = y*(s) for almost all s € S. Hence z* is equivalent
to y* and then z* = y*. Thus 0I,(z) is single-valued.

“<”: By Fact [2.9(i)} it suffices to show that J¢ is single-valued. Let {v},vi} C 9d¢(v).
Set z(s) := v, xi(s) := v} and x3(s) := vj. Then x € LL(S, ), and {z}, 25} C LE(S, ).
Thus by Fact {z7, 25} C 0l4(x). Since 01, is single-valued, z7 = z3 and hence v} = v}.
Then 0¢(x) is single-valued and thus 0¢ is single-valued. [

Corollary 3.2 Let ¢ : E — |—00,400]| be proper, lower semicontinuous and convex with
int dom ¢ # &. Assume that I, is strictly convex on its domain and that 014 is single-valued.
Then ¢ is Legendre.

Proof. By Fact [2.15] ¢ is strictly convex on its domain. Fact [2.9(ii)| implies that ¢ is
essentially strictly convex.

Applying Proposition 3.0 ¢ is essentially smooth. Combining the above results, ¢ is
Legendre. [ |

Corollary 3.3 Let ¢ : R — |—o0,+00| be proper, lower semicontinuous and conver with
intdom ¢ # @&. Then ¢ is Legendre if and only if 1, is strictly convex on its domain and 01,
15 single-valued.

Proof. “=": By Fact [2.9(ii)}, ¢ is strictly convex on int dom ¢, and then ¢ is strictly convex
on dom ¢. Hence Iy is strictly convex on its domain by Fact [2.15] By Proposition , ol
is single-valued.

“<": Applying Corollary [3.2] directly. |
Lemma allows us to generalize [6, Lemma 3.3].

Lemma 3.4 Let ¢ : E — |—00,+00] be proper, lower semicontinuous and convex, and let
x € LL(S, ). Assume that there exists a bounded closed subset D of int dom ¢ such that
z(s) € D almost everywhere on S. Then 0l4(x) # @.
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Proof. By the assumption, there exists a measurable subset 7" of S such that u(7') = u(S) and
z(s) € D,Vs € T. By [I7, Proposition 3.3 and Proposition 2.5], O¢ is upper semicontinuous
on D. Thus, for every closed set C' C E, we have (9¢)c := D N ((9¢)~*C) is closed. Thus

[seT|dp(x(s)NC#}={seT|secz'[(0p)c]}

is measurable. Hence s — 0¢(x(s)) is measurable on 7. Then by [15, Theorem 14.2.1] or [23,
Corollary 14.6, page 647|, there exists a measurable selection z*(s) € d¢(xz(s)) everywhere
on T. Then z*(s) € d¢(x(s)) almost everywhere on S by p(T) = p(S). By Lemma [2.11]
{z*(s) | s € T} C 9¢(D) is bounded, and then z*(s) is bounded almost everywhere on S
since u(T) = u(S). Hence we have z* € LF (S, p). |

Let m € N and x € LL(S, ), we define S, by
(12) Sp = {s € 5| x(s) € mBg}.
Then we have S,,, € 5,41 and S = UmZl S

Remark 3.5 Assume that z € LL(S, ). Then u(S¢,) | 0and u(S,,) T 1(S) when m — oo.

The proof of Proposition was inspired by that of [0, Lemma 3.6].
Proposition 3.6 Let ¢ : E — |—00,+00] be proper, lower semicontinuous and conver.

Suppose that ¢* is differentiable on E, and that z,, =" x in LL(S, ) and Is(z,) — Is(z) <
+00. Assume that z(s) € int dom ¢ almost everywhere. Then ||z, — x|y — 0.

Proof. Since z, =V x, D := (x,)neny U {2} is weakly compact in L;(S,u). Let e > 0. By
Fact [2.3] there exists 6 > 0 such that

(13) J o) duts) <. vn(c) <6,y < .

Set U := intdom ¢. Since F is a separable metric space (or see Corollary [2.2), there exist a
sequence (2, )nen in U and a sequence (0,)nen in [0, 1] such that

(14) U= B(z, ).

neN
Set
(15) T, :={s€S|x(s) € UB(zk,ék)}, Vn € N.
k=1



Since z(s) € U almost everywhere on S, by([14), we have u(T,,) J. 0 and p(T;,) 1 p(S) when
n — 00. Set S = Sm NT,,. Then by Remark

(16) M(smc) p(SS,UTE) L0 and  pu(Sy,) 1 p(S) as m — oco.

Then by , there exists N € N such that

(17) M(§77/16> < ¢ and /~c |za(s) — x(s)||du(s) < 2¢, Vm > N,¥neN.

Then by Fact
(18) Tnlg: =V |5 in Li(Sm, plg-) and I(fm(xn@;) — I(fm(m|§7n) < +o0.

By the definition of 5”;1 and , we have
(19) {z(s) | s € S’Tn} CmBgN U (21 Ok))

By (14), mBg N (Uj~, B(zk,0x)) is a bounded closed subset of intdom¢. Then by

Lemma , Gfgm(a:\%) # &. Thus by Fact [2.17, Fact [2.13] Fact and (18], we ob-
tain that

(20) /N |2a(s) — x(s)||dp(s) — 0, asn — 0.
Sm
Then we have

o = el = [ aulsD) = ClDllants) + [ 1o = o) e
(21) < /S~ 2n(s) — 2(s)||dpu(s) + 26, ¥m =N (by (@0

Taking n —» oo in (21]), by (20), limsup ||z, — z||; < 2 and hence ||z, — z||; — 0. [
We first prove a restrictive sufficient condition for strong rotundity.

Theorem 3.7 Let ¢ : E — |—00,4+00] be proper, lower semicontinuous and convex with
open domain. Suppose that ¢* is differentiable on E. Then I4 is strongly rotund on L (S, u).

Proof. By Fact ¢ is essentially strictly convex. Since dom¢ is open, [I7, Proposi-
tion 3.3 and Proposition 1.11] implies that dom d¢ = dom ¢. Hence ¢ is strictly convex on

dom ¢. Then by Fact [2.15] I, is strictly convex on its domain. Since dom ¢* = E, by [21]
Corollary 2B|, I has weakly compact lower level sets.
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Now we show I, has the Kadec property. Let x, =¥« € dom I in Ly (S, p) and I(x,) —
I,(z). Since z € dom Iy, z(s) € dom¢ for almost all s € S. Since dom¢ = int dom ¢,
z(s) € int dom ¢ almost everywhere. Then by Proposition 3.6, ||z, — z||; — 0.

Hence I, has the Kadec property and consequently I, is strongly rotund. [ |

When the domain of ¢ is not open we have more work to do:

Theorem 3.8 Let ¢; : R — |—00,+00] be proper, lower semicontinuous and convex with
intdom ¢; # @ for every v = 1,2,--- ,d. Suppose that ¢} is differentiable on R for every
i=1,2,---,d. Let ¢ : E — ]—00,+00| be defined by z := (z,) € E — Z?Zl ¢i(zi). Then I,
is strongly rotund on L(S, u).

Proof. We have ¢ is proper lower semicontinuous and convex. Let i € {1,--- d}. By
Fact [2.8] ¢; is essentially strictly convex. Then ¢; is strictly convex on int dom ¢;. Hence
¢; is strictly convex on its domain, so is ¢. Then by Fact I is strictly convex on
its domain. By the assumption, ¢* = Zle ¢, hence ¢* is differentiable everywhere on E.
Then by [21, Corollary 2B|, I, has weakly compact lower level sets.

Now we show I, has the Kadec property. Let z,, =%z € dom I in L} (S, ) and I(z,) —
I,(z). Since x € dom Iy, z(s) € dom ¢ for almost all s € S. We can and do suppose that
z(s) € dom¢ for all s € S.

We let z(s) := (z1(s), - ,z4(s)) and ,,(s) == (25,1(5), - , Tna(s)). Now we claim that

(22) /s |20i(s) — zi(s)|du(s) — 0, Vie{l,---,d}.

Fix ¢ € {1,---,d}. Since intdom ¢; # &, there exist « € RU {—o0} and § € R U {+o0}
such that a < 8 and int dom ¢; = |o, 5[. We set

Sei={s €S |z(s) =a}
Sp = {sES\xi(s):ﬂ}
Sint = {s €S| z(s) € int dom@}.

Then S,, Sz and Sy are measurable sets. Given y(s) = (yi(s))L, € L:(S, u). Set y by
g(S) = (y1(3)> e 7:’-/141(3)7 yi+1(3)> T 7yd(5))-
Now we show that

(23) Ty =T inLpe(S, ).
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Let v*(s) € L3u-.(S, n). For convenience, we write
v (s) = (vi(s), -+ vic1(8), viga(s), -+, va(s)).
Then we define w* by
w(s) = (v1(8), -+ vima(8), 0,041 (8), -+, va(s)).

Then w* € LY (S, 1) and (x,,v*) = (x,,w*) — (z,w*) = (Z,v*). Hence z,, =V T and thus

holds.

Similarly, we have

(24) Tni—"Yw; inLy(S, u).

Then by (23)), and Fact [2.16]
(25) Tols, =~V T|g, and  wn,ls, =Y ails,, v € {a, B, int}.

Since I4(x,) — Iy(x) < +00, we have I4(x,) < 400 and hence z,(s) € dom ¢ for all almost
s € S when n is larger enough. Thus, we can and do assume that z,;(s) € dom ¢, for all
ne€N,seS. Since S =5, U Sz U Sing, we have

[ anst) = aiolants)
= [ s = @)+ [ sl = m@lans) + [ st = ai(o)]dnts)

Sa Sint
(26)

= [, ) —@)ants) + [ (0) = s @)auto) + [ o) — ]t
By (23),
(27) / (zn,i(s) — zi(s))du(s) —I—/S (zi(s) — zn4(s))du(s) — 0.

B

Now we show that
(28) /S [as(s) — i(s)|dpa(s) — 0.

If u(Sint) = 0, clearly, holds. Now we assume that u(Siy) # 0. We define ¢ : R —
|—o00,+00] by z := (21,20, ", Zi_1, Zit1, " 5 2d) > z#i ¢;(z;). Then by Fact [2.13] ]{2““
and [ i_i“t are proper lower semicontinuous and convex. Then by Remark [2.14f and ,

Sint) 2 I’(‘/S}'int (f

lim inf / 0 (Tl 500 (5)) du(s) = lim inf ISz, o),
Sint

14



(29) lm inf 157 (24 5,0) > 1o (2

Smt ) :

We first show that

(30) / o,

By Fact [2.16], we have

D) = [ oulols () auls) < o

(31) 50 (z,

(;5 mt) —> ISlnt(

Sie) < F00.

Then we have

lim sup I(f;““ (@

S (8))dpa(s) = limsup (I3 (x,,

Sint) - quint (Ei‘;

Sint) = lim sup / ¢z (3771 i Sint ))
S

int
Smt) - llm lnf [Si“t (ﬁ Smt ))

Sme) — 107 (Zs,,,)  (by (BI) and (29))

) < +oo (since I¢‘“°( ) < +oo and I (7]

= lim 15" (z,,
< IS (x
_ Islnt(

1nt mt

..) > —oo by (31)) and Fact .

Then combining with (29), we have lim sup I (i) S ) < Igj"t (xi]s,,) < liminf I(f;““ (@

and thus ( . ) holds.

By (25)), and Proposition , we have fSint |20,i(s) —xi(s)|dp(s) — 0 and hence
holds.

Combining (28), and (26), we have [ |2,:(s) — x;(s)|dp(s) — 0 and hence
holds.

Then by ,

Sint)

foa =l < [ 3 i) = as(s)|d(s) — 0.

Hence z,, — x and hence I, has the Kadec property.

Combining the above results, I, is strongly rotund in L} (S, ). |

Remark 3.9 It is noted in [6] that strongly rotund functions with points of continuity can
only exist on reflexive spaces. Moreover, strongly rotund integral functions on L}(S, ) are
a useful surrogate for strongly rotund renorms which always exist in the reflexive setting. ¢
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4 Examples and applications

Below we use the convention that 0log0 = 0.

Example 4.1 By applying Theorem [3.7] and Theorem [3.8] we can obtain many functions ¢
such that I, is strongly rotund. Seven examples follow

(i) Let f:R — ]—o00,+00] be defined by

Vr € R.

xlogx —x, ifz >0
f(:v)={ °

400, otherwise
Let ¢ : E— |—00,+00| be defined by

d

() = Zf(a:z), Vo = (x,) € E.

i=1
Then I, is the Boltzmann-Shannon entropy.

(ii) Let f: R — ]—o00, 00| be defined by

Vz € R.

zlogx + (1 —x)log(l —x), if0 <z <1,
flz) = .
~+00, otherwise

Let ¢ : E — |—00,400] be defined by

Then I, is the Fermi-Dirac entropy

(iii) ¢(x) = i||z||’, Vo € E, wherep > 1.

T p

d : T T T
(iv) o(x) = 2icy ~log(cosz), - ife € ] -5, F[x x| =5, 5] Vo = (z,) € E.
—+00, otherwise "

(v) ¢(z) =3¢ coshz;, Va=(x,)€E.

S (zitanh ™" z; + Llog(1 — 2?)), if|z;| < 1, Vi;

400, otherwise

(vi) ¢(z) = { Ve = (x,) € E.
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1

(vil) o(x) = {‘_“

400, otherwise

if < 1;
if]l] Vr € E.

Proof. : Clearly, f is proper lower semicontinuous and convex. By [8, Table 2.1, pp. 45],
f*(z) = exp(x),Vz € R. Then directly apply Theorem [3.§|

: Clearly, f is proper lower semicontinuous and convex. By [8 Table 2.1, pp. 45],
f*(z) =log (1 + exp(z)),Va € R. Then directly apply Theorem .

(iii)p Clearly, ¢ is continuous and convex with full domain. We have ¢* = %H - ||, where

% + 5 = 1 and (¢*) = (]| - |)*2 o Id. Hence ¢* is differentiable everywhere on E. Then

directly apply Theorem

1 if o
og(cosz),  ifw € } 272 [ By [8, Table 2.1, pp. 45], we have f is
~+00, otherwise

(iv)r Let f(z) := {

proper lower semicontinuous and convex, and f*(z) = ztan™'z — $log(1 + 2?)),Vz € R.
Hence f* is differentiable everywhere on R. Then directly apply Theorem [3.8

Let f(x) := cosh(x). By [8 Table 2.1, pp. 45|, we have f is continuous and convex,
and f*(z) = wsinh ™' 2 —+/14 22, ¥z € X. Hence f* is differentiable everywhere on R. Then
directly apply Theorem 3.8

ztanh™ z + Llog(l —2?)), if|z| <1;
—+00, otherwise

have f is proper lower semicontinuous and convex, and f*(x) = log(coshx). Thus f* is
differentiable everywhere on R. Then directly apply Theorem [3.8|

(vi)i Let f(z) := By [8, Table 2.1, pp. 45|, we

: Clearly, dom ¢ is open. By [2, Example 6.4], ¢ is proper lower semicontinuous and
convex, and ¢* is differentiable everywhere on E. Then directly apply Theorem [3.7] [

Example 4.2 Let (a}),en be a sequence in LY (S, 1) and let (by,)nen be a sequence in R.
Let ¢ : X — |—00, 00| be one of the functions given in Example

We consider the following optimization problems (See [4, page 196].).

(V(P,) = inf 1,(z)
(P,) subject to (af,x)y=0b;, i=1,---,n
\ x € Lp(S, )
(V(Py) = infI4(x)
(Py) subject to (af,x) =b;, i=1,--- ,nn+1--
\ e LL(S, ).

17



Then we have V(P,) — V(Px). If, moreover, V(Ps) < 400, then (P,) and (Px) respec-
tively have unique optimal solutions with x,, and z.., and z,, — Z. O

Proof. Set

COO:{xEL}E(Sau> ’ <a:7x>:bia 2:17 ,TL,TL+1,"-}.

Then we have C; 2 Cy D ... 2 C,, D .... Thus, im C, C C and Cy = ﬂnZI C, C
Uzt MNism Cn- We finish with a direct application of Example and Fact m |

We next revisit a function ¢ given in [3] such that I, is not strongly rotund but ¢ is
everywhere strictly convex.

] if .
ogz, z>0; ,Vr € R. Let

Example 4.3 (Borwein and Lewis) Let ¢(z) := _
~+00, otherwise

S =[0,1] and p be Lebesgue measure.

—1 —log(—x), ifz <O0;
400, otherwise

I, does not have weakly compact lower level sets (See [3, page 258].). Hence I, is not strongly
rotund. O

Then I, is the Burg entropy, and ¢*(x) = ,Vr € R. However,

5 Watson integral and Burg entropy nonattainment

Let S = [0,1] x [0,1] x [0,1] and p be the Lebesgue measure, and let ¢ be defined as in
Example Consider the perturbed Burg entropy minimization problem

inf I,(z)

subject to Jox(s)dpu(s) =1
Jgx(s)cos (2ms) dp(s) =, k=1,2,3
x € Ly (S, p),

where s := (s1, S92, s3) and du(s) := ds1dssdss. Then the above problem is equivalent to the
following.

v(a)= sup { [ 108 (1,22,

0<peL}(S,um)

/p(xl,a:Q,mg)dwldxgdxg =1,
S
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and for k=1,2,3, /

p(1, T2, x3) cos (2mxy) drydredrs = oz},
S

maximizing the log of a density p with given mean, and with the first three cosine moments
fixed at a parameter value 0 < o < 1. It transpires that there is a parameter value @ such
that below and at that value v(«) is attained, while above it is finite but unattained. This
is interesting, because:

The general method—maximizing [, log (p(s)) du(s) subject to a finite number of trigono-
metric moments—is frequently used. In one or two dimensions, such spectral problems are
always attained when feasible.

There is no easy way to see that this problem qualitatively changes at @, (by [5],
Egs. (5.8)&(5.10)]) but we can get an idea by considering

/W,
3 — 37 cos (2m;)’

Z_Q (xlv X, :ES) -

and checking that this is feasible for
a=1-1/(3W;) =~ 0.340537329550999142833

in terms of the first Watson integral, Wy := [7_ [ [" L ydzidrsdes (See

—n3—cos(x1)—cos(x2)—cos(x3
[7, Ttem 20, page 117] and [14] for more information about Wj.). By using Fenchel duality
[8] one can show that this p is optimal.

Indeed, for all & > 0 the only possible optimal solution is of the form

1
A0 — SN cos (2ma;)]

Do (21,22, 23) =

for some real numbers \|. Note that we have four coefficients to determine; using the
four constraints we can solve for them. Let W (w) be the generalized Watson integral, i.e.,

W =" [ L dxidrodrs (See |7, Ttem 21(e), page 120] and
l(w) f_ﬁ f_ﬂ f_WB—w(cos(x1)+cos(:r:2)+cos(x3)) T10020Ts ( [ o ( ) bag ] t

[14] for more information about Wi (w).).

For 0 < a <@, the precise form is parameterized by the generalized Watson integral:
1/Wi(w)
3 — S wcos (2mx;)

]_)a (xlv X2, xS) -

and a =1 —1/(3W;(w)), as w ranges from zero to one.

Note also that Wi(w) = 7% [[° I§(wt) e dt allows one to quickly obtain w from o
numerically. For a > @, no feasible reciprocal polynomial can stay positive. Full details are
given in [, Example 4, pp. 264-265].

19



6 Applications of Visintin’s Theorem

Visintin’s Theorem [26, Theorem 3(i)] on norm convergence of sequences converging weakly
to an extreme point, allows for a very efficient proof of the Kadec property for integral
functionals. Indeed, using Fact [2.10 we arrive at the following.

Fact 6.1 (Visintin) (See [26] Theorem 3(i)].) Let ¢ : E — |—o00,+00]| be proper, lower
semicontinuous and strictly convex. Then I, has the Kadec property.

Remark 6.2 In the proofs of Theorem and Theorem [3.8, we can also apply Visintin
Theorem (see Fact to show that I, has the Kadec property.

Example 6.3 Let ¢ be defined as in Example . Then I, has the Kadec property. Indeed,
since ¢ is proper, lower semicontinuous and strictly convex, it follows from Fact that Iy
has the Kadec property. O

Theorem 6.4 (Strong rotundity) Let ¢ : E — |—00,+00| be proper, lower semicontin-
uwous and convex. Suppose that ¢ is strictly convex on its domain and ¢* is differentiable on
E. Then I, is strongly rotund on L}(S, u).

Proof. By Fact [2.15] I, is strictly convex on its domain. Since dom ¢* = E, by [21], Corol-
lary 2B], I, has weakly compact lower level sets. Visintin Theorem (see Fact implies
that I; has the Kadec property. Hence I, is strongly rotund. [

Remark 6.5 We cannot remove the assumption of strict convexity of ¢ in Theorem [6.4]
For example, let ¢ : R? — ]—o00, +00| be defined by

1

(z,) — —(zy)4, if0§x§1,0§y§1;'
400, otherwise

Then ¢ is proper lower semicontinuous and convex. By [8, Exercise 5.3.10, page 249|, ¢ is

not strictly convex on its domain although ¢* is differentiable everywhere on R?. Hence I,

is not strongly rotund.

Remark 6.6 Let ¢ : E — |—o00, +00] be proper, lower semicontinuous and convex. Suppose
that ¢* is differentiable on E. Assume that E is one-dimensional or dom ¢ = dom d¢ (for
example, dom ¢ is open), by Fact and Fact [2.9(i1), the differentiability of ¢* implies that
the strictly convexity of ¢. Thus we can remove the assumption of the strictly convexity of
¢ in Theorem under this constraint.
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Example 6.7 Let F' be the Euclidean space that consists of all symmetric d x d matrices
with the inner product (M, N) = tr(MN) (for every M, N € F), where tr(M) is the trace
of the matrix M. Let F,, be the set of symmetric d x d positive definite matrices. We define

—logdet(M), ifM € Fy;
400, otherwise
of the matrix M. Then I, has the Kadec property in L}(S, ).

¢pon Fby Mw— ¢(M) := , where det(M) is the determinant

Proof. By [8, Proposition 3.2.3, page 100|, ¢ is proper lower semicontinuous and strictly
convex. Then by Fact , I has the Kadec property in L (S, ). |

7 Convergence in measure

Recall that (S, p) is a complete finite measure space (with nonzero measure p). Let (z,)nen
and x be in LL(S, ). We say (z,,)nen converges to x in measure if for every n > 0, lim u{s S
S| [|zn(s) = z(s)|| = n} =0. We say (z,)nen converges to x p— uniformly if for every £ > 0,
there exists a measurable subset T" of S such that p(7") < € and (x,,)nen converges uniformly
to xz on T°.

Let (2,)nen and z be in LL(S, ). Then (z,).en strongly converges to x if and only if
() nen converges to x in measure and (2, ),en also weakly converges to x (see [20, Lemma 1
and Lemma 2]). Thus, for a strictly convex integrand, Theorem shows that weak con-
vergence must fail whenever measure convergence holds and strong convergence does not
follow.

The following is another sufficient condition for a sequence convergent in measure to be
strongly convergent.

Fact 7.1 See ([12, Theorem 3.6, page 122]) Let (z,)nen be in LL(S,pn) and z : S — E.
Then x € Ly(S, 1) and x,, —> x if and only if the following conditions hold:

(1) (zp)nen converges to x in measure.
(ii) limy(g)—o [ |2n(s)||dp(s) =0 uniformly in n.
See [I] for more information on the relationships between weak, measure and strong conver-

gence.

Fact 7.2 (See [12, Corollary 3.3, page 145].) Let (z,)neny and x be in Li(S,u). Assume
that (x,)nen converges to x in measure. Then there ezists a subsequence of (x,)nen that
converges to x p—uniformly.
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Let f : X — ]—o00,+00] be lower semicontinuous at o € dom f. Then the Clarke-
Rockafellar directional derivative of f at zq is defined

fM(zo;v) :=sup limsup inf w, Yo e X,
e>0 t]0, T—$T0 lu—v||<e

where © — ¢ xp means that * — z and f(x) — f(zo). Then the Clarke subdifferential of
f at xq is defined by

do f(x0) == {a" € X* [ (z",0) < fH(x0;v), Vv € X}
If f is also convex, then 0f = ¢ f (see [27, Theorem 3.2.4(ii)]).

We are now ready for two results showing when convergence in measure of a sequence
(Zn)nen allows us to deduce convergence of (Iy(wy,)),, oy - This is useful if one thinks of I, as
a measurement of a reconstruction x, for a member of a sequence which may not be norm
convergent to the underlying signal x.

Theorem 7.3 (Preservation of convergence in measure) Let ¢ : E — |—00,+00| be
proper such that ¢|aom e is continuous on dom ¢. Assume that there exists M > 0 such that
lp(v)] < M for all v € dom¢. Let (x,)nen and x be in dom Iy such that (,)nen converges
to x in measure. Suppose that one of the following conditions holds.

(i) © € LE(S,p); or

(1) @laome s uniformly continuous on dom ¢, in particular, when ¢|gome is globally Lips-

chitz on dom ¢.

Then [g|¢(za(s)) — ¢(2(s))|du(s) — 0. Consequently, Iy(z,) — Iy(z).
Proof. Since (2, )neny and x are in dom I, we can and do assume that x,(s) € dom ¢ for all

neN,se€ S and z(s) € dom¢ for all s € S.

We first assume that @ € L§F(S,u). Suppose to the contrary that [¢|d(z,(s)) —
o(x(s)) {d,u(s) — 0. Then there exist g > 0 and a subsequence of (z,,)nen, for convenience,
still denoted by (z,)nen, such that

(32) /s |0(2a(s)) — d(x(s))|du(s) > o, VYneN.

Since x € LF (S, ), there exists L > 0 such that ||z(s)|| < L for almost all s € S. We can
and do suppose that

(33) |lz(s)]| < L, VseS.
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Let ¢ > 0 . Since @|gome is continuous on dom ¢, then @lqomg is uniformly continuous on
dom ¢ N (L + 1)Bg. Then there exists ¢ > 0 such that

(34) 6(u) — ()| <&, Wlu—v] <6 Vu,vedomén (L+1)Bs
By Fact there exists a subsequence (z,, )ren Of (T )nen such that (x,, )ren converges to

x p—uniformly. Then there exist N1 € N and a measurable subset 1" of S such that u(7") < e
and

(35) |zn, (s) — x(s)|| < min{o,1}, Vk> Ny, VseTC.
Then by ,
(36) Tn,(s) €dom¢oN(L+1)Bg, Vk> Np,VseTC.

Then by assumption, we have

[ 1ol () = (o) (e
= | 1olenc(s) —ole@ldne) + [ folen(5) — o{e(s)]dnte
< [ cants)+ [ Jo(en ) = o(e()|ants) by @), 63D and G3)

< / edu(s) + / 2Mdu(s) (since |¢(v)] < M for all v € E)
c T
<eu(T¢)+2Me, VEk> Nj.

Then [¢|¢(2n,(s)) — qzﬁ(x(s)){d,u(s) — 0, which contradicts (32). Hence [ |¢(zn(3)) —
qb(m(s))!d,u(s) — 0. Consequently, I4(x,) — Is(x).

The proof is similar when ¢ is assumed uniformly continuous but z is allowed to lie in

Ly (S, p). u
The following brief proof of Corollary [7.4]is due to the referee.

Corollary 7.4 Let ¢ : E — |—o00,+00] be proper lower semicontinuous. Let (x,)nen and x
be in LL(S, ). Assume that there exists 6 > 0 such that

(37) sup lz¥| <6

(2.0*)egradod

Suppose that (x,)nen converges to x in measure and there exists M > 0 such that |p(v)| < M
for allv € dom . Then [, |¢(wn(s))—¢(x(s))|du(s) — 0. Consequently, Is(x,) — I4(z).
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Proof. By [24, Theorem 2.1], ¢ is d— Liptschtiz on E. Then we directly apply Theo-
rem [7.3[(ii). |

While non-trivial convex integrands will not satisfy there are many simple examples
which do.

Example 7.5 (Nonconvex integrands) Let ¢(z) := min{||z||,1} for every x € E. Let
(Tp)neny and x be in LL(S, ). Suppose that (z,).en converges to x in measure. Then

s !(b(a:n(s)) — ¢(x(s))|du(s) — 0. Consequently, Iy(z,) — Iy(z).

Proof. Clearly, ¢ is continuous (actually Lipschitz) and sup(, ,«egraoge [|17° < 1. By the
definition of ¢, we have (x,)neny and x are in dom I,. Then directly apply Corollary [

Now we give an example of a useful convex integrand.

Example 7.6 (Convex integrands) Let ¢ be defined as in Example [d.1[[ii)] ( i.e., I, is the
Fermi-Dirac entropy). Let (z,)nen and z be in dom I,. Suppose that (z,)nen converges to

z in measure. Then [¢ [¢(z,(s)) — ¢(2(s))|du(s) — 0. Consequently, Iy(z,) — Iy(x).

Proof. Since dom¢ is compact, @lqome is uniformly continuous on dome¢. We have
SUDyedom ¢ |#(v)] < dIn(2). Then apply Theorem [7.3[(ii) directly. |

To use such value convergence results, it behoves us to provide an example of integrands
such that [g[¢(za(s)) — ¢(2(s))| dp(s) — 0 implies z,, — = in measure.

—logz, ifx>0;

Example 7.7 Let ¢(z) := ,Vr € R. Let S = [0,1] and let u be

~+00, otherwise

the Lebesgue measure. Let (x,),en and z be in dom /4. Suppose that x € LY (S, 1) and
Js |6(za(s)) — @(2(s))|du(s) — 0. Then z, — = in measure.

Proof. By the assumption, we can and do assume that z,(s) € dom¢ for all n € N;s € S
and z(s) € dom ¢ for all s € S. Since x € LE (S, i), there exists L > 0 such that |z(s)] < L
for almost all s € S. We can and do suppose that

(38) lz(s)| < L, VseS.

Suppose to the contrary that (x,),en does not converge to x in measure. Then there exist
n >0, g9 > 0 and a subsequence (2, )ken Of (Z,)nen such that

(39) M(Tk) Z €0, Vk € N)
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where T}, := {s € S| |2, (s) — z(s)| = n}. Then we have
/S 16(n0 (5)) — 6(2(5)) |du(s)
— [ [6(zm(5)) — 8(a(s))|duals) + / 16(my (5)) — B((s))|du(s)

Ty (Ty)e
> [ 1ol (9) ~ 6(e(6) (o
— g |<¢’(yké),xnk(s) x(s)>‘d,u(s), Jy, € [Tn,(s),z(s)] (by Mean Value Theorem)

>

Ty, ‘$(8)|+|I”k(5)_$(5) '

> | £ =5 (by (8 and BI),VEEN,

Tk

which contradicts that [g [¢(za(s)) — ¢(z(s))|du(s) — 0. Hence z,, = z in measure. M

Sadly, in Example we cannot replace [; [¢(wn(s)) —¢((s))|du(s) — 0 by Is(z,) —
I,(z). We use the following example to show that.

Example 7.8 Let ¢(z) = oL, 1 7 ,Vx € R, and let S,u be defined
~+00, otherwise

as in Example [7.71  We define z, : S — R (for every n € N) by z,(s) =

) ifs € Oa; )
{n o [ 1+1°g”] ,Vs € S. Set z(s) :=exp(l),Vs € S.

1, otherwise

Then (x,)neny and z are in dom Iy, © € Lg°(S, ) and I4(z,) — Is(x) = —1 but (z,)nen
does not converge to x in measure.

Proof. Clearly, z € LL(S, ) N LY(S, ). Now we show (z,,)nen is in L (S, p). Fix n € N.
Then x,, is a bounded and measurable function. Thus, x, € LL(S, ).

Now we show that I(z,) — Is(z). Clearly, Is(z) = [;—log <exp(1))d,u(s) =—1.

Io(,) = / 6 (2a(5)) dp(s)
— [ @A)+ [ o(@als)du(s)
/[0 ] /

THlogn | ogn 1]
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_ /[0  logndu(s) + / | ~lox1du(s)

’14+logn ] 1+logn’

—1ff)gn — —1 = I,(2).
Hence Iy(z,) — 14(2).
On the other hand,
pfs €S| |an(s) — x(s)| > 1} =p{s €S| |za(s) —exp(1)| > 1}
ZM{}mal] p=1- 1+logn >3, Vn=3
Hence (z,)nen does not converge to z in measure. |

The converse of Example [7.7] cannot hold either.

Example 7.9 Let ¢, S, p and (z,)n.en be all defined as in Example . Let z(s) :=
1,Vs € S. Then (z,)neny and z are in doml,, v € Lg(S,p) and z, — = in measure

but [ |¢(za(s)) — ¢(x(s))|du(s) - 0.

Proof. Example shows that (z,,)nen is in dom I,.

Clearly, z € dom I, and = € L (S, ). Now we show that x,, — = in measure. Let n > 0.
Then we have

p{s € 8 | [rals) — 2(s)| 2 0} = s € 5| laals) — 11 >} < u{ [0, 15| } = 7 — 0.
Hence z,, — x in measure.

We have
llm/ {gb Tn(s)) — )‘d,u —hm/ ‘qzﬁ Tn(s )‘d,u
= lim/ —¢(wn(s)))du(s) = lim —Iy(z,) =1 #0 ( by Example [7.8).
S

Hence [¢|¢(zn(s)) — ¢ (2(s))|du(s) = 0. |

Let ¢ : E — |—00, +00| be proper lower semicontinuous and strictly convex. Let (x,)nen
and x be in dom ;. Assume that z € argminl,. The results so far given provoke the
following question:

If £, — x in measure, is it necessarily true that I,(z,) — I4(x)?
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The following example shows that the above statement cannot be true without imposing
extra conditions.

Example 7.10 (Incompatibility of measure and value convergence) Let

—1 ifz > 0:
o(z) = ogr T, I J Wz € R. Let S = [0,1] and let p be the Lebesgue
400, otherwise

, ifse [0,1]; .
measure. Set (for every n € N) x,,(s) := T e [ ”} ,Vs € S. Then ¢ is proper lower
1, otherwise
semicontinuous and strictly convex. Let x : S — R be given by z(s) := 1,Vs € S.
Then (z,)neny and z are in L (S, ),
argmin I, = {x} and z,, — x in measure

but I,(x,) - I,(x). In particular, (x,)n,en does not converge weakly to .

Proof. Clearly, x € L(S,u). First we show (z,,)nen is in L (S, ). Let n € N. Then z,, is
a measurable function. Let n € N. Then z,, is a bounded and measurable function. Thus,
T, € Ly (S, ). We have

tp%ww@zém@W@z4H%@w@+4ﬂm@w@

= foagror s fy e

(40) =1+ (1-1).

Since argming = {1}, Iy(z) = [(o(1)du(s) < [ (2(s))du(s) = Iy(2),Vz € Li(S, p).
Then = € argmin I,. By Fact [2.15| I, has unique minimizer and hence argmin I, = {z}.

Now we show that x,, — = in measure. Let n > 0. Then we have
p{s €S| |zn(s) —a(s)| >n} =p{s €S| |za(s) =1 >n} <p{[0,]} =1 —0.
Hence lim p{s € S | |z,,(s) — z(s)| > n} = 0 and thus z, — z in measure.

By (0], |lzalli = ||z[i = 1. Then z, - z. Since z, — x in measure, [20, Lemma 2]
implies that (x,),en does not converge weakly to x.

We claim that I,(z,) - I;(x). We have
Tofen) = [ o) duts
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= /[071} (2 ( / s))dpu(s)

= [, —logn+ndu(s) + —log 1+ 1du(s)
Joy / i

SIH

=8 14 (1-1) —2

= / ¢(z(s))du(s) = / —log 1+ 1du(s) = 1.
S S

Combining the results above, I4(x,) - Is(x). |

However,

Remark 7.11 Let (C,)ney and Cy in LL(S, 1) be closed convex sets, and let ¢ : £ —
|—00, +00] be proper lower semicontinuous and convex. When, as in [6], we consider the
following sequences of optimization problems

(P,) V(P,) :=inf {I4(z) | v € C,},
(Ps) V(Py) :=inf {I4(z) | 2 € Cx },

the above results indicate that one cannot significantly weaken the conditions of Fact
(such as, replacing weak convergence by measure convergence).

To conclude, we observe that the examples of this section indicate the limited use of
convergence in measure in the absence of weak compactness conditions.
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