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Abstract. A standard method for computing values of Bessel functions has been to use the well-known
ascending series for small argument, and to use an asymptotic series for large argument; with the choice of
the series changing at some appropriate argument magnitude, depending on the number of digits required. In
a recent paper, D. Borwein, J. Borwein, and R. Crandall [1] derived a series for an “exp-arc” integral which
gave rise to an absolutely convergent series for the J and I Bessel functions with integral order. Such series
can be rapidly evaluated via recursion and elementary operations, and provide a viable alternative to the
conventional ascending-asymptotic switching. In the present work, we extend the method to deal with Bessel

functions of general (non-integral) order, as well as to deal with the Y and K Bessel functions.
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1. INTRODUCTION

Bessel functions are amongst the most important and most commonly occurring objects in
mathematical physics. They arise as solutions to Bessel’s equation [3, Eq. 10.2.1], {14, p. 38|
Py | dy
2 2 2\, _

z@—i—z%—i—(z —v)y =0, (1.1)

which is a special case of Laplace’s equation under cylindrical symmetry. The ordinary Bessel

function of the first kind of order v is the solution J,(z) given by the ascending series [3,
Eq. 10.2.2], [14, p. 40]

o0
Z\Y (=1)™(z/2)>"
1) = (2) . 1.2
(2):= 3 mzom!f‘(u—i-m—l—l) (12)
It is clear that although (1.2) converges rapidly for small |z|, it is computationally ineffective
when |z/2|? is much greater than v. One approach to overcoming this difficulty is to use the
ascending series (1.2) for small |z|, and to use the asymptotic series below [3, Eq. 10.17.3],

[14, p. 199] for large |z|:

1/2 > v > 1\
Jy(2) ~ <2> cost(—1)kp2k(2,2 —sian(—l)kW : (1.3)
k=0

Tz — (22)
where
Twow
Wwi=z——— =
2 4’
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PEV) = A - il ,

" m=1

with the empty product that arises at £k = 0 understood to be equal to 1 and
(a)p:=ala+1)---(a+n—1)

is the Pochhammer symbol. This approach is used in some texts on computation, for example
in S. Zhang and J. Jin [15, p. 161]. However, one of the major drawbacks of using the
asymptotic series (1.3) is that while it is known [14, p.206] that when 2N > v — 1, the error
from truncating the right-hand side of (1.3) at the N-th term is bounded by the absolute value
of the N + 1-st term, the right-hand side of (1.3) is divergent for fixed z. Therefore, the use of
(1.3) imposes upon us a theoretical limit on the number of correct digits that can be obtained,
which in turn forces us to switch back to the ascending series (1.2) for very-high-precision
computations.

The theory is similarly limited for the second (linearly independent of J,)) solution of (1.1),
known as the ordinary Bessel function of the second kind Y, (z), defined by

Jy(z) cos(vm) — J_(2)

sin(vm)

Y, (2) =

7 (1.4)

for non-integral v, and defined as the limit of the above expression at integral v. In particular,
we have the following expression for Y,,(z), where n is an integer [14, pp. 62, 64].

n-! n—k— P 2k—n
Yo(2) = % <2(10g(z/2) +9)dn(z) — kz_o (n—Fk 1}2:( /2)
00 P 2 2k+n( g + Hiin
kzo /k:l n+(k)k = )> ' (1.5)

where
b1
=17

is the k-th harmonic number. It also has an asymptotic expansion similar to (1.3).

1/2 5
Yo (z) ~ <7r22) (smwz kp% )2 —|—coswz kw> , (1.6)

k=0

with the same error bounds as indicated above.
Similar expansions exist for the modified Bessel functions I,,(z) and K,(z). For complete-
ness, we state their definitions below.

—umi . 2\ — z/2)%m
I(2) = e V™2, (iz) = (5) Z::()m!rgu/+)m+ 5 (1.7)

and

(1.8)
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It should be noted, however, that there does exist a convergent asymptotic expansion for
I,(z), due to Hadamard [14, p. 204].

_ e’ = (l —V)n
I,(z) = a1 L) ;_:0 5!(22)71 V(v +n+1,22), (1.9)

where
1
v(a,z) := za/ e #5915
0

is the incomplete gamma function. One should observe that for large n, the summands in
(1.9) are of order O(n~"~3/2) and so although the series converges absolutely, it only does so
algebraically (i.e., at polynomial rate) in the number of summands.

In his extensive research into the theory of Hadamard expansions, R. B. Paris ([4]-[11])
found several variants of (1.9) that converge much more rapidly. In particular, in [9], he
describes a general procedure for obtaining and accelerating Hadamard expansions that leads
to the following geometrically convergent (i.e., at geometric rate) version of (1.9) [12].

I(z Zp’“ Plk+v+1,2)+

—Z:|:7TZ(I/+ 0
) P(k+v+1i,-2), (1.10)

k=0

where (@.2)
v(a,z
P(a,z) := T(a) ’
and the signs in the exponential are chosen depending on the sign of arg(z).

In this paper, we approach series expansions of Bessel functions from a different angle:
through the evaluation of “exp-arc” integrals. The use of exp-arc integrals was motivated by
the recent work of D. Borwein, J. Borwein, and R. Crandall [1] in which these integrals were
used to obtain explicit error bounds for the asymptotic expansions of Laguerre polynomials.
As a corollary of their results, they developed geometrically convergent series for the J and
I Bessel functions at integral order, whose summands can be computed recursively using
elementary operations. These series are redolent of the modified Hadamard series of Paris,
but do not follow as special cases. Their independence from the Paris modifications is both
theoretically and computationally interesting, and can be viewed as complementary to Paris’
investigations. We generalise these ideas to obtain exp-arc series for Bessel functions of non-
integral order and for the Bessel functions of the second kind.

At this point, perhaps a brief explanation of the term “exp-arc” is in order. Although
originally (in [1]) exp-arc stood for “exponential-arcsine”, in the present work we shall use the
term to indicate any of the functions

earcsinz’ earcsinh27 earccosz’ earccoshz‘
Thus, an exp-arc integral is an integral involving a power of any of the above exp-arc functions.
The main idea here is to exploit the Taylor expansion of exp-arc functions to reduce exp-arc
integrals to sums whose summands can be computed recursively, as the Taylor coefficients of
exp-arc functions satisfy second-order linear recurrences.

The rest of the paper is outlined as follows. In Section 2, we use exp-arc integrals to prove
our series for J,(z) in detail. In Section 3, we prove analogous formulas for the other three
Bessel functions mentioned above. Then in Section 4, we give an analysis of the effectiveness
of our series and derive explicit error bounds on the tails. Finally, in Section 5, we provide
some numerical calculations and compare our series with the traditional computation schemes.



2. THE EVALUATION OF J, (%)

To obtain our series for the Bessel function J, we evaluate the following integral represen-
tation of J,(z) [14, p. 176], valid for Re(z) > 0:

1 7T 3 oo .
Ju(z) = /0 cos(vt — zsint)dt — sin(v) /0 e vimEsinht gy (2.1)

T T
The first integral has been dealt with in [1, Sec. 5|. We state the key result below.

Theorem 2.1 (Borwein-Borwein-Crandall). For any complex pair (p,q) and real numbers c,

g e (—mm), let

B
(pvqa 76) / e—iqwepcoswdw, (22)
«
and
m m
Tami1 (v H V212, )= (2 + (25 -2)7). (2:3)
7j=1
Then we have the absolutely convergent representation
B
re+1(—2iq) M2 4 —opa?
(p7Q7 7ﬂ) q ZT o T e dz. (24)
k=0 sin 5

In particular, for the case where (o, 3) = (—m/2,7/2), we have

2iel N ropi1(—2ig
T(p) = Tlpa,~n/2/2) = - 3 "2 By ), (25)
k=0 )
with
1/V2 1 1 1
B = wke= e gy -~ e Puyk 2 dy
k(p) /0 2k+1\/§ 0
_ e ? 1\ By-1(p) (2.6)
p2k+1y/2 2 2 '

From Theorem 2.1 we easily deduce that
1 /2

l /7r COS( t — zsin t)dt ei(ut—zcost)eimr/Q + e—i(ut—z cost)e—imr/th
™ Jo 27T —/2
_ 1 (e_i’”r/zl(iz, V) 4 e/ (—iz, —1/))
27
= QL (e_i””/QI(iz, V) + V2T (—iz, y)) . (2.7)
T

—zs _—varcsinh s
e e

Our goal, therefore, is to find a rapidly converging series for the second (infinite domain)
integral in (2.1). If we let s = sinht so that dt = ds/v/1 + s?, we find that, for Re(z) > 0
B 1 > _Z /oo e—zsefyarcsinhsdS
o VJo
= 1 — E /OO 67256*I/arCSinhSd8 (28)
0

) 0o ,—zs,—varcsinh s
/ eflztfz sinhtdt _ / € € ds
0 0 V1 + s2
o 1%
14 14



and we are led to consider the integral
o0
F(Z I/) — / e #SeV arcsinh 5ds
V) .
0

To compute F(z,v), we fix a positive integer N, subdivide [0, N + %] into short intervals, and
deal with the integral on each interval separately. To that end, for an integer k£ > 0 define

1/2 )
/ e *8e™V arcsinh sds, if b= 0’
0

Fi(z,v) = (2.9)
k+1/2
/ efzsefz/arcsinhsdsj if k> 07
k—1/2
and let
S .

Fyo(z,v) ::/ e eV arcsinhs g (2.10)

N+1/2

For each k > 0, we shift the integral to [—1/2,1/2] and expand the exp-arc factor as a power
series about zero, then integrate term-by-term. In an analogous way, for F,, we expand
the exp-arc factor as a series at infinity and integrate term-by-term. Here, and throughout
the rest of this article, such interchanges are justified by Abel’s Limit Theorem [13, p. 425|.
Since we are mainly interested in the computational aspect of the series, rather than explicit
expressions we aim for recurrence relations among the summands. Thus, we make use of the

following two lemmas.
Lemma 2.2. For each integer k > 0 and any v € C, we may expand eV 2sinh(kts) 44 4
power series about s = 0 with radius of convergence r = |i — k| = Vk?>+ 1. Moreover, the

coefficients an(k,v) given by
(o]
eV arcsinh(k+s) _ Z an(k:, V)Sn
n=0

satisfy the recurrence relation

1 (2 —n2)an(k,v) —k(n+1)(2n + Day1(k,v)
ny2(k,v) = , 2.11
with initial conditions
k
aolk) = (k+ VL),  au(k,v) = —L0EY) (2.12)

VEZ+1

Proof. Since e~ is analytic everywhere except when k + s = +iy, y € R>q, the
Taylor expansion exists with radius of convergence as stated above. To compute the ay,(k,v),
let

v arcsinh(k+s)

fk(s) = eV arcsinh(k-+s) .

Then one easily verifies that fi(s) satisfies the differential equation

51) = g (P ds) — (+5)(9)). (213)

Clearing denominators and equating coefficients of s", we easily find that

n(n — a, + 2k(n+ Dnanp1 + (2 + 1)(n+2)(n + Danio = v?an — k(n + Dans1 — nay.
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Rearranging, we obtain
(K2 4+ 1)(n+2)(n+ Dang2 = ® —n?)a, — k(n +1)(2n + Dani1,
v
with ag = f1(0) = (K + Vk%2+1)"" and a; = f,.(0) = ———=(k + VK2 +1)"". This is
equivalent to (2.11). O

Lemma 2.3. Recall that (a)n, = a(a +1)---(a +n — 1) is the Pochhammer symbol. For
v € C, the function s’e™ V20 hag the expansion

Syeflzarcsmhs — Z (V) (214)

g2n ’

n=0
where Ag(v) =277 and for n > 1,
(=1)™27"(v+n+1)p—1
Av) = vt Dt (215)
provided that v is not a negative integer. If v is a negative integer, say v = —m, m € N, then
(2.15) is valid for 1 < n < m, and Ay(—m) = (=1)™*LA,_,,(m) for n > m. Note that this
expansion s valid for |s| > 1.

Proof. Let

g(s) .— Sl/efuarcsinhs — g (8+ 1+ 52>_V

=(1+Vi+s2) "
=[(1+> <1£2> 52k

k>0

—v

When |s| > 1, we have |1 + s~2| < 2; so that ‘Z,Ql (1é2)s_2k‘ < 1. Therefore

4

gs) =2 1 +kz>1 (122) 322k
=L ()X ()
An(v)

_ (2.16)

for some constants A, (v) with Ag(rv) = 27%. Let us find a recurrence for A, (v). Applying
(2.13) with £ = 0 we find that
(14 ) 7 0(e) = 5 gle) — 5 L (g )
ds? ds
Thus,
(2n—240)2n —14+v)A_ 1+ 2n+v)2n+ 1 +v)A, = V?A, — (2n+v)A,.
Rearranging, we find that

(Cn+v)? =)A= —(v+2n—2)(v+2n—1)A4,_ 1, (2.17)



and so, when v is not a negative integer, we have

(v +2n-2)(v+2n-1)
Ay = — ) A1 (2.18)

It is easy to verify that (2.15) solves this recurrence. If v = —m, m € N, then the left-hand
side of (2.17) is zero when n = m = —v; thus, we need to find another expression for A,,(—m)
when n > m. However, note that

o0

0o
Z An—i—zzsl_m) + (_1)mz An(m) _ 82m$—memarcsinhs + (_1)m8me—marcsinhs

n=—m n=0

is a polynomial in s where the smallest power of s is at least m. Therefore, we conclude that
all the terms in powers of s~2 (including the constant term) are zero, and thus A, 1, (—m) =
—(=1)™A,(m) for n > 0, or equivalently, A,(—m) = (=1)""1A,_,,(m) for n > m. O

We are now ready to write down our expression for J,(z).

Theorem 2.4 (Exp-arc series for J,). Let z,v € C with Re(z) > 0, and let N € N. Then
we have, when v # 0,

Ju(z) = % <e*i””/21(iz, V) + V2T (—iz, 1/))
. 0 N
+ ZSH;(TVW) (—i + Z (an(z)an(o, v) + Bn(2) Z e *2a, (k, y))
n=0 k=1

+ iAn(y)In(NJr %,z,v)>7 (2.19)
n=0

where Z(p, q) is given by (2.5), an(k,v) and A, (v) are given by Lemmas 2.2 and 2.3, while

1/2 sy 6—2/2 n 5 90
an(z) .—/0 e s ds = — = —i—;an_l(z), (2.20)
1/2 —1)" z/2 _ —2z/2
Bn(z) ::/ e **s"ds = (1) ¢ + Eﬁn,l(z), (2.21)
—1/2 2ny z
and
I(® - e—@z > —Ozs 1 —2n—ud
n( 7Z,V).—W o e ( +S) S

B 1 <e‘92(1/+2n—2—@z)

2
o rm oD 29 ey +2°1,-1(0, 2, V)) . (2.22)
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For the case v =0, we have

Ju(z) = 217r (Z(iz,0) +Z(—iz,0)). (2.23)
Proof. By (2.1), (2.7), and (2.8), it suffices to show that
N 00
ZFk(z,I/)—l—Fm(z,u):Z<an( )an(0,v) + Bn(z Ze 2, (k V>+ZA L,(N+3,2,v).
k=0 n=0

—v arcsinh(k+s)

For each k, we make a change of variable s — k + s and expand e as in Lemma

2.2. This yields

Fy(z,v) = / 7ZSZCL”0VS ds—Zan Jan(0,v),

and, for k > 1,

1/2 e
Filz,v) = e / z (k,v)s"ds = ¢S an(k, v)Ba(2)
n=0

1/2

—varcsinh s

For F,, we first expand e as in Lemma 2.3 and then make a change of variable

s (N+3)(1+s). Thus
_ o > A, (v)
Fo(zv) = e (N+1/2)z/ o~ (N+1/2)zs n N+ Dyds

% 2n+u(1 +S)2n+y
e’}
= An(W)IW(N + §,2,v).
n=0

The recurrence relations in (2.21) and (2.22) are easily obtained via integration by parts. [

3. THE Y, I, AND K BESSEL FUNCTIONS

Using our results from Section 2 we obtain similar evaluations for the Bessel function of
the second kind Y, (2), as well as for the modified Bessel functions I,,(z) and K, (z). We make
use of the integral representations [14, pp. 178, 181]:

1 ™ 1 oo .
Y, (z) = / sin(zsint — vt) dt — / (e + e cos(v)) e #simht gy (3.1)
™ Jo ™ Jo
1 ™ : [e.e]
I(z) =~ / 505t cos(t) dt — ST / emzcoshi—vt gy (3.2)
™ Jo m 0
and
o0 1 oo
K,(z)= / e~ Zcht cosh(vt) dt = 2/ g7 ooshi=vt g (3.3)
0 —00

We present our results below.

Theorem 3.1 (Exp-arc series for Y,). Let z,v € C — {0} with Re(z) >0, and let N € N.
Define

o0

N
S(N,z,v):= Z (an( Yan(0,v) + Bn(z Ze n(k,v > +ZA 2, v). (3.4)
k=1

n=0



Then we have

Y (z) = —212. <e_i”7r/21(iz,1/) — ei”/QI(—iz,l/)>
T
L (1—“;8(”) L S(N.2.) cos(vm) — S(N. = _y>> . (3.5)
T

where I(p,q), an(k,v), Apn(v), an(2), Bn(z), and I,(©, z,v) are as in Theorem 2.4. When

v =0, we have

Yo(z) = 5 (Z(i2,0) - T(~i2,0))

N
+22<a2n )05, (0) + Balz Ze’“* +a2n<0>fn<N+;,z,1>>, (3.6)
n=0 =1

where a (k) satisfy

k) = kE(2n+ 1)a) (k) + na’_ (k)
Int105) = k21 D)(n+1) ’

with aj(k) = (1 + k2)7Y2 and a3 (k) = kaj /(1 + k?).

Remark 3.2. One should note that when v is a positive integer, the sum

D An(~V)In(N + 5,2, )
n=0

in S(N, z,—v) may be written as

ZV:A,L(—V)I”(N +Z DY A, () (N + 1, 2,v),
n=0

the infinite part of which cancels with the analogous sum in S(N, z,v).

Proof of Theorem 3.1. The theorem follows immediately from (3.1) and the proof of Theorem
2.4 in the case where v # 0. For Y{, note that the infinite integral becomes

o0 i ht o0 e*ZS
2 e FIM g = 2/ ds
/0 0o V1+s?

If we set
1 oo
_— = a’(k)s
V1+ (k+s)? nzzo n(k)
then since
i 1 L k+s 1
ds \J1+ (k+s)2  1+(k+35)% /14 (k+s)?
we find that
(k* + 1)(n + 1)ak 4 + 2knal, + (n — 1)ai_; = —ka}, — a’_;.
Thus

. k@n+1a; +na;, 4
Gt T TR D) (1)
with af = (1 +k?)"Y2 and af = kajj/(1 + k2) Note also that a2n+1(0) =0 and

1
\/1—}—52 svV1+s2 Z
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for |s| > 1. Therefore, for any N € N we may write

[e%s) e~ %8 1/2 k+1/2 [e%) e~ %8
/ ds = / / ds
0 V1+4s? k 1/2 N+1/2) V142
= Z a5, (0)ag,(2) + Z kg ( (z) + agn(O)/ e s
n=0 N+1/2

=Y <a§n(0)a2n - Ze*kz : (2) + a3, (0) I, (N + 3, 2, 1)) ,
n=0

which, when combined with (3.1) and the proof of Theorem 2.4, proves (3.6). O

Theorem 3.3 (Exp-arc series for I, and K,). Under the same conditions as for Theorem
3.1, define

. _2€f 2 ronga(2iv)
A (Z, V) = 7 z:;] WB’NA—%(Z)? (37)

and

00 —z N
T(N,z,v) = Z (22?1/20,”(0, 2V)BnT+l (2/2) + Bn(—2) Zeikzbn(k, V)>

n=0 k=2
+ Z I(N + 3, 2,v). (3.8)

where an(k,v), Bn(z), An(v), and In(@,z, v) are as in Theorem 2.4; b, (k,v) satisfy

1 (12 —n2)by(k,v) + k(n+1)(2n + )b,11(k, v)
bn+2(ka V) - k2 —1 ( (TL + 2)(TL + 1) > (39)
with bo(k,v) = (k+ Vk? —1)7" and by (k,v) = \/:26%1; ri(v) is given by (2.3); and By(p)

is given by (2.6). Then we have

I,(z) = L (Z(z,v) + cos(vm)I(—z,v) — sin(vm)L*(—z,v))

2
| zsinlm) (—e +T(N, 2, u)) , (3.10)
s z
and
K,(2) = 2i (T(N,z,—v) — T(N, z,v)), (3.11)
v
where Z(p,q) is given by (2.5). When v =0, we have
1
In(z) = o (Z(2,0) +Z(—%,0)), (3.12)
and
[e) N
KO(Z) = Z (ﬁe—zd* (2/2 + ﬁn Ze kZb* 1)”(1;”(0)[”(]\7 + %,Z, 1)) R
n=0 k=2

(3.13)
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where

p 2n<—1/2> _ (—n+1/2) -

n 2n

and the b} (k) satisfy

. kE(2n + 1)b} (k) — nbl_, (k)

n+1(k) = 2 _ )

(k2—=1)(n+1)
th by = (K2 — 1)~Y/2 and b = 20 while a,(0) is th in Th 3.1

with by = (k= — 1) an l—ﬁ,wzea%()zs e same as in Theorem 3.1.

Remark 3.4. The reader may now be tempted to compare our series for I,(z) with Paris’
formula (1.10). Indeed, for v = m € Z, our series looks like
1
I,(z) = g(f(z,m) + (=1)"Z(~2z.m)),

and both the summands of Z as well as those of (1.10) have the form

(rising factorial) x (incomplete gamma)

power of z

However, there are several key differences between the exp-arc series and (1.10):

e Although the summands in both the exp-arc and Paris’ series involve incomplete
gamma functions that are recursively computable, Paris’ formula involves vy(k + v +
%,j:z) while our series only involve By (£z), which can be expressed in terms of
’y(%, +2). That is, our incomplete gamma evaluations are independent of v.

e When v is not an integer, our series adjusts for the above independence with the sums
T(N,z,v). These sums involve [3,(z) which, although technically is an incomplete
gamma function, is explicitly computable in closed form since it is the nth moment of
the exponential. Thus, the only integral with v dependence is I,,(N + %, z,v), which,
as we will see in the next section, can be ignored if one chooses a large enough N.

Proof. Since the proof is very similar to that of Theorems 2.4 and 3.1, we only highlight the
differences here and refer the reader to the Appendix for the details. Note that the integral
on [0, 7] in (3.2) simplifies to

™ 1 i
/ ezcost COS(I/t) dt = 71-(2,7 I/) 4 / ezcost COS(I/t) dt
0 2 w/2

1 . .
=5 (Z(z,v) + " I(—2z,v,0,7/2) + e *"L(—z,—v,0,7/2)).

Using (2.4) and combining the even (resp. odd) index terms into one sum, we obtain

g 1 . > 2e *rop+2(2iv)
zcost _ _ _ —
/0 e cos(vt) dt = 5 (I(z, v) + cos(vm)Z(—z,v) — sin(vm) E Gt ) Bn+%( 2) |-

Turning to the infinite integrals, after an integration by parts for v # 0 as in the previous
theorems, it suffices to show that

oo
/ e—zse—uarccoshsds _ T(N, 2, l/)
1
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for every N € N. From the second order differential equation satisfied by e~”arccoshs it ig

easy to see that, for k > 2,

efuarccoshk s) § :b k‘ I/ ,

where b, (k, v) are given by (3.9). It is also easy to verify that

)
sVe v arccoshs _ Z M
8211 :

n=0

Thus, applying these expansions and interchanging summation and integration, we find

/OO oS~V arccosh Sds = Z esz Z bn, k 1/ 671 Z (N + )

3/2

Now all that remains is to show that

3/2 X 9e—%
/ e ey arccoshs g — Z oz an(0, 2V)B%H<Z/2).
1

n=0

To do this, we note that e=*27°°shs qoes not have a power series at the point s = 1. However,

if we set u = /s — 1, then it can be verified that
%
efl/arccoshs — Zan(07 2V)un

and so

3/2 1/V2 o0
/ e #sgTvarccoshs g / e~ 2(u*+1) Z an (0, 2v)u"2udu
1 0 n=0

_222 205, (0,20) 1) 2(2/2)-

This completes the proof for the case where v 7é 0. In the case where v = 0, we now need
only to evaluate Ky and so we may follow the approach for the proof of (3.6). Expanding the
function (1 + s?)~/2 at each integer k > 2 as well as at oo gives us the sums involving b% and
Ay, in (3.13), while expanding (s + 1)~/ as a series in u = v/s — 1 gives the sum involving
dy. O

4. EFFECTIVENESS OF THESE SERIES

We now turn our attention to the performance of our series in Theorems 2.4, 3.1, and 3.3.
These series can be separated into three parts: a pair of sums from the 7 function, a number
of sums involving the moments of the exponential (given by «,, and (3,,), and a series involving
the incomplete gamma function arising from the tail of the infinite integrals. Let us consider
each of these separately. First, we look at the rate of convergence for the Z sums.

Our series for .J,,, Y,,, and I,, involve terms of the form Z(i*z, v), which by Theorem 2.1 can

be expressed as
oo

I(i*2,v) = 46" 3" e (V) Ba(i*2),
n=0
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where

with ¢g := 1, and

1 .
Bn(’bkz) = W/ e—zkzuun—l/Zdu‘
0

Thus it is clear that ¢,(v) is bounded for fixed v. In fact, it is easy to see that |c,(v)] is
strictly decreasing for n > 2|v|> — 1/2. It is also clear that for all n > 1 we have

max(1, e~ Re(i*2))

1By (i¥2)| < TEETE

Therefore, for fixed k the error when the Z(i*z,v) sum is truncated after M terms can be

bounded by

o , i C(v) max 1,e*Re(ikz)
4e Z n(V) By (i%2)| < |4e" 7| Z ) 2n(+3/2 !
n>M+1 n>M+41
4C (v e(ikz
= 2MJE3/)2 -max(eRe("2) 1) (4.1)

for some constant C'(v) depending only on v.

Our series for [, also contains terms of the form Z*(—z,v). By a similar argument as
above, there exists a constant C*(v) such that the tail of Z*(—z,r) when truncated after M
terms is bounded by

2™ Tont2(2iv) _ C*(v) max(1, eRe(?))
2 (2n 4 1)! Buaja(=2)| <2e7] 3 on+2
n>M+1 n>M+1

C*(v) _

= Sarii - max(e Re(z) 1. (4.2)

Now, let us consider the sums arising from the main contribution from the infinite exp-

arc integrals. In the case of the J and Y Bessel functions, these sums are of the form

> an(0, ) (2) and e %> a,(k,v)B,(2), and in the case of the I and K Bessel func-

tions, they are of the form 6*2221*”/26%(0,2V)B(n+1)/2(z/2) and e % 3" b,, (k, 1) Bn(—2).
By (2.11), we deduce that, for n > 1,

1 n—1 (_1)71—1]/2 n 1 yg
azn(0,v) = w kl_IO(Vz — (2k)?) = o H (1 9k —1 (2k — 1)(2k — 2)>

k=2

and
(_1)n+1V

g1 /2

aon1(0,v) = 2n+1 ST H —(2k+1)%) =

Thus, we may conclude that for n > \V\ / 2, Inan(0,v)| is decreasing, and that for all n > 2
there is a constant Cfj(v) such that

Cs()

|an (0, V)] < (4.3)

For the more general sequences ay,(k,v) with k£ > 1, since the series ) a, (k, v)s" has radius
of convergence vk? + 1, for sufficiently large n on using the root-test we have |a,(k,v)| <
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(k% +1)~"/2. Similarly, for each k > 2 we have |b,(k,v)| < (k — 1)~™ for sufficiently large n.
We may make explicit the meaning of “sufficiently large”™—at the expense of somewhat worse
bounds—by using the recurrence relations (2.11) and (3.9). Note that when n > %(|v|* 4 4),

we have %‘ < 1. Thus in this range of n, we have
2k +1
fanlk, )] < Ty rg max(lan—a(k, )] ana (k. 0)]),
and okt 1
+
[ba(k, V)| < 53— max({ba-2(k, v)], [bn-1(k, V)]).

We may conclude that there exist effectively computable constants C}(v) and Dj(v) such
that when n > 1(|v|*> + 4) we have

( 3 n
(2) Ci(v), for k=1,
|6Ln(k‘,u)‘ <
2% +1\"?
\ (k‘Q—i—l> Ck(l/), fOI' k > 1,
and
( 5 n
(3) D3 (v), for k = 2,
|bn(kay)‘ <
2% +1\"?
\ (k‘2—1> Dk(l/), for k > 2.

Note that we may choose the constants such that these inequalities hold for all n > 0. We
bound |ay,(z)| and |3, (2)| trivially in the range Re(z) > 0, so that for all n > 0,

eRe(2)/2

2n

Finally, we turn our attention to the series arising from the tails of the infinite integrals:
that is, the sums

1
lan(2)] < onr1 and |Bn(£2)] <

i(:l:l)”An(l/)In(N + %, z, tv).
n=0

Now, by (2.15) we have

|Ap| <

n22n n22n N n ’

’VQ—V‘ <V—|—2n— 1) _ ]y2*”+v+2"*1‘ B ‘VQV—V—l‘
n—1

where V := [|v|], the smallest integer greater than or equal to |v|. Also, when Re(z) > 0, we
may trivially bound I,,(N + %, z,v) by

. —(N+1)Re(z)
|In(N+ szay)| S

€ X —(N+3)Re(2)s 2n—Re(r)
(N+;)2n+Re(u)—1/0 € 2 (1+s) W) s,

which is bounded and monotonically decreasing as n increases. We can obtain a simpler
bound when 2n > Re(v), since by [2, Thm 2.3] we have

o0 1 1—a
(14 8) s < (14 [—————
/o e (L) ds \zr( +’1—Re<a>
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whenever Re(a — 1) < 0. Thus, we find that, whenever 2n > Re(v),

—(N+3) Re(2)
’In(N+%vzaV)’§ ‘ 122 R 1 11 < Qn—l_l/)
(N—|—§) n+Re(v)— |(N—|—§)Z| 2n + Re(v)
Im(v 1
2+ ’2n+P(Lezu) ‘ 6_(N+§) Re(z) 1
(N—|— %)Re(u) |Z| (N+ %)Qn

We summarize our discussion in the following theorem.

Theorem 4.1. Let z, v € C with Re(z) > 0. Then we obtain that:

(1) For each positive integer k there exist effectively computable constants C(v), C*(v),
Ci(v), Di(v) such that for any positive integer M,

n>M

7’2n+2(2’i1/)
(2n+1)!

2e7*
L Z n+1/2(_z)

n>M

n>M

n>M

n>M
. an(0,2v)
2077 > o B a(2/2)
n>M

e ” Z bn(2> l/)ﬁn(_z)

n>M

e—k:z Z bn(kv V)ﬁn(_z)

n>M

We also obtain that:

46" 3" c(v) Bu(i*z)| <

Z an(0,V)an(2)| < —7
e ? Z an(1,v)0n(2)]| <

e k2 Z an(k,v)Bn(2)| <

< 24]\5’5;//)2 -max(eRe(ikZ), 1), (4.4)
= g;(—l:l) -max(e” Re(z), 1). (4.5)
< o (10
< 30% (1)~ Rela)2 (i)M (4.7)
< Cr(v)e~ k- Re(?)

(1\/W) o (1 . VW) s

2V E2+1 2V E2+1 ’ '

< Gi@e (49)
< 5D} (v)e™ Re(2)/2 (Z)M (4.10)

< D;’Q(V)e"’“’%) Re(z)

R S 1 oErT)

(2) For any positive integer N there exists an effectively computable constant Coo (V) such

that for any positive integer M

n>M

> ()" Ap() (N + 5,2, £v)

Coo(z/)e_(NJ’%) Re(z)

||

<




16

~1
1 1
X l— ———— . 4.12
M(N+ %)Q(M—H) ( (N 4 ;)2) ( )
If, moreover, 2M > Re(v) + 1 then we have the bound

v21](2 + | Im(v)|)
Coo)l < =N 1))

From Theorem 4.1 we can deduce the following bounds for the errors in computing Bessel
functions using the series in Theorems 2.4, 3.1, and 3.3. For simplicity of illustration, in the
next corollary we set N = 1 in each of the theorems, and truncate each infinite series at
n=M.

Corollary 4.2. Let z,v € C with Re(z) > 0. For each integer M > 0, set

n=0 2n/2 2 v
212 + | Tm(v
Coo(v) := (3Ro(‘1/) ) (4.13)

Then for any M with 2M > |Re(v)|+ 1, the errors Ej, Ey, Er, and Ef from the truncation
of the exp-arc series after M terms at N = 1 defined by

1 . )
Ey(M,z,v) = Jy(2) = 5 <€_WW/QIM(Z'Z, V) + V2T (—iz, V))

zsin(vm)

(—i + 5*(M, z, u)> : (4.14)

(e*"l’”/QIM(z’z, v) — eV 2Ty (—iz, V))

vm

Ey(M,z,v) :=Y,(z) — 501
_Z (1_(:(;(”@ + S*(M, z,v) cos(vm) — S*(M, z, —u)) , (4.15)

vm

1 . .
Er(M,z,v):=1,(2) — — (IM(Z, v)+ eIy (—z,v)+e "I (—2z, —u))

2m
B ZSH;;_WT) (_e;z 4 T*(M,Z,V)> ’ (4.16)
Ex(M,z,v) :=K,(z) — 2% (T*(M, z,—v) —=T*(M, z,v)), (4.17)

are bounded by
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Cv m(v)m —Im(z —Im(v)m m(z
(M, 2,0)] < o (00772 (e ), 1) ¢ 007 max () 1))
zsin(vm) Ci(v)  3CH(v)e Re(2)/2 . gcoo(y)efgphe(z)/z
AN D L RO =
(4.18)
Cv m(v)T —Im(z —Im(v)w m(z
| (Co) cos(vm)| + Ci(—v)
U M2M+l
| 3(CIW)| cos(vm)| + O () e
(4/3)M
_ —3Re(2)/2
+§ (Co (V)| cos(vm)| + Coo(—v)) € ’ (4.19)
9 M (9] )M
C(v)eRe®) + C*(v)|cos(vm)|  C*(—v)|sin(vn)|
|Er(M, z,v)| < Yz + ST
zsin(vm) | [ Cy(2v)e™ Re(z) §Coo(V)673 Re(z)/2 (20)
s M2M+1 9 M(9/A)M+1|z[ ]° :
and
z (C52v) + C§(—2v)) e Re(2) 5 (O (1) + Coo(—v)) e 3Re(2)/2
< 9., .
|Ex (M, z,v)| < ‘21/‘ < Yo + 031047

(4.21)

In consequence, as M tends to infinity, we have

[E(M, z,v)| = Oy, <;\4> : (4.22)

where E(M, z,v) denotes any of the functions E;, Ey, Er, or Ex, and the notation O, .
indicates that the big-O constant depends on both v and z.

Proof. As given above, the formulas for J,Y, I, and K are simply restatements of Theorems
2.4, 3.1, and 3.3 with N = 1 and truncation at M terms. The bounds for the errors follow
immediately upon application of Theorem 4.1. Specifically, (4.18) and (4.19) follow from
(4.4), (4.6), (4.7), and (4.12); (4.20) follows from (4.4), (4.9), and (4.12); and (4.21) follows
from (4.9) and (4.12).

The asymptotic (4.22) for the error is easily deduced from the fact that a,(1,v) = O(27"/?)
as n tends to infinity, so that the (4/3)M in (4.18) and (4.19) may be replaced by 2. O

We close this section with a few notes on the implementation of the series.

4.1. Notes on Implementation.

(1) First, we make a few remarks on the choice of N and the implementation of the S and
T sums. Actually, we limit our discussion to S(N, v, z), since the case T'(N, v, z) is simi-
lar. For a fixed N, we have N+1 infinite sums of the form Sy := e ™ Y a,,(k,v)8,(2),
0<k<N,and asum Sy := ), A,l, for the tail of the infinite integral. Note that
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for each k, the size of Sy is of the order O(e_(k_l/Q)Z), and that S, is of the order
O(e~(N+1/2)2)  The O-constants are explicitly computable by Theorem 4.1, and thus
it is possible to determine at what point it becomes necessary to begin summing the
terms of Si. Note also that as k increases, the rate of convergence of S}, also increases,
and fewer terms are needed. As well, if one chooses a large enough NV, it is possible
to entirely avoid the error-function evaluation that is necessary in computing S.
Second, we have stated our theorems for Re(z) > 0. To evaluate the Bessel functions
when Re(z) < 0, one should use the well-known formulas [3, Secs. 10.11, 10.34],

Jy(zemﬂ'i) — emwrijy(z)7 Lj(zemwi) — emwriLj(Z),

Y, (2e™™) = ™Y, (2) + 2isin(mu) cot(vm)J,(2),
K, (2™ = e ™MK, () — misin(mvn) esc(vm),(2),

where m € Z. For the details on how to choose m, see [14, p. 75]. Along the same
lines, it is useful to use the identities [3, Sec. 10.27]

I,(z) = e7V™2 ], (i2),

—7id,(2) = e V2K, (—iz) — 2K, (i2),
and

7Y, (2) = e V2K, (—iz) 4+ €72 K, (iz),
to evaluate J,(z) and Y, (z) when Im(z) >> Re(z).
We also mention that in each of the sums Z and Sj, the summands consist of a
product of functions that depend only on v and on functions that depend only on z.
This facilitates one-v many-z or one-z many-v computations by allowing us to pre-
compute either the coefficients a,(k, ) or the exponential moments 3, (z). Note also
that all of these coefficients are either bounded or are converging to zero—as opposed
to the analogous functions found in the ascending series, where the dependence on z
diverges to oo, or those in the asymptotic series, where the dependence on v diverges
to oo.
Finally, we note that the integrals By(p) and I,(©, z,v) in our series (the terms that
cannot be evaluated in closed form) are expressible in terms of the incomplete gamma
function 7(a, z) and its complement I'(a, z) := I'(a) — v(a, z). Since the incomplete
gamma functions have elegant continued-fraction representations, our results translate
to a continued-fraction computation scheme for the Bessel functions.

5. NUMERICAL RESULTS

To give a more realistic idea of the effectiveness of our theorems, we implemented Corollary

4.2 in Maple to compare it with the known ascending and asymptotic series. We remark that
in addition to providing the numerical data given in Tables 1 and 2, implementation of our
theorems have helped us troubleshoot the theorems themselves. Not only have we corrected
minor sign errors and typos, the computations also alerted us to more fundamental issues
such as the fact that recurrence (2.17) needs to be restarted at the index n = —v if v is a
negative integer.

Table 1 shows the absolute difference between the true value of J,,(z) and each of the values

of (1.2) and (1.3) when truncated at M terms, as well as the absolute error |E (M, z,v)| given
by (4.14). In the case of (1.3), “truncated at M terms”’ means that both infinite sums are

truncated at M terms. The data show that the exp-arc series converges like

27M a5 expected,
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TABLE 1. Comparison between various series for J,(z).

Absolute value of the difference between the true value and
(v, 2) M | Ascending Series (1.2) | Asymptotic Series (1.3) | Exp-arc Series (4.14)
10 10% 10713 103
v=12.3 50 1039 1075 10-17
2z =20 100 10130 1051 10733
150 10242 10130 10~48
200 10368 10223 10764
10 108 10723 102
v=12.3 30 1017 10~4 10710
2z =50 50 106 10~ 10717
100 10=% 10-28 10733
150 10-117 101 10-48
10 10%7 1072 1013
v=12.3 50 1038 10748 10717
2 ="T75+57i | 100 1014 10759 10733
120 1072 1056 10739
150 1031 10~47 10-48
200 10789 10720 1064

giving one good digit approximately every three terms. Similar results can be seen in Table
2, where we compare the performance of the various series for the modified Bessel function
I,(z). Although it seems that in the J,(2) case the exp-arc series does not perform as well
as either the ascending series (1.2) or the asymptotic series (1.3) in their respective domains
of usefulness, both the exp-arc and Paris’ series for I,(z) out-perform the ascending and
Hadamard series for sufficiently large argument z. The data also indicate that the accuracy
of the exp-arc series depends mainly on M, as the absolute errors do not seem to vary by
much across values of z and v. One should also note the following.

e For large z and small v, to compute beyond the digital limit of the asymptotic series us-
ing the ascending series requires higher precision arithmetic because of the cancellation

(2/2)% (/20"

K T'(k+v+1)
whose maximum occurs near k = z/2 if z >> v. Compare this with the asymptotic
Jy(2) ~ \/gcos(z -5 =7

e Switching from the asymptotic to the ascending series to obtain higher precision results
requires that the computation using the asymptotic series be abandoned and the
calculation restarted from scratch using the ascending series.

e It is not always obvious when to use the ascending series and when to use the as-
ymptotic series, partly because it is not always obvious what amount of precision one
requires before one begins a computation.

e To fairly compare the amount of work involved in our methods to that of Paris [4] or
of the conventional ascending-asymptotic dichotomy depends on the context and on
a level of implementation detail beyond the scope of the present article. That said,
additional tabular comparison for the case of integer order is given in [1].

of large numbers from the initial terms. These terms are of size
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TABLE 2. Comparison between various series for I,(z).

Absolute value of the difference between the true value and
(v, 2) M | Ascending (1.7) | Hadamard (1.9) | Paris (1.10) | Exp-arc (4.16)

10 107 1073 1073 1073
v =42 50 10733 10~ 10~19 10718
2z =20 100 10122 10712 1036 10733
150 10232 10713 10752 10~49
200 107357 10~14 1068 1064

10 1021 107 107 107

v =42 30 1019 1079 107? 1079
2z =50 50 109 10717 10-17 10717
100 10—40 10723 10734 10733
150 10-110 10—24 10751 10~

10 1032 1013 1013 1013
v=42 50 1039 10720 10-17 10718
2z ="T5+57i | 100 1017 10733 10733 10733
120 102 10734 1040 10739
150 1026 10734 10~49 10~
200 1084 1035 10765 1064

6. CONCLUSION

The exp-arc expansion developed herein provides a geometrically convergent middle-ground
between the asymptotic and ascending series that avoids the issues raised in the previous
section. It provides a uniform approach to evaluating Bessel functions that is universally
convergent, with explicitly computable error bounds. It is therefore easy to predict the number
of terms needed in our expansion to guarantee a given number of correct digits.

APPENDIX

As promised we provide the details for the proof of Theorem 3.3 below.

Proof of Theorem 3.3. We wish to evaluate the integrals (3.2) and (3.3) as infinite series in
the form of Theorem 3.3. As in the case for J, and Y, we express the integral on [0, 7] in
terms of Z. One easily finds that

™ 1 4
/ e* St cos(vt) dt = §I(Z,V) +/ e* ! cos(vt) dt
0 s

/2
1 : .
=5 (Z(z,v) + €™ L(—2z,v,0,7/2) + e ""L(—z,—v,0,7/2)).
Now, by (2.4) we may write
z2, v, U, 1 rart k! k/2\—%

i (S raenE) g ke (E) g
- 1 <k20 (2k)! Bi(—2) + @k 1] Bii1ja(~—2) | -
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Since 79541 is an odd function of v and rox42 is an even function of v, we find that

I(—z’ :|:1/7077'(‘/2) _ iel:z (Z 7'2]{2’21]{()2!2.1/) Bk_(—Z) + TMBk-i—l/Q(_Z)) .
k=0

Thus, combining this with the expression for Z(z,v) in (2.5), we have

EVIL(—2,v,0,7/2) + e VI (~2, —v,0,7/2)
[e.e]

B . ™% o Tok2(2iv)
= cos(vm)Z(—z,v) — 2 sm(mT)T kz—o mBlﬁ%(_Z}'

The remainder of the proof is focussed on evaluating the infinite integral. To that end, we

make the change of variable s = cosht so that dt = \/sd;i—l and obtain

00 b 00 o—zs,—varccoshs e~ ? 5 [ b
/ e % cos tefutdt — ds = _~ / e #Sg—varccoshs jo
0 1 1

Vs2—1 v v

Thus for fixed N € N we may write

N

S

/ efzsefuarccoshSds:z:(;’k(zv’y)-|-G'OO(Z7V)7
1

k=1
where
3/2
/ efzsefuarccoshsds7 for k = 1’
1
Gr(z,v) =
1/2
e—kz/ ezse—uarccosh(/ﬁ—s)ds, for k > 2,
~1/2
and

[eS)
GOO(Z,V) — / e—zse—uarccoshsds'
N+1/2

For each 2 < k < N, we expand e~ 7 accosh(k=s) a5 o power series about s = 0, with radius of
convergence k — 1. Set

hk(s) —— arccosh(k—s) _ Z bn(k, U)Sn.
n=0

Then we easily find that
(52 = 2ks + k2 — 1)h](s) = v2hi(s) + (k — s)h}(s).
Equating coefficients, we get
n(n — )by — 2kn(n + Dbpi1 + (k2 — 1)(n 4+ 2)(n + Dbpyo = by, + k(n + 1)byq1 — nby,
and upon rearrangement we have

(V2 — )b, + k(n+1)(2n + )by
(k2 —=1)(n+2)(n+1) ’

bn+2 =
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valid for n > 2 with initial conditions by = (k + v/k2 — 1)™” and by = vby/vk% — 1. Thus we
easily deduce that, for k > 2,

Gr(z,v) = e "by(k,v)Bu(—2). (6.1)
n=0

For G (z,v), note that
gV varccoshs _ v (3 + \/827—1) v _ <1 +4v/1— 8_2> —v
—v
(1 +VI1+ (w)—?)

— (is)uefuarcsinhis. (62)

So by (2.16) we have
. — (—-1)"4,
gVe—varccoshs _ Z ()SQn(V)’ (6.3)
n=0

where A, (v) are the same as in Lemma 2.3. Putting this into the expression for G, and
interchanging the order of summation and integration, we get that

o0

Goolz,v) =Y (—1)"Ap()In(N + §,2,v). (6.4)

n=0

The evaluation of G1(z,v) requires more care, as e~?°hs does not have a Taylor ex-
pansion about s = 1 in powers of s — 1. However, it does have an expansion in powers of
u:=+/s — 1, valid for |u| < V/2. This is because

o—varccoshs _ ((32 _ 1)1/2 i s) v
= (=) + )24 s)f”
= (U(u2 +2)1% +u” + 1) -
is analytic and single-valued on |u| < v/2, as uv/u? + 2 + u? + 1 is never zero. Now we let
h(s) := e~varccoshs o varccosh(u?+1) _, H(u),

and expand
H(u) =Y dn(v)u".
n=0

Since h(s) = ho(—s), we have that
(s> = 1)1 (s) = v*h(s) — sh/(s).

Then we have
dH  dh @ dh

v dsdu 'ds
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and
d*H  d?h (ds\® dhd’s
W dE <du> Tl a2
1 ) dh\ (ds\? = dhd?s
252_1(”h‘8ds) <du) T s
Therefore,

d*H u? +1\ dH (u”+2)dH
2(,2 2 2
u(u +2)u2—<VH—< >>(4U)+2ulu><2

Equating coefficients of v, we find that
n(n — 1)d, + 2(n 4 2)(n + 1)dp40 = 40%d,, — nd,,.

That is, for n > 0,

42 — n?

2(n+2)(n+1)""

with dy = 1 and d; = —v+/2. Comparing (6.5) with (2.11), we see that d,, = 27"/2a,,(0, 2v).
Inserting this back into the expression for GG, we obtain

3/2 1/V2 )
Gi(z,v) = / e Femvarccoshs gg — / e [ (u)2udu
1 0
[e%s) 1/\/§ )
=27 Z dn(l/)/ e * Wy dy

22 "20,,(0,20) By 41)/2(2/2), (6.6)

s = (6.5)

where By (p) is defined by (2.6). Comblnlng Theorem 2.1, (3.2), (6.1), (6.4), and (6.6) yields
the series for I,,. Similarly, combining (3.3), (6.1), (6.4), and (6.6) yields the series for K.
Finally, we deal with the case ¥ = 0. The representation for Iy(z) is obvious. For Ky, we

have by (3.3),

oo
K()(Z) — / e—zcoshtdt —
0

e* S
ds
V52 —
eZS

3/2 o8 k+1/2
dS + e Z/ —_——
1 \/Sf\/? % k—1/2 (k—s)?2—1

ds

oo —ZS
+/ ds
N+1/2 V82 =1

If we let

1 =,
N =D =n§bn<k>s

then since

ds \/(k—s2—-1 (k—=5?-1/(k—s2-1
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we readily find that
(kz - 1)(” + 1) n+1 2knb2 (n - 1) n—1 — kb:l - ;717

and thus
. kE(2n+ 1)b; —nb’_,

TR (1)
with b = (k? — 1)~%/2 and b = kbj/(k* — 1). Note also that

1 _ Z )" a3, ( )
Vs2 —1 s\/1+ (is) 82"“
Therefore, for each N € N,

o0

o \/% ds =) < Ze—k%* +(=1)"a3, (0) (N + 3, , 1)) :

n=0
So, to prove (3.13), it remains to show that

3/2 —zs

e
B Wi

To that end, we make a substitution v = v/s — 1 and expand (u? + 2)~1/2 as a series in u
about u = 0. That is,

=V2e* Zd* (2/2).

11 <1+u)_1/2_ 1 < 1/2>
N NG 2 V2 n )
valid for |u| < v/2. Thus,

3/2 e %8 1/vV2 2efzu2
—— ds = B_Z / ——du
1 Vs—1ys+1 0 vVu? +

2
1/9 1/v2
— _222 ”< />/ e~ F Py gy
0
_de* (z/2),

completing the proof. O
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