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Abstract

It is shown that, for maximally monotone linear relations defined on a general Banach
space, the monotonicities of dense type, of negative-infimum type, and of Fitzpatrick-
Phelps type are the same and equivalent to monotonicity of the adjoint. This result
also provides affirmative answers to two problems: one posed by Phelps and Simons,
and the other by Simons.
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1 Introduction

Throughout this paper, we assume that X is a real Banach space with norm || - ||, that X™*
is the continuous dual of X, and that X and X* are paired by (-,-). Let A: X == X* be
a set-valued operator (also known as multifunction) from X to X*, i.e., for every z € X,
Ax C X*, and let gra A = {(x,x*) eX x X*|z*e Ax} be the graph of A. The domain of
A, written as dom 4, is dom A = {z € X | Az # @} and ran A = A(X) for the range of A.
Recall that A is monotone if

(1) (r—y, 2" —y*) >0, V(x,z%)egradV(y,y") € graA,

and mazimally monotone if A is monotone and A has no proper monotone extension (in the
sense of graph inclusion). Let A : X = X* be monotone and (z,z*) € X x X*. We say
(x,2*) is monotonically related to gra A if

(r—y,x"—y") >0, Y(y,y*) € graA.
We now define the three aforementioned types of maximally monotone operators.

Definition 1.1 Let A : X = X* be maximally monotone. Then three key types of monotone
operators are defined as follows.

(i) A is of dense type or type (D) (see [21)]) if for every (x**,x*) € X** x X* with

inf (a—2™,a" —2%) >0,
(a,a*)egra A

there exist a bounded net (aq, a%,)acr in gra A such that (a., al) weak*x strong converges

to (x*, x*%).

*
(03

(ii) A is of type negative infimum (NI) (see [30]) if

sup  ((a,2%) + (a*,2™*) — (a,a*)) > (™, 2%), V(2™ z%) e X x X"
(a,a*)egra A

(iii) A is of type Fitzpatrick-Phelps (FP) (see [20]) if for every open convex subset U of
X* such that U Nran A # &, the implication

z* € U and(z,2") € X xX* is monotonically related to gra AN (X x U) = (x,x*) € gra A

holds.



We say A is a linear relation if gra A is a linear subspace. By saying A : X =% X* is at most
single-valued, we mean that for every z € X, Ax is either a singleton or empty. In this case,
we follow a slight but common abuse of notation and write A: dom A — X*. Conversely, if
T: D — X*, we may identify T" with A : X = X*, where A is at most single-valued with
dom A = D.

Monotone operators have proven to be a key class of objects in both modern Optimization
and Analysis; see, e.g., [10, 11} 12], the books [3] 14} 18] 26, 31, 33, 29] [42] and the references
therein.

In this paper, we provide tools to give affirmative answers to two questions respectively
posed by Phelps and Simons, and by Simons. Phelps and Simons posed the following question
in [27, Section 9, item 2]: Let A : dom A — X* be linear and maximally monotone. Assume
that A* is monotone. Is A necessarily of type (D)?

Simons posed another question in [33, Problem 47.6]: Let A : dom A — X* be linear and
mazximally monotone. Assume that A is of type (FP). Is A necessarily of type (NI)?

We give affirmative answers to the above questions in Theorem [3.1] Moreover, we gen-
eralize the results to the linear relations. Linear relations have recently become a center of
attention in Monotone Operator Theory; see, e.g., [1l 2, [l [5, 6] [7, 8, @ 16l 17, 27, 34, 35,
30, 37, 38, 39], 40, 41] and Cross’ book [19] for general background on linear relations.

We adopt standard notation used in these books: Given a subset C of X, int C is the
intertor of C, and C' is the norm closure of C' . The indicator function of C', written as i¢,
is defined at x € X by

2) o) = {O, if x € C;

+00, otherwise.

For every # € X, the normal cone operator of C' at x is defined by N¢(z) = {z* € X* |
supee{c —z,z*) <0}, if 2 € C; and Ne(z) = &, if 2 ¢ C. For z,y € X, we set [z,y] =
{tr+(1—t)y |0 <t <1}. If Z is a real Banach space with continuous dual Z* and a subset
S of Z, we denote S* by S+ = {z* € Z* | (2*,5) =0, Vs e S}. Given a subset D of Z*,
we set D, = D+ N Z. The adjoint of A, written as A*, is defined by

grad* = {(z*,2") € X™ x X* | (z*, —2™) € (gra A)*}.

Let f: X — |]-o00,+0c0]. Then domf = f7'(R) is the domain of f, and
f*r X* = [—oo,400]: ¥ — sup,ex({w,x*) — f(z)) is the Fenchel conjugate of f.
For ¢ > 0, the e—subdifferential of f is defined by 0.f: X = X*:z — {J:* e X |
(Vy e X) (y—a,2*) + f(z) < f(y) +e}. We also set Of = 0o f.

Let FF': X X X* = ]—00,4+00]. We say F is a representative of a maximally monotone
operator A : X =% X* if F' is lower semicontinuous and convex with F' > (-,-) on X x X*
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and
graAd = {(z,2") € X x X | F(x,2") = (z,2") }.
Let (z,2") € X x X*. Then F|, .-) : X x X* — |00, +o0| [25, 33| 23] is defined by
Fio.o(z,2*) = F(z 4z, 2" + 2%) — ((z,2") + (z,2%) + (z,27))
(3) =Fz+z,2"+2%) —(z+z,2"+2") + (z,27), V(r,z")e X x X"

Moreover, the closed unit ball in X is denoted by By = {z € X | ||z <1}, and N =
{1,2,3,...}. We identify X with its canonical image in the bidual space X**. Furthermore,
X x X* and (X x X*)* = X* x X** are likewise paired via

((z,2%), (y",y™)) = (z,y") + (2%, y"™),

where (z,2*) € X x X* and (y*,y*) € X* x X**. The norm on X x X*, written as || - |1,
is defined by ||(z, 2%)||1 = ||z|| + ||=*|| for every (z,2*) € X x X*.

The remainder of this paper is organized as follows. In Section 2] we collect auxiliary
results for future reference and for the reader’s convenience. The main result (Theorem [3.1)
is provided in Section [3] The affirmative answers to Phelps-Simons’ and Simons’ questions
are then apparent.

2 Auxiliary results

Fact 2.1 (Rockafellar) (See [28, Theorem 3(a)], [33, Corollary 10.3] or [42] Theo-
rem 2.8.7(iii)].) Let f,g : X — ]—o0,+0o0] be proper convex functions. Assume that there
exists a point ro € dom f Ndomg such that g is continuous at xo. For every x* € X*, we
have

(f+9) (") = nin, ) + g (@ —y)].

Fact 2.2 (Borwein) (See [I3, Theorem 1] or [42, Theorem 3.1.1].) Let f : X — |—o00, +00]
be a proper lower semicontinuous and convex function. Let € > 0 and § > 0 (where % = 00).
Assume that xo € dom f and xf§ € O.f(xg). There exist x. € X,xr € X* such that

22 = ol| + B(ze — o, 25)| < Ve,  al € 0f(z.),
* * * * €
2% — w5l < Vel + Bllagl),  [ze — o, 27)]| S€+%-

Fact 2.3 (Simons) (See [32, Theorem 17] or [33, Theorem 37.1].) Let A : X =% X* be a
mazximally monotone operator such that A is of type (D). Then A is type of (FP).

4



Fact 2.4 (Simons) (See [33, Lemma 19.7 and Section 22].) Let A : X = X* be a monotone
operator such that gra A is convex with gra A # &. Then the function

(4) g: X X X* — ]—o00,400] : (x,2%) = (2,27) + tgraa(x, ")
is proper and convez.

Fact 2.5 (Marques Alves and Svaiter) (See [24, Theorem 4.4].) Let A : X = X* be
mazximally monotone, and let F' : X — |—o00,+00| be a representative of A. Then the
following are equivalent.

(i) A is type of (D).
(i) A is of type (NI).
(iii) For every (xg,x5) € X x X*,

3 * 1 2 1 *|12] __
o [Flagay (@a) + el + a7 ] =

Remark 2.6 The implication |(i)={(ii)| in Fact was first proved by Simons (see [30,
Lemma 15] or [33] Theorem 36.3(a)]).

Fact 2.7 (Cross) Let A: X = X* be a linear relation. Then the following hold.

(i) Az =a*+ A0, Vz* e Ax.
(i) (Vz™ € dom A*)(Vy € dom A) (A*z** y) = (2™, Ay) is a singleton.
(iii) (dom A)* = A*0. If gra A is closed, then (dom A*), = A0.

Proof. See [19, Proposition 1.2.8(a)]. [(ii)} See [19, Proposition III.1.2]. [(iii)]: See [19,
Proposition I11.1.4(b)&(d)]. |

Lemma 2.8 Let A: X = X* be a mazimally monotone linear relation. Then (dom A)+ =
A0 = A*0 = (dom A*), .

Proof. (See also [, Theorem 3.2(iii)] when X is reflexive.) Since A+ Ngom 4 = A+ (dom A)*+
is a monotone extension of A and A is maximally monotone, we must have A+(dom A)+ = A.

Then A0 + (dom A)t = A0. As 0 € A0, (dom A)* C A0.

On the other hand, take z € dom A. Then there exists x* € X* such that (z,z*) € gra A.
By monotonicity of A and since (0, A0) C gra A, we have (x,z*) > sup(z, A0). Since A0 is
a linear subspace, we obtain x 1 AQ. This implies A0 C (dom A)*.
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Combining the above, we have (dom A)* = A0. Thus, by Fact R.7q(iii)} (dom A)* = 40 =
A*0 = (dom A*), . |

Lemma 2.9 Let A: X = X* be a maximally monotone linear relation. Then {(x**, A*x**)
18 single-valued for every x** € dom A*.

Proof. Take z** € dom A* and z* € A*z**. By Fact 2.7(i)] and Lemma [2.8]

Thus (z**, A*x**) is single-valued. |

3 Main result

Theorem 3.1 Let A : X = X* be a maximally monotone linear relation. Then the following
are equivalent.

(i) A is of type (D).

(ii) A is of type (NI).

(iii) A* is monotone.
)

(iv) A is of type (FP).

Proof. {D)={Gi): Fact 2.5

1Gi)={(iil)[": Suppose to the contrary that there exists (aj*,af) € graA* such that
(af*,as) < 0. Then we have

sup ((a, —ag) + (ag",a*) — (a, a*>) = sup {—(a,a")}=0<(—a;",ayp),
(a,a*)egra A (a,a*)egra A

which contradicts that A is type of (NI). Hence A* is monotone.
“1(11i1)=A(11)[: Define
F: X xX"— ]—00,+00]: (z,2%) = tgraa(x, %) + (x,27).

Since A is maximally monotone, Fact [2.4] implies that F' is proper lower semicontinuous and
convex, and a representative of A. Let (v, v) € X x X*. Recalling , note that

(5) Flogap): (2,07) = tgraa(vo + 2,05 + 27) + (2, 27)



is proper lower semicontinuous and convex. By Fact 2.1] there exists (y**,y*) € X** x X*
such that

o o
Ke= b [Pl et) + 3l + )]

= —(Fuoow) + 31 17+ 311 - I?)7(0,0)
(6) = —Fup W y™) = 3lly™I” = 3y

Since (%) = Flugus) (2, #%) + 5 [|2]|* 4 5 ||| is coercive, there exist M > 0 and a sequence
(Gp, al)pen in X x X* such that

(7) lanl| + [lay|| < M
and
Flugwy)(an, ay) + gllanll* + 5llan?
<K+ 5= —F oW y™) = slly™1? = 5lly 17+ (by (©) )
() = Fonugy (0 @2) + Slanll® + Ha I + Fy e (0757) + L™ I + Hy*I? < &

(9) = F(vo,vé)(am a:z) + F(t)o,vg)(y*> y**) + <an7 _y*> + <a;kz7 _y**> < #
(10) = (¥, ") € 01 Fupwy)(an,ay,) (by [E2, Theorem 2.4.2(ii)]).

— 1 . ~ % . %
Set 8 = e (T T Then by Fact , there exist sequences (ay, a )neny in X x X* and

(Y, Y Jnen in X* x X** such that
) lan = @l + llay — aill + 8 [(@n — an, y*) + (@, — al, y™)
) max{[ly; = v*|l, ly;" —y™ I} < 2

13) (@ = an,yp) + ah — a3, y") | < 5+ 5
) (Y5 y2") € OF(ug.u)(@ny i),  Wn € N.

<1
-— n

Then we have

(@ )+ (as, u") = {an, y™) = (ag, y™)

= (@0 = an, Y3} + (an, yp — y*) + (@i — ag, y0") + (a, vt — ™)
(o — an, ) + (as, — an, yi") | + am, v — v+ Kag, unt = y™)
v+ laall - llyn = v+ llanll- vy =y (by ([13))
g+ (lanll +llanl)) - max{{ly;, — vl vy — v (1}
#+n—lﬁ+%M (by (7)) and (12)), Vn eN.

IAINA

=
=
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By , we have

(16) lanll = Nall] + [llanll = llazll] < &
Thus by , we have

[llanll® = Nanll?] + [lanl* — lla ||

= \HanH - HanH|(||an|| +lanll) + [lla;, (el + llaz D)

< 5 @lanll+3) + 7 @llanli+3) - (b .
(17) <i@eM+23)=2M+ 3%, VneN
Similarly, by , for all n € N, we have
(18)

Myl =y 1P| < Sl + 52 < a5+ o 1P =My 1] < Syl + 5 < o5+ e
Thus
Fluo ) (s @3) + Flog oy s ) + 3l1G0l* + llaill® + 3llynll® + 3y (1?

= [ Flunay @ 5) + Fsy gy 027 + S1Gl1? + 3115 12+ Sl + 31
| Flanas(@ns @3) + Hllanll® + Hlanli® + Foy g (0" 5™) + 3y 12+ S1y°11]
| Fluns(@ans @3) + Hllanll? + 3lanl? + Fy oy (0" 5™ + 3y 12 + 17112
[F@o ) s G2) - Py U U") = Flanw) (@, 05) = oy (05 0™)|

5 [l + 512 = llanl® = lla 1]
4 [l 12 = ™12 = 1) + & (by @)
< [<amyn> +ag, yn) = (any*) = {an, ™)) (by (1))
5 (aal® = el + 312 = llas %))
+ 3 (Il = 1P+ o P - ||y**||2})
S%—F —|—2M—|—1M—i- —i— + + (by,and)
(19) :ﬁ+m+%M, vneN.

By (14), (5)), and [42, Theorem 3.2.4(vi)&(ii)], there exists a sequence (2}, 22*) e in (gra A)*
and such that

(20) Yo ") = (af, @) + (2, 27),  ¥n €N,

Since A* is monotone and (z*, z*) € gra(—A*), it follows from that
<y:wy:z*> - <y;ku Ci;t) - <yn >djrkz> + <a;<w d;l> = <y;; - d:*w y;kz* - d71> <Zn’ Zn > <0
= WY ) < (W @n) + Y7 03) — (@, an), V€N,



Then by (5) and (T4)), we have (a3, a,) = F(UO,US)(d},aN;‘L) and
(21) W un®) < (s @) + (U, @5) = Flogag)(@ns @) = Fyy o) Wi 027, Yn €N
By and , we have

Froaop) (@nr az) + (s yn”) + llanl® + 3llan* + 3lynll® + 51w 1 < 55+ 5 + 2M
(22) = Fuowg)(@nai) + 3llanll® + llas > < 5+ 5+ 2M, VneN
Thus by ,

(23) (m*)ig)f(Xx* [Floows) (@, 2%) + 3|z |” + 3/l=*|I°] <o0.

By (5).

(24) (M*)ig)f(XX* [Floows) (@, 2%) + $llz|” + 3[|=*|I°] > 0.

Combining with (24)), we obtain

(25) ooint  [Fu(a®) + dllal? + 3] =o0.

Thus by Fact , A is of type (NI). This concludes the proof that , , and coincide.
Now " follows from Fact . It remains to show only:
1Gv)=(iil)]: Let (z§*, zf) € gra A*. We must show that

(26) (5", 25) = 0.

We can and do assume that

(27) (20", 2g) # 0.
By Fact [2.7(ii)]
(28) (xy*, Aa) = (z5,a), Va € dom A.

We claim that there exists ag € dom A such that
(29) (x5, ap) < 0.
Recalling that dom A is a subspace, we suppose to the contrary that

(30) (x5,a) =0, Va € dom A.



Thus
(31) (0,z5) € gra A™.
Since (z3*, zf) € gra A*, (z3*,0) € gra A*. Thus, by Lemma [2.9]
(3) (w57, ) = (a7, 0) =0,
which contradicts (27). Hence holds. Take af € X* such that (ao, aj) € gra A. Set
(33) Cp = [ag, x}) + = Bx-.
Then C,, is weak® compact, convex, and z(, € int C),.
Now we show that
(34) (0,z() ¢ gra A.

Suppose to the contrary that (0,zf) € graA. By Lemma 2.8, (0,z)) € gra A*. Since
(g, xf) € gra A*, (z§*,0) € gra A*. Thus by Lemma [2.9| again, we have

(35) (25", mg) = (x5, 0) =0,
which contradicts . Thus holds.

By , x§ € int C,,. Then by , ay € ran ANint C,, and that A is of type (FP), we
have

0> b (= @50+ (0,07 + tgaalea”) + ixc, (0,07))
(36) =—[(,) + tgran + txxc,] (25,0), VneN.
By Fact [2.4]
(37) F: X x X" — |—00,400] : (z,2%) = (x,2") + tgraa(z,2*) is proper and convex .
Since
(38) (ag,ap) € graA and af €ranANintC,, Vn e N,

(ag,ay) € dom F Nint dom txx¢,. Then

(39) Lxxc, is continuous at (ag,a;), Vn € N.
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Using (36), (39). (37), Fact 2.1 and the fact that (z§*,z) € graA* < F*(zf, —z5*) = 0, we

have
(y**,y*l)Tél)El**xx* |: (xo _I— y 7y ) + LXXCn( y ) y ):|
> — [F*(ag, —5") + e, (0,757)]
= _LE(XCn(vaS*)
(40) = = 25|l = max{(wg, 257), (25", ag) }-

Take n — oo in to get

(41) max{ (w5, 23, (23", @i} > 0.

Since

(42) (5" a3) = (af,a0) <0, (by @5) and €9))
it follows from that

(43) (xg", xg) > 0.

Thus holds and hence A* is monotone. This establishes as required.

Remark 3.2 When A is linear and continuous, Theorem [3.1|is due to Bauschke and Borwein
[T, Theorem 4.1]. Phelps and Simons in [27, Theorem 6.7] considered the case when A is
linear but possibly discontinuous; they arrived at some of the implications of Theorem 3.1

in that case.

(i) The proof of |(ii)={(iii)| in Theorem [3.1| follows closely that of [I5, Theorem 2].

(ii) Theorem [3.1|(iii)={(i)| gives an affirmative answer to a problem posed by Phelps and

Simons in [27, Section 9, item 2] on the converse of [27, Theorem 6.7(c)=(f)].

(i) Theorem [3.1§(iv)={(ii)| gives an affirmative answer to a problem posed by Simons in [33]

Problem 47.6].

(iv) The proof of (iii)={(ii)| in Theorem was partially inspired by that of [43], Theo-

rem 32.L] and that of [22, Theorem 2.1].

(v) The proof of |(iv)={(iii)|in Theorem 3.1| closely follows that of [I, Theorem 4.1(iv)=-(v)].

We conclude with an application of Theorem to an operator studied previously by

Phelps and Simons [27].

11



Example 3.3 Suppose that X = L]0, 1] so that X* = L*°[0, 1], let
D = {z € X | x is absolutely continuous,z(0) = 0,2" € X*},

and set
{2}, ifx € D;

A X =z X" — ]
g, otherwise.

By [27, Example 4.3], A is an at most single-valued maximal monotone linear relation with
proper dense domain, and A is neither symmetric nor skew. Moreover,

dom A* = {z € X | z is absolutely continuous, (1) =0,z € X*} C X

A*z = —2/,Vz € dom A*, and A* is monotone. Therefore, Theorem implies that A is of
type of (D), of type (NI), and of type (FP).
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