Noname manuscript No.
(will be inserted by the editor)

Convex analysis in groups and semigroups: a sampler

Jonathan M. Borwein - Ohad Giladi

This paper is dedicated to R. Tyrell Rockafellar on the occasion of his
eightieth birthday

Received: date / Accepted: date
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that many classical results from convex analysis hold for functions defined on
such groups and semigroups, rather than only vector spaces. Some examples
and counter-examples are also discussed.

Keywords convexity - semimodule - monoid - Hahn-Banach theory - Fenchel
duality - vector-valued convexity

Part I: Basic convex analysis
1 Introduction

The notion of convexity is classical [30], and heavily used in diverse contexts
[90 Chapter 1]. While normally considered in the concrete setting of vector
spaces — either R? or infinite dimensional — it has often been examined in
very general axiomatic form, see [11] and [33]. In the vector space case, z is
said to be a conver combination of x1, ..., x, if there exist ay,...,a, € (0,1)
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such that
n n
T = Zaimi, Zai =1. (1)
i=1 i=1
If we assume for a moment that «; is of the form «; = <"— where

my,...,mp € N={1,2,...}, then becomes

n n
mac:Zmixi, m= Zmz (2)
i=1 i=1

In we must be able to define ax for a € R and x € X. More generally, (/1)
can be used whenever X is a module. On the other hand, in we use only
the additive structure of X, i.e., we may assume that X is merely an additive
semigroup. (See Section [2|for the exact definitions.) Using (2)), we show how one
can build a canonical theory of convexity for additive groups and semigroups.
We refer the reader to [27,33] for more information on abstract convexity
in all its manifestations. Some aspects of convex analysis in a more abstract
setting have also been studied in [16}[18,/24]. Note that in [24] for example, it
is only required that a function is convex over geodesic curves (in this case, in
the Heisenberg group). Thus, the various notions of convexity do not always
coincide. See also Remark 1 in [24].

In a similar fashion to , one can define convex functions on additive
groups and semigroups (again, see Section . It is then natural to ask whether
one may obtain useful analogues of known results for convex functions. It
turns out that under only minimal assumptions on the underlying monoid or
group, it is possible to reconstruct many classical results from the theory of
convex functions such as Hahn-Banach type theorems, Fenchel duality, certain
constrained optimisation results, and more. We dedicate Section[3]to exhibiting
concrete examples of groups and their convex sets and convex hulls. It turns
out that even in simple examples, the structure of convex sets is subtle and
can differ significantly from the structure of convex sets in vector spaces.

The rest of the paper is dedicated to generalising classical results of the
theory of convexity to more general settings. While many of the results pre-
sented here hold when we assume that the underlying space is a module (see
Section , for the sake of concreteness we formulate most of the results for
groups and semigroups. In Section[4] we discuss the interpolation of subadditive
and convex function. In short, the question (say, in the convex case) is: given
two functions f and g with ¢ < f and f, and —g are convex, can we find an
affine function a such that g < a < f. Such questions were studied in [26] and
generalised in [19]. We show that interpolation is possible for convex functions
on semigroups which are semidivisible (see Section .

Part IT of this paper (Sections [5{and @ is dedicated to the study of convex
operators between (semi)groups. We define some well known and widely used
notions, such as directional derivatives and conjugate functions in the groups
setting. In Section[5] we show that some of the best known results, such as the
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the max formula, sandwich theorems and Fenchel type duality theorems extend
to this general setting. Finally, in Section [6] we briefly discuss optimisation over
groups before making some concluding remarks in Section

2 Convex basics

We define convex sets and functions and examine some basic properties.

2.1 Convexity in algebraic structures

First, we begin by recalling some some basic definitions from algebra.

Definition 1 (Semigroup) A set X equipped with a binary operation - is
said to be a semigroup, if it satisfies the associative law (a-b)-c¢ =a-(b-c) for
all a,b,ce X. Ifa-b="b-a for all a,b € X, then X is said to be commutative.
If there exists and element zo € X satisfying ¢ -z =z 29 =z for all x € X,
then xg is said to be a unit element in X.

Definition 2 (Semiring) A set R with two binary operations + and - is said
to be a semiring if (R,+) is a commutative semigroup with unit element 0,
and (R,-) is a semigroup (not necessarily commutative) with unit element 1.
The two operations are connected by the distributive laws. Also, we assume
that for all » € R, we have r0 = 0r = 0.

Definition 3 (Semimodule) A set X equipped with a binary operation +
is said to be a left semimodule over a semiring R if (X, +) is a commutative
semigroup with unit element 0, and there exists a map Rx X — X, (r,z) — rz
satisfying for all ;71,7 € R and x, 1,22 € X,

—_

. (rire)x = r(rax);

2. r(x1 + x2) = rey + rag;
3. (r1+ro)x =rix + rox;
4. 1z = x;

5. 10 =0=0zx.

Remark 1 Note that in the equation 70 = 0 = Oz, the first two zero elements
refer to the unit element of the semimodule X, while the last zero refers to
the additive unit element of the semiring R. o

Next, we have the following definition.

Definition 4 (Monoid) A set X equipped with a binary operation + is said
to be a monoid if (X, +) is a commutative semigroup with unit element.

In particular, we have that every monoid is a semimodule over the non-
negative integers Z,. Next, for the sake of completeness, we also include the
definitions of rings and modules.
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Definition 5 (Ring) A set R equipped with two binary operations + and -
is said to be a ring if (R, +) is a commutative group with unit 0 and (R,-) is a
semigroup with unit 1. The two operations are connected by the distributive
laws.

Definition 6 (Module) A set X equipped with a binary operation + is said
to be a left module over a ring R, if (X, +) is a commutative group with unit
element 0, and there exists a map R x X — X, (r,x) — rz satisfying for all
71,7 € Rand x,x1,29 € X,

1. (riro)x = ri(rax);

2. r(z1 + x2) = rey + rag;
3. (r1+ro)z =rix + rox;
4. 1z = x.

In particular, every commutative group is a module over the ring Z. We
are now in a position to define convex sets in semimodules.

Definition 7 (Convex set in a semimodule) Assume that X is a semi-
module over a semiring R, and A C X.Letrq,...,r, € R\{0},and z1,...,2, €
A. Assume that there exists x € X satisfying

n n
rr = E Tili, T = E Ti.
i=1 i=1

If z € A for every choice of n € N, r1,...,7, € R\ {0} and z1,...,2, € A,
then A is said to be convex.

If R is assumed to be a ring, not just a semiring, then we assume it is
equipped with a compatible partial order, that is, we have r + 11 < r + ro
whenever 71 < ry and r -1 < r - ry whenever r; < ro and r > 0. Then, in
Definition [7} we take only elements that are strictly positive. In particular, if
R is a field with a compatible partial order, R, is the collection of all positive
elements, and 71, ...,7r, € Ry \ {0}, then we have

n n n n

ZWZT = Z%:l, rm:mei - x:Z%xi,

=1 =1 i=1 i=1

which gives the standard definition of convexity (for example, over R or Q).
To illustrate the fact that convexity in groups can behave differently than in
vector spaces, consider the following example.

Ezample 1 (Finite groups) If X is a finite group then by the pigeon hole
principle there exists m € N such that mz = 0 = m - 0. Thus x € conv({0})
for every x € X. Hence, X and () are the only convex sets in X. ©

Additional examples are discussed in Section [3| Next, as in vector spaces,
we can also define convex cones.
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Definition 8 (Convex cone in a semimodule) Assume that X is a semi-
module over a semiring R. Let r1,...,7r, € R\{0} and z1,...,z, € A. Assume
that there exists ¢ € X and r € R\ {0} such that

n
rr = E TiZy.
i=1

If z € X for every choice n € N, rq,...,7, € R\ {0} and z1,...,2, € A, then
A is said to a convex cone.

Remark 2 Note that the only difference between Definition [7] and Definition
is that in Definition [§ we omit the condition r =" | r;. o

Herein, we will focus on additive groups and semigroups. As noted in [16], a
monoid with a nontrivial idempotent element cannot be embedded in a group.
Also, as noted above, every monoid is a semimodule over the semiring Z, .
Thus, the elements in Definition 7| are positive integers, denoted m; instead
of r;. For a general commutative group, one cannot always solve the equation

(Z mi> T = Z mM;T;. (3)

Yet, equation is very useful in some cases. Thus, we recall the following.

Definition 9 (Divisible group) An additive group X is said to be divisible
if for every n € N, nX = X. Alternatively, X is divisible if for every y € X
and for every n € N, there exists © € X such that nx = y.

Definition 10 (Semidivisible group) An additive group is said to be p-
semidivisible if there exists p € N prime such that pX = X, and X is said to
be semidivisible if it is p-semidivisible for some prime p.

We can similarly define divisible and semidivisible monoids, as well as di-
visible and semidivisible semimodules. In particular, all divisible submodules
and divisible submonoids are convex cones. A notion which is stronger than
the above two is the following.

Definition 11 (Uniquely divisible group) An additive group X is said
to be uniquely divisible if for every n € N and for every y € X, there exists
a unique x € X such that satisfies nx = y. Alternatively, X is said to be
uniquely divisible if it is divisible and for every n € N, the map x — nx is an
injective map.

Similarly, we can consider the following notion.

Definition 12 (Uniquely divisible monoid) A monoid X is said to be
uniquely divisible if it is divisible and for every n € N, the map = — nzx is an
injective map.
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Note that in monoids, singletons are convex if and only if the monoid is
uniquely divisible, since we want Y ., m;x = (3.1, m;) x to be the same as
(>-i, m;)y if and only if 2 = y. Divisibility and semidivisibility are important
for the structure theory of infinite abelian groups. See for example [13]. See
also |21},22] for some more recent examples relating to divisible groups.

Remark 8 A subgroup of a divisible group need not be divisible, or even
semidivisible. As a simple example, take X =R and Z C X. o

Remark 4 (Divisibility in abelian groups) It is known that every abelian group
is a subgroup of a divisible group. Moreover, the quotient of a divisible group is
again divisible, for example, R/Z and Q/Z. Also, the torsion subgroup T (of
all elements of finite order) is divisible and the quotient G/T¢ is a Q-vector
space. Finally, the divisible groups are exactly the injective abelian groups.
See for example |13, Chapter IV] for the exact definition of injective groups
and how they are related to divisible groups. o

Remark 5 If X is p-semidivisible, i.e., pX = X then for every [ € N we have
PX =p i pX)=p X = =pX = X. o

my

Remark 6 Assume X = nX for some n € N. Write n = pi"™* ---p;"". Then
X =pi"-p"X =pm (p;"’l_l-~-p;nl)X CpX C X and so X = p1 X.
Thus, for us the assumption that p is a prime number in Definition [L0] plays
no significant role. o

As mentioned above, convexity has an entirely axiomatic approach. We
refer the reader to [33] for more information about this rich topic. We will
present only the basic definitions and then return to the more concrete case
of convexity in algebraic structures.

Definition 13 (Convexity) A collection C of subsets of a set X is said to
be a convexity (also an alignment), if:

1. Contains the empty set: ) € C;

2. Closed under intersections: if A is an index set and C) € C for every A € A,
then MN,c4 Cx € C;

3. Closed under nested unions: if A is a totally ordered index set and C € C
for every A € A, and Cy, C C), whenever \; < Ay, then U/\eA Cy €.

It is straightforward to check the convex sets defined by Definition [7] form a
convexity. Given Definition [I3] we can also define the convex hull.

Definition 14 (Convex hull) If A C X, define

conv(A) = ﬂ B.
ACB
B convex
The convex hull is a closure operator, i.e., it satisfies the following: 1. A C
B = conv(A) C conv(B); 2. A C conv(A); 3. conv(conv(A)) = conv(A);
4. conv(0) = 0; 5. Closure under intersections and directed unions.
In the case of monoids, we have the following concrete result.
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Proposition 1 (Convex hull in monoid) If X is a monoid and A C X,
the convex hull of A is given by

conv(A) = {xeX |mx:Zmiaxi, z; €A, m; €N, m:Zmi}. 4)

i=1 i=1

Proof Clearly the set on the right side of is convex and contains A. If
A C B and B is convex, then B contains the set on the right side of . O

A map T : X1 — X2 between two monoids is said to be additive if T'(z1 +
x9) = Tx1 + Ty for all z1,xe € X;. It is well known that a linear image of
a convex set in a vector space is again convex. We establish a similar fact for
additive bijections between monoids.

Proposition 2 (Convexity under additive bijection) Assume that X1, X
are monoids and T : X1 — Xo is an additive bijection. If A C X is convez,
then TA C X5 is convex.

Proof Assume that m,mq,...,m, € Nand y1,...,y, € TA, y € X, are such
that my = >0, my;, m = Y ., m;. Since T is onto, there exists z € X3
such that Tx = y. Since yi1,...,y, € TA, there exist x1,...,z, € A such
that y1 = Tx1,...,yn = Tx,. Hence, we have T'(mz) = mTz = my =

S imiyi = Yoy miTa; = T (O, mix;). Since T is injective, we have
mx = E?:l m;x;. Since x1,...,x, € A and A is convex, it follows that z € X.
Thus, y =Tx € TA and T A is convex. O

Remark 7 If X5 is divisible then in the proof of Proposition [2| we always have
y such that my = Z?:l myy;. If T' is additive and A is convex, we must have
y € T'A. Hence, in this case we need not assume that T is a bijection. o

For the inverse image, we have a more general result.

Proposition 3 (Convexity under inverse additive map) Assume that X,
and X9 are monoids and T : X1 — X5 is additive. Assume that A C X, is
convex. Then T—1A C X, is convex.

Proof Assume that z1,...,7, € T7'A = {2z | Tz € A}, m,my,...,m, € N
and x € X7 are such that mz =Y, mz;, m =Y ., m;. Since z1,...,a, €
T—'A, we have Ty, ..., Tz, € A. Since T is additive, we have Y, m;Tx; =
T (3 mz;) = T(ma) = mTz. Since A is convex, we have Tz € A. Thus,
x € T~1A, which completes the proof. O

As we shall see, studying convexity in such a general setting also brings
about a better understanding of this notion in the standard setting of vector
spaces. One complaint about convexities is that there are too many of them
and that in different settings one has to adjoin many additional axioms. This
is one more motivation for the current study.
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2.2 Classes of functions

Here we consider several classes of functions defined on semimodules, partic-
ularly on monoids, classes which are well studied in the vector spaces setting.
In order to define convex functions, we need to consider an ordered semimod-
ule, i.e., a semimodule with a partial order <. We may also assume that the
semiring over which the semimodule is defined is also equipped with a partial
order and that r > 0 for every element in the semiring.

Definition 15 (Compatible partial order on a semimodule) Given a
semimodule X over a semiring R, we say that a partial order < is compatible
with the module operations, if rz; < raxg, x4z < zx+agforallz € X, r € R,
whenever x1 < xs.

Next, with Definition [I5]in hand, we can define a convex function between
two semimodules.

Definition 16 (Convex function) Let X, Y be a semimodules over a semir-
ing R. Assume that Y is equipped with a compatible partial order <. A func-
tion f : X — Y issaid to be convex if for every n € N, every r1,...,7, € R\{0}
and every x1,...,xz, € X,

rf(z) < me(xi)’ (5)

for every z satisfying,

n n

rx:mei, r:Zri. (6)

=1 =1

f: X — Y issaid to be concave if —f is convex. Clearly the sum of two convex
functions is convex.

Remark 8 Assume that X,Y are modules over a ring R, rather than semi-
modules over a semiring. Assume also that there is a compatible partial order
on R (see the discussion following Definition [7| for a detailed explanation of a
ring with a compatible partial order). The set R4 \ {0} is then the set of all
strictly positive elements in R. In this case, we say that a function f: X =Y
is convex if () and (6)) hold for r1,...,r,,7 € Ry \ {0} o

Remark 9 In convex analysis of real functions, we often consider functions
whose range is (— o0, o0], [—00, 00), or [—00, o], rather than R. Similarly, in the
more general case of convex mappings between semimodules, we often consider
a maximal element in Y, co. Also, in the case where Y is a module, not just a
semimodule, we may also consider a minimal element —oco. In order for (5)) to
make sense, we assume that the following arithmetic identities involving the
maximal and minimal element hold: co — co =000 = c0. o
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Definition 17 (Affine function) Let X,Y be semimodules over a semiring
R. Then f: X — Y is said to be affine if for every n € N, every r1,...,r, €
R\ {0} and every z1,...,2z, € X,

rf($>:Zrif(xi)7

whenever x € X satisfies,

n n
rr = E Tili, T = E Ti.
i=1 i=1

Clearly every affine function is both convex and concave. For an affine function,
we again cannot allow it to attain Foo.
We can, however, consider the following notion.

Definition 18 (Generalised affine function) Assume that X,Y are semi-
modules over a semiring R. It may happen that Y contains a maximal element
oo or a minimal element —oco. A function f : X — Y U {£oo} is said to be
generalized affine if it is both convex and concave.

Generalised affine functions are either affine or ‘very’ infinite.

Proposition 4 Assume that X and Y are groups, and a : X — Y U{+o0} is
generalised affine. Then either a is everywhere finite, or a = 400, or a = —0o0,
or a attains both values +00 and —oo.

Proof Assume that a is not everywhere finite, and that it is not identically 4+oo
or —oo. Assume for example that there exist 21, x5 € X such that a(z1) > « for
all &« € Y and a(z2) is finite. We have 2zo = (xg—l—(xl —xg)) + (xg—(xl—xg)) =
21+ (2z2—21), and so since a is concave we have 2a(z2) > a(z1)+a(2z2—271) >
a + a(2z9 — x1). Therefore we must have a(2x2 — 1) = —oo. If we assume
a(x1) = —oo rather than +o0o, the proof is similar. O

Definition 19 (Subadditive function) Assume that X,Y are semimodules
over a semiring R, and assume that Y is equipped with a partial order <. A
function f: X — Y U {£o0} is said to be subadditive if for every x,y € X,

fle+y) < flz)+ fy).

The function z + /z is subadditive on [0,400) but not convex. As we
will mostly be concerned with groups and monoids, we now focus on functions
with subadditive properties over N.

Definition 20 (N-sublinear functions) Assume that X, Y are semimodules
over a semiring R, and assume that Y is equipped with a partial order <. A
function f : X — Y U {%oo} is said to be N-sublinear if it is subadditive and
in addition it is positively homogeneous, i.e., f(ma) = mf(z) for every x € X
and every m € NU {0}.
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Definition 21 (Generalised N-linear function) Assume that X,Y are as
in Definition A function f : X — Y U {#o0} is said to be generalised
N-linear if both f and —f are N-sublinear.

If f is a generalised N-linear function and f is finite, then for every choice
of positive integers my, ..., m, € N, we have f (30", mz;) = Y 1y m;f(x;).
The functions that satisfy this property are exactly the additive functions on
semimodules over Z .

If f is N-sublinear and ma = Y., m;xz;, where m = Y " m;, then

mf(z) = f(mz) = f (Z mﬂi) < Zf(mwi) = Zmif(xﬂ

In particular, every N-sublinear function on a monoid is convex.

Recall that a lattice order on a partially ordered set is a partial order
in which every two elements have a unique suprmum and infimum. For such
partially ordered monoids, we have the following.

Proposition 5 Assume that X is a monoid, (Y, <) a monoid with a compat-
ible lattice order <, and f1,..., fr : X = Y U{£oo} are conver (N-sublinear,

subadditive). Then the function max{fi,..., fx} is also conver (N-sublinear,
subadditive).
Proof 1f f1,..., fr are convex and m,my,...,m, € N, x,z1,...,2, € X are

such that mz = 3", m;z;, m =Y ., m;, then

m - max {fj(z)} = max {mfj(x)}

1<j<k 1<j<k

In (*) we used the fact that < is a lattice order, compatible with the group
operations on Y. The case of sublinear or subadditive functions is easy. We
omit the proof. O

Proposition 6 Assume that X,Y are monoids. Then it suffices in Defini-
tion that v = p* for a fized prime p and all | € N.

Proof Indeed, if r # p', then there exists [ € N such that r < p'. Thus,

n
(pl — 7") x+ Z riz; = ple.

=1

By the convexity property,

pfx) < (ph—7) flz) + Zﬁf(zi),
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which gives
rf(z) < Zrif(xi)a
i=1
as required. O

Proposition [6] implies the following.

Proposition 7 Assume that X,Y are monoids. Assume that f : X — Y 1is
subadditive and there exists p € N such that f(px) = pf(x) for every x € X,
then f is convex. If Y is a group, then f is in fact N-sublinear.

Proof By Proposition @ it is enough to assume in Definition [16| that r = p!,
!l € N. Assume then that p'z = Yo mix;. We have,

(%) &

pf) Y (plx>—f(zmixi> < S mif(a),
i=1 i=1

where in (%) we used the homogeneity assumption on f, and in (xx) we used
the subadditivity of f. To prove the second assertion, let m € N. Then there
exist m/,l € N such that m + m’ = p'. Thus, we have

(m+m')f(z) = f((m+m)z) < fimz) +m'f(z) < (m+m')f(2).
Thus, we have
(m+m')f(z) = f(mz) +m'f(2),

and since Y is a group, this implies that f(mz) = mf(x) for all m € N and
all x € X. This complete the proof. ad

2.3 Some properties of convex functions

In this section we study some of the basic properties of convex functions on
groups and monoids, which are then used to prove that some known results
regarding convex functions on topological vector spaces can be generalized to
the class of topological groups.

Tt is well known that a convex function on a (semi)normed vector space is
continuous at z if and only if it is bounded from above in a neighbourhood of
xo. If the space is normed, we derive a Lipschitz condition. See [9,35]. In Corol-
lary [1| below, we establish a similar fact for convex functions on topological
groups into [—o0, c0].

For a set B C X in an additive group and m € N define %B = {sc ‘ mx €
B } It is straightforward to show that if B is convex, %B is convex for all
m € N. Also, a set B C X is said to be symmetric if —B = B. Again, if B is
symmetric, then %B is symmetric. We have the following proposition.
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Proposition 8 Let X be an additive group, f : X — [—00,00] a convex
function, and assume that there is a symmetric B C X and M € R such that
fl@) < f(xo) + M for all x € xg + B. Then for every y € %B, we have

|F(@o+y) — flwo) < M.

Proof First, note that if u € B then —u € B and by convexity we have
2f(@o) < f(zo +u) + f(zo —u) < flzo+u) + f(zo) + M and so f(zo +u) >
flxo) = M. If f(zg) = —oo then f = —o0 on xg + B. Assume then that
flxo) > —oc0. Let y € %B. Then there exists u € B such that my = u. Thus,
we have m(zg+vy) = (xg + u) + (m — 1)z and then using convexity of f gives
mf(xo+y) < f(xo+u)+ (m—1)f(zo) < M. This gives f(zo +y) — f(z0) <
L(f(zo +u) — f(wo)) < . Also, by convexity, we have f(zq) — f(zo +y) <
flxo—y) — f(zo) < %, which completes the proof. O

Recall that a topological group is a groups in which the group operations
are continuous. In Corollary [T]and Corollary 2] below, we use Proposition 8| and
show that fact which are known in the context of topological vector spaces,
also hold in the more general setting of topological groups.

Corollary 1 (Continuity) Assume that X is a topological group and f :
X — [—o0,00] is convex. Then [ is bounded from above in around xo if and
only if f is continuous at xg.

We next show convex minorants inherit continuity of a majorant.

Corollary 2 (Minorants) Assume that X is a topological group and f,g :
X — [—o0,00]. Suppose that g is bounded above in a neighbourhood of xq, f
is a convex minorant of g and f(xo) is finite. Then f is continuous at xy.

Next, we study further properties of convex functions on monoids.

Proposition 9 (Three-slope lemma for monoids) Let X be a monoid,
and x,x1,z9 € X, my,mo € N such that (m; + ma)x = mixy + moxe. Then
for any convez function f: X — (—o0,00] we have

f(x) = f(z1) < f(x2) — f(21) < f(x2) —f(331)_

ma T omyp+me my

Proof By convexity, we have (mi+ms)f(x) < myf(x1)+maf(xz2), from which
both inequalities follow easily. O

Except in a divisible setting we do not capture convexity using only three
points — we can not induct.

Proposition 10 (Monotone composition) Assume that X is a monoid.
If f: X = (—o0,00] is sublinear and increasing and g : X — (—o00,+00) is
convex and non-decreasing, then f o g is also conver.
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Proof Assume that mz =" | m;xz;, m; € N, m=>_"_, m;. Then,

mf(g(x)) = f(mg(z)) < f(mig(a1) + - +mng(zn)) Zmzf ()

as required. a
Remark 10 (Midpoint convezity and measurability) Assume that X is a vector
space which is also a measure space, and f : X — R is measurable. Then it is
known that if f is midpoint convex, then it must be convex. It is also known

that if f is measurable and additive, then it must be linear. There are certainly
analogous results to be discovered in appropriate monoids, see [31]. o

2.4 Operations on functions

We next extend some well known vector operations on convex and subadditive
functions.

Definition 22 (Subadditive and sublinear minorants) Assume that X
is a monoid and f: X — (—o0, 00]. Define
, =z, n €N } .

- inf{zn:f(xi)
=1
po(z) = inf { p(zx) ‘ m e N} :

where p is defined as above.

Define also

We have the following.

Proposition 11 Assume that X is a monoid, and f : X — (—o0,00]. Then
p as defined in Definition[29 is the largest function satisfying p < f and also
p(z +y) < plz) +py).

Proof By definition, we have p < f. Next, assume that zi,...,z,,z and
Yis-- . Y,y are elements in X such that r =" xandy =Y. zh
Hence, we have z +y =Y | x; + ZZ L x5, and so

p(z +y) Z Z f(@i).
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Taking the infimum over the right hand side shows that p(z+y) < p(z)+p(y).
To show that p is the largest subadditive minorant, assume that ¢ < f and ¢

n

is subadditive. Assume that x € X is such that x = ;" , #;. Then we have

n n

i=1 i=1

Taking the infimum over the right side shows that ¢ < p, and so indeed p is
the largest subadditive minorant of f, which completes the proof.

Proposition 12 Assume that X is a monoid and f : X — (—o0,00]. Then
po as defined in Definition[22 is the largest N-sublinear minorant of f.

Proof We begin by showing that po is positively homogeneous. Indeed, we
have

1 n n
= mg inf i ; P =
po(mox) = mypin { - ;f(x )| meN ;x mox}

1 n n
:moinf{me(xi) m € N, Zmi:x},
i=1 i=1

where the last equality holds since for every z1,...,z, € X, we can choose
@y, @, € X osatisfying L0 f#) = i Yoiny f(@)). Next, we show
that po is subadditive. Indeed, we have

1 — 1 n’ , 1 n n’ /
p— ;f(xi) + . ;f(xi) = i Zme(x,-) + ;mu’(a:i) ’

i=1
n n’ / . .
where Y " | x; = myx, Y., x; = may. Define the following sequence in X:

ri (i—1)mp+1<j <img,1<i<n,
2 =
! z, nmo+ (i—1)mi+1<j<nmy+iml <i<n'

Notice that we have j € {1,2,...,nmy + n'm1}. Notice also that we have

nm2+n'm1

n n’
Z Z]'=m22$i+mlz$;:mlm2(x+y)’

j=1 =1 i=1
and

nm2+n'm1

Z f(zj) =ma Z f(zi) +my Z f(=)).
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As a result, we have

nm2+n’m1

Y Ha) e S ) = e Y () 2 pola )
i=1 i= j=1

Taking infima over my, ms and z1, ..., Ty, 24, ..., 2}, satisfying miz = >0 @;
and moy = Z?zl x} implies that po is also subadditive, and therefore sub-
linear. Finally, assume that ¢ < f is such that ¢ is N-sublinear. Then if

T1,...,2Zn, ¢ € X and m € N are such that mz = 2?21 x;, then we have
0 1 () 1 & "
q(z) = —q(mz) < EZQ z;) < *Zf(xi),

=1 i=1

where in (%) we used the fact that ¢ is homogeneous and in (xx) we used the
fact that ¢ is subadditive. In particular, taking the infimum over the right
hand side gives ¢ < po, which completes the proof. a

Definition 23 (N-Sublinear minorant of two functions) Assume that X
is a monoid and f, g : X — (—o0, 0c]. Define

n1f(x1) + nag(rr)
n

NnN1xr1 + Nako = nx} .

f/\g(x):inf{

It is straightforward to check that if f, g are N-sublinear, so is f A g.

3 Examples

Ezample 2 (Vector spaces) If X is a real vector space, then by definition, = €
conv(A) if for every n € N, every a1,...,a, € (0,1) and every z1,...,z, € A,

n n
E Q; | & = E ;5.
i=1 i=1

Taking 8; =

n n
x:ZBixia ZBi:17
i=1 i=1
which is the standard definition of a convex hull in a vector space over R. ¢

Ezample 8 (R as a Q-module) Consider X = R as a vector space over Q. In
such case © € conv(A) if for every n € N, every ¢1,...,¢, € Q4 \ {0} and
every Iy, ..., Ty € A,

n n
qz:Zqixi, q:z%'»
i=1 i=1
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which is equivalent to
n n
z=Y dm, Y di=1, ¢ €[0,1]nQ,
i=1 i=1

i.e., we take only rational convex combinations. o

We now present examples of monoids and of the behaviour of the hull
operator.

Ezample 4 (The lattice Z¢) Consider X = Z¢ with the addition induced from
R?. For every A C X, we have

convza(A) = convga(A) N Z<, (7)

where convga(A) is the standard convex hull of A in R™. To see this, first note
that if x € convga(A), then there exist x1,...,z, € A, and mq,...,m,,m € N
such that ma = > | m;x;, m =Y., m;. This implies that

n

which means that z € convga(A), and so convya(A) C convga(A) N Z%. To
prove to other inclusion, use induction on the dimension. If d = 1, and = €
convgr(A) NZ, then z is an integer which is also a convex combination of two
other integers x1,xo. Therefore, we can write T = qyx1 + gox2 with g1,q2 €
@, and so there exist mi,mo,m € Z such that mxz = myx1 + moxs and
m = my + ms. To prove the general case, assume that x € convga(A) N
Z*. Then there exist z1,...,2, € A and oq,...,a, > 0 with >0 a; = 1
such that = . | a;z;. By Carathéodory’s Theorem [25], we can write

z = Yo oz, where n’ < d+ 1 (we might have to rearrange the points
z1,...,2,). If dim(span{zy,...,z,}) < d, use the induction hypothesis to
conclude that we can write x = > | ¢;x;, with ¢; € Q. Otherwise, we have
the following linear system.

aq
1 T2 ... Td+1 —
1 1... 1 ’
Ad+1
where x1,...,2441 are written as column vectors. In this case, one can show

that the system has a unique solution. Thus the matrix is invertible. Since
the matrix has integer coefficients, it follows that the ¢;’s are rational. And
SO once again we can write r = E?/ g;x; with ¢; € Q, which implies that
x € convyga(A). S
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Ezample 5 (General lattices in R?) We say that vy, ...,v; € R? are indepen-
dent over Z if

k
Zmﬂh‘:o, m; € Z — m; = 0.
i=1
Assume that I' = spany{vi,..., v}, where vy, ...,v;, € R? are independent

over Z. Let T : R¥ — R4 be defined as

k
T(ay,...,qp) = Zaivi.
i=1

T is linear and T(Z*) = I'. Also, since vy, ...,v; are independent over Z, it
follows that T’Zk is invertible. Finally, since I is a Z-module, it follows from
Proposition [I] that

conv { Z qia;

a; € A,q; € QN [0, 1], qu—l}

i=1
Hence,
convyp(A) = T (convy. (T7'A))
@7 (convge (T714) N ZF)
7 (convge (T71A)) N TZF
(xx%)

=" convga(A4) NI,

where in (*) we used Example 4l in (xx) we used the invertibility of T' over
ZF, and in (* * ) we used the linearity of T o

Ezample 6 (Dyadic rationals) Let X be the rational numbers of the form
2—",3 where m,n € Z. We have that X is 2-semidivisible as X = 2X, since
5w = 25m=1, but for any odd number k we do not have 1 =k - % Thus X is
not divisible. o

Ezample 7 (Arctan semigroup) Let X = ([0, 00), ®) with addition defined by

a+b
b= .
@9 1+ab
Note that 1fab7é0thena@b— 2 . The unit is 0 as a ® 0 = a. Also,

foralla >0,a®1 =1 Hence conv({O}) = {0} and conv({l}) = {1}. For
every a > 0 we have a @ a = 2 & 1. Thus, if a # 1 then 1 € conv({a}). This
means that {0} and {1} are the only convex singletons. Also, since a @1 =1
for every a € X, then for every A C X, we have

conv(A U {1}) = conv(4) U {1}.
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Finally, note that for every a > 0, we have

3a + a®

3a:a@a@a:m,

and the function a — ?iggz is onto [0, 00). Thus, X is 3-semidivisible. On the

other hand, a ® a = % <1, and so X is not divisible. In fact is is divisible

precisely for all odd numbers. o

The next example illustrates that finding convex or affine functions on a
group is solving potentially subtle functional equations and inequalities

Ezample 8 (Hyperbolic group) Let X, be the collection of all 2 x 2 symmetric
. 2mil _ | cosh(8) sinh(0)

matrices of the form e » M(6), where M(6) = [sinh(@) cosh(6) | 6 € R and

0 <1< p—1. Then X, is a group under the standard matrix multiplication,

as we have

(ezﬁllﬂf(al))- (62172A4(92)) —e

2mi(ly +lg)
P

M (61 + 62).

In particular, the group is commutative. Also, if p|n, we have that M ()" =
(eQTM(H)) = M(nf) for all 0 < I < p — 1. Thus, in this case we have

wnl

nX, € X,. Otherwise, if p { n, then we have (G%M(G)yb =% M (nb).

27l 2nnl

Since § > nf and e # — e » is one-to-one and onto (the second since p { n),
it follows that in this case nX, = X,. Altogether, we conclude that X, is
n-divisible if and only if p { n.
Next, we would like to show that it is easy to produce convex functions
on the group X,. Indeed, if f : R — R is a convex function then defining
2mil

F(e » M(G)) = f(0) is also convex. To see this, for my,...,m, € N and
T1,...,Tp,x € X satisfying max = Y, mz;, m = Y., m;, assume that

27l 2mily 2mily

x=er» M),xy=e 7 M(01),...,2p, =€ » M(0,). Thus, we have

2mwiml 27

e » M(ml)=er

G=1mgls M(m101 + ... mnen)~ (8)

Note that if e M (0) is the identity matrix, then ! = # = 0. Therefore,
2mily 2mily

ife"» M(61) = e » M(6), then Iy = Iy and 6; = 6. In particular, ()
implies that m# = > ; m;6;. Hence, we have

mF(z) =mf(0) < Zmif(ei) = ZmZF(gcl)
i=1 i=1

Note that restriction to M (f) (determinant one) is a divisible subgroup.
Also, consider the group

xmz{amam’neeR}
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again with the standard multiplication. Then Xy is a divisible group, since for
every t,6 € R and every n € N, we have

M () = (ei%M(a/n))”.

Note that for every p, X, is a semidivisible subgroup of Xgr. Finally, note
that if we consider Xk as a topological space, equipped with the topology
induced from R*, then Xp is connected since we can write Xg = ®(R?), where
@ : (t,0) — e M(0) is continuous. See [5] for a more detailed discussion on
convexity in topological groups. o

Ezample 9 (Circle group) Let T = R/Z with the standard coset addition. In
this case, if = [m/n] m,n € N then nz = [0]. Thus,
conv({0}) = {= € T | « has finite order}.

Also, for every x € X, x +y € conv({z}) for every y € X which is of finite
order. Thus, there are no convex singletons in X. o

Ezample 10 (Prifer group) This is a subgroup of the circle group T, which is
given by

Z(p*>=) = {exp (27Tim/p") | m,n € NU {O}},

i.e., all p"-th roots of unity. Every element in this group has a finite order
and so by the previous example (and also by example , the only two convex
sets are () and the entire group. It is also known that Z(p>) is divisible. To
see this, note that it is enough to show that X = ¢X for every prime ¢. Let
T = exp (27rim/p”). If n =0 then z = 1 = 19. Assume then that n > 0. If
q = p then x = y? where y = exp (27rim/p"+1). If ¢ # p then since the greatest
common divisor of p™ and ¢ is 1, there exist a,b € Z such that ap™ + bg = 1.
So & = " +tt0 = " b — 204 Choosing y = x°, then = = y9, as needed. o

Ezample 11 (Eztensions of Q) Consider X = Q + 0Q, where 0 is irrational,
with the addition operation then the mapping @ : a + 0b — (a,b) is a group
homomorphism from X to Q2. Thus

convx (A) = ¢~ (convgz (P(A))).

Similarly, we can consider extensions of @ be any number of algebraically
independent numbers. o

Ezample 12 (Half line with multiplication) If X = ((0,00), ), this semigroup
is isomorphic to (R, +) via 2 — log(z). Thus,

convx (A) = exp (conv(r, 1) (log(A4))). (9)
If instead we choose X = ([0, 00), -), then if 0 € A, we have
convx (A) = {0} Uexp (conv(g 4+)(log(A))),
if 0 ¢ A then (9) still holds. o



20 Jonathan M. Borwein, Ohad Giladi

Convex case Subadditive case

Fig. 1 Separation in groups

Ezample 13 (o-algebras with symmetric differences) Given a set S, let X be a
o-algebra of subsets of S. For A, B € X, let A+ B = AAB = (AUB)\(ANB).
Clearly AAB = BAA. Also, note that for every A € F, AA = A, and
ANA = (). Thus, 0 is the additive unit and A = —A. It also follows that
from every A € X and n € N, 2n4A = ) and (2n — 1)A = (2nA)AA =
PAA = A. Thus, 2nX = {0} C X and (2n — 1)X = X, and so X is (2n — 1)-
semidivisible but not 2n-semidivisible. Next, assume that A;,..., A,, A € X
and my,...,m,,m € N are such that mA = >°1"  m;A; and m = > | m;.
Then by the above arguments we have in fact

2:2¢m; 1:2¢m;

Thus, if A C X, then we can write

conv(A) = {A cX

A:iAi, A, e A, HGN}

i=1

Note that we always have () € conv(A) since A+ A = () = 2(). This group can
also be studied as a topological group. See [5]. o

4 Interpolation of scalar-valued functions

We begin with a slight extension of a seminal result.

Theorem 1 (Kaufman [19]) Let X be a monoid and f,g : X — [—00,00)
satisfying g < f, where f and —g are subadditive. Then there exists a function
a: X — R which is additive and satisfies g < a < f.
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Theorem [1] is a generalization of Kaufman’s Hahn-Banach result which itself
extends the seminal result by Mazur and Orlicz |26]. Under the assumption
that X is semidivisible, the following holds.

Theorem 2 (Interpolation of convex functions) Assume that X is a semidi-
visible monoid, and f : X — [—00,00] and —g : X — [—00,00] are convez.
Then there exists a function a : X — [—00, 00| which is generalised affine and
satisfies g < a < f.

We illustrate the two results in Figure

Proof First, since f, —g are convex and g < f, we have

mf(z) > Z m;g(w;),

n n
=1 i=1

If f =g, then f is generalised affine and the proof is complete. Assume then
that there exists zo € X and r € R such that f(zg) > r > g(x0). In such case,
either we have

(10)

mf (x) > mor + Zmig($i)7 (11)
i=1

whenever we have

n n
mx = moZg + g m;T;, M = mg+ E m;,
i=1 i=1

or else

(m' —mg) f(y) +mor > Zmég(yi), (12)

whenever we have

To see this, assume that neither nor hold. Multiplying by m’
and by m, we can find integers my, . .., My, My, ..., m,, € N and elements
TlyeeeyTnyYl,---, Y € X satisfying

n n
mzmo—kZmi, mx =m0x0—|—2mizi, (13)
i=1 i=1

’
n

n/
m = Zmi, my <m',  moxe + (m' —mg)y = Zm;yi, (14)
i=1 i=1
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such that

’

mg Zng(%) +mo Zmég(yz) > momf(x) +mo(m’ —mg) f(y)
i=1 i=1

> (mom +mo(m’ —mg)) f(2),

where z satisfies

/ / /
moma + mo(m’ —mg)y
n
/ / / /
momoZo + My E m;x; +mo(m' —mg)y
i=1

TLI n
(14)
mo Z mhiy; +my Z mix;. (15)
i=1 i=1

(mom + mo(m’ — mg))z

[E

Such z always exists since X is semidivisible, i.e., X = p!X for some prime p

and | € N and by Proposition |§|We may assume that mhm+mo(m’ —mj) = p'.

Now, we have

’
n n
/ ; (@3~ (e ’
mg E m; + mo E m; —=— mgy(m —mg) +mom
i=1 i=1

= mim — mymg +mom’

= mym+ mo(m’ —my).

Hence, we have

—~

(mjym +mo(m’ —m{)) f(z) > (miym +mo(m’ —mp))g(2)

N

’
(s

) n n
> mpy > mig(a) +mo Y mig(y:), (16)
i=1 i=1
where in (%) we used the fact that ¢ < f and in (**) we used the fact that
g is concave. Now, is a contradiction to . Thus, we must have that
either or hold. Assume first that holds. Define

h(z) = sup [llg (koT + Z sz@z))

=1

; (17)

where the supremum is taken over all &k, kg, k1,...,k, € Nand y1,...,y, € X
such that kx = kozo + >+, kiy; and k = ko + Y., k;. By choosing ky =
-+ =ky =0, we have h(xzg) > r > g(x). Since g is concave we also have that
h > g, and by it follows that h < f. Next, we would like to show that h
is concave, and that holds for A instead of g. To show the concavity, let
mi,...,m, € N, and 21,...,2,,2 € X such that mz = > | m;z; and m =
S m;. Let € > 0, and for each 1 <4 < n, choose k;, ki ,...,kin, €N and
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Yils- - Yinr € X such that ki = ki ovo + D00 kigyig, ki = kio+ 200 k
such that

kie i
kih(a:) = = < kior+ Y ki g (ui)- (18)
Jj=1

Now, we have

i=1 i

= Z m; H k; kioxo + Z ki Y.
i=1 j#i Jj=1

=> | mikio [] % | 2o +Z m; [T % iki,jyi,j
i=1 i i j=1

Also, we have

mﬁlﬁ = i mikiVOij +i m; kj ki,j-
i=1 i=1

i i=1 j#i j=1

3

Thus, by the definition of h , we have

mh(x)z%k_ Z miki,Oij TJFZ minj _ ki j9(Yi,j)

Zmink kior+zk73gyzj

17, 1 j#i

i=1 jFi
n
= Zmih(:ﬁi) — €.
i=1

Since € is arbitrary, it follows that h is concave. Finally, we would like to
show that if mz =Y mz;, m =Y ., then > m;h(x;) < mf(x). This
follows from the fact that h is concave together with the fact that h < f. The
existence and the properties of h show that g is not the maximal element in
the class of all concave functions that satisfy (10). Analogously, if holds,
define

9

W (@) = inf | & (Ko + (K~ K)7 ) | (19)
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Fig. 2 Failure of finite affine separation

where the infimum is taken over all k) > 0, ¥ € N, and y € X such that
Kz = kjzo + (k' — k{)y. If ¥’ = k{ we define the right side of to be
r. Choosing k' = k{ gives h'(z0) < r < f(xo) and choosing ko = 0 gives
W (z) < f(x) for all z € X. Since holds and g is concave, we also have
that g < h’' and holds with A’ instead of f. Also, in an analogous way to
the previous case, one can show that h’ is convex. To conclude the proof, define
the following ordered set D of all pairs of the form (h, h'), where h is concave,
h' is convex, and holds if we replace g by h or f by h'. Define the partial
order on D to be (h,h') < (w,w’) <= h <w and w’ < k. Since (g, f) € D,
this chain is non-empty and therefore has a maximal element. By the above
consideration we conclude the maximal element is generalised affine. O

Remark 11 Note that we used the semidivisibility only to show that either

or must hold. We did not use this fact again in the proof. o
Remark 12 Similarly, the results hold if we work in a semimodule. o

Remark 13 In general we cannot expect the affine function a to be better than
generalised affine in Theorem [2] even if X is a vector space. This is illustrated
by the example of f(z) = —/z if 2 > 0 and f(z) = —occ if z < 0 and
g(x) = —f(—x), where X = R. The only separator comes from letting a to be
+00 when > 0, —oo when z < 0 and 0 when = = 0. See Figure 2] o

On the other hand, using Proposition [d] we have the following.

Corollary 3 Assume that X is a group. If either f or g is everywhere finite
and the other function is somewhere finite, then a is finite and affine.

The vector space version of the following result is used in as the basis for
Hahn-Banach theory. Once established, one imposes additional core conditions
on A, B to show cl C'Ncl D is a separating half-space. Here one uses the
algebraic closure. We take a different (more modern) approach in the next
section.
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Corollary 4 (Stone’s lemma for monoids) Assume that X is a semidi-

visible monoid and A, B C X are disjoint convex sets. Then there exist C, D C
X disjoint and convex such that AC C, BC D and CUD = X.

Proof Let f =14, g = —tp, where

0 ze€Ad
LA(x):{oo r¢ A’

and similarly for tg. Then f,—g : X — [—00, 0] are convex. Use Theorem
to deduce the existence of a generalised affine function a : X — [—00, oo] with
—1g < a < ty. Choosing

C={zeX|a(z) <0}, D={zeX |a(z)=>0},
concludes the proof. O
Theorem [2] also implies the following.

Corollary 5 Assume that X is semidivisible monoid and f : X — [—00, 0]
is convex. Then f is the supremum over its generalised affine minorants.

Proof Clearly we have
f(z) > sup {a(w) ‘ a<f, ais afﬁne}. (20)

To show that equality holds, assume to the contrary that we have a strict
inequality in . The function g which equals the supremum at z and —oo
everywhere else is concave. By Theorem [2] there exists an affine function a
such that

sup {a(x) | a < f, ais affine} < a(z) < f(z),
which is a contradiction. ad

Ezample 1/ (Non separation) In the non-divisible setting, Theorem [2] fails
even for everywhere finite functions. Take for example X = Z2. Let A =
convp2 ({(0, 2), (1, 0)}) and B = convp: ({(O, 1), (270)})7 and

flx) = 2v5da(z) - 1,
g(z) = —2V5dp(z) + 1.

where d(z) = inf,ca ||z — a||gz. Note that for every z € Z? such that = ¢ A,

we have da(x) > % Similarly, if z € Z? and z ¢ B, we have dp(z) > %

For every = € Z2, either z ¢ A or x ¢ B and so da(x) +dp(z) > % Hence,

f(x) = g(a) = 2V5(da(z) + dp(z)) —2 >0,

and so ¢ < f on Z2. Also, f and —g are convex, since they are convex on all of
R? (the distance to a convex set in a vector space is a convex function). Assume
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Fig. 3 Convex separation in a lattice

that a is affine and satisfies g < a < f. By the choice of f and g, a has to be
finite everywhere. Since a is affine, we can write a(my, ma) = c+a1mi +agsma,
where ¢, a1, a2 € R. Since a < f, we can choose x = (0,2) and z = (1,0) and
obtain

c+2a5 < —1, c+ap <—1.
Similarly, since a > g we get
c+2a1 21, c+as > 1.

Altogether, we get both ¢ < —3 and ¢ > 3. o

Ezample 15 Let (X, A) be a semimodule induced by a semilattice X. This is
divisible since z A @ = x. Thus, conv(S) is the sub semilattice generated by
S. In this case convex and subadditive functions coincide, and so Theorems
and [2| both assert the un-obvious result that disjoint sub meet-lattices lie in
partitioning sublattices. See Figure [3| Note that since X contains nontrivial
idempotent elements, it cannot be embedded in a group (see [16]). See also [2§]
for a study of convexity in semilattices. o

Part II: Convex operators on groups
5 Analysis of convex operators on groups
We turn now to results for operators on groups. By Example [3]and Remark [4]

we could derive many of these results using Q-modules but we prefer to high-
light the use of only monoidal structure.
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5.1 Subdifferential calculus of operators

Here we assume that X, Y are groups, and f : X — (Y U {oo}, <), where co
is a maximal element with respect to the partial order < on Y. Assume also
that < is compatible with the group operation, i.e., if z > y iff xt —y > 0.
We also assume that the order is at least inductive, i.e., that every countable
chain has an upper bound. In Subsection [5.3] we will need to further assume
that < is a complete order, i.e., that every order bounded set has an infimum
and supremum. Of course Y may be R as before.

Remark 14 A partial order in a Banach space is order complete if and only it
is latticial. Moreover, order completeness of the range characterises the Hahn-
Banach extension theorem holding. By contrast if the cone has a bounded
complete base, the order is inductive. Thus, in Euclidean space all pointed
closed convex cones induce inductive orders. (See [4,/7H9] for much more on
these technicalities in the vector space setting.) o

As in Definition f is said to be subadditive if f(x +y) < f(x) + f(y).
We can similarly define N-sublinear and convex functions.

Definition 24 (Domain of convex function) Let X,Y be groups and f :
X — Y U{oo} be convex. Define the domain of f to be the set

dom(f) ={z € X | f(z) < o0}.

It is easily shown that the domain of a convex function of a convex subset
of X. The core of the domain is then:

Definition 25 (Core of domain) Let X,Y be groups and let f : X —
Y U {0} be a convex function. Define the core of the domain of f to be

core(dom(f)) = {z € X | Vhe X,IneN,3g € X,ng = h, f(z +g) < oo}.

By choosing h = 0, it follows that core(dom(f)) C dom(f). More generally,
we can define the core of a convex function.

Definition 26 (Core of convex set) Let X be a group and C' C X a convex
set. Define the core of C' to be the set

core(C) = {x eX ’ Vhe X,IneN,Jge X, ng=h,xz+g € C}.
Again, we have core(C') C C. Now we define the directional derivative.

Definition 27 (Directional derivative) Let X be a group, (Y U {o0}) a
group with an inductive order, and f : X — Y U {oco} a convex function. For
x € core(dom(f)), define

fo(h) = inf {n(f(z+g) — f(z)) | ng =h, f(x+g) < oo}

Before proceed to the study of directional derivatives, we need the following
technical proposition.
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Proposition 13 Assume that {a,}nen and {by}tnen are two decreasing se-
quences in an inductive and compatible cone. Then

inf {an ern} = inf a,, + inf by.
neN neN neN

Proof Let n,m € N with n > m. Then since {b, }nen is decreasing, we have
an + bn, < ap + by,. Thus, we have

Saf tan ¥ B < [ Jaf n] -

Taking the infimum over m gives inf,cyn {an + bn} < infnen an + Inf e by,
The converse inequality is clear. This completes the proof. O

We have the following.

Proposition 14 (One-sided derivatives, I) Assume that a group X is a
p-semidivisible group, and (Y, <) is a group with an inductive order. Assume
also that f : X — Y U {oc} is conver and x € core(dom(f)). Then f, is an
everywhere finite, N-sublinear function.

Proof For arbitrarily large n,n’ € N with n < n’ we can find g,¢’ € X such
that ng =n'g’ = h and f(x + g) < oo, f(x +¢') < co. We have n'(x + ¢') =
n(x+g)+(n’—n)z, and so by convexity n’ f(z+g¢') < nf(z+g)+(n' —n)f(z).
Therefore, we have

W (fz+9) = f@) < n(f(x+g) - f(x)).

Also, if g,¢' € X are such that ng = n’¢g’ = h, then (n +n')x = n(x — g) +
n/(z + g) and so again by convexity, we have

n(f(x) = flz—g)) <n'(f(z+9g) = f(2)).

Thus, the sequence {n(f(ac—i—g) — f(ac)) | ng=nh, f(z+g) < oo} is decreasing
and bounded from below. Since < is an inductive order on Y, f,(h) exists
and is finite. To show that f,(0) < 0, note that we can choose g = 0 in
Definition [27| and obtain f,(0) < 0. To prove the positive homogeneity of f,,
choose, g, ¢’ € X such that p'g = ph and p'g’ = h. Then we have p'T!(z+¢') =
p a4+ ph = ptla 4+ plg = (P! — pHa + p!(x + g). Thus, since f is convex,
we have

P (@ +g) < =P f(@) + ' fl +g),

or in other words,

P (f@+g) - f@) < (flz+9) — fz)).
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Taking the limit as I — oo and using the fact that the sequence in Definition [27]
is decreasing, we get pfi(h) < f.(ph). On the other hand, we have,

pfe(h) = inf {pn(f(z+g) - f(x) | ng = h}

(2) inf {pn(f(z + g) — f(z) | png = ph}

“ 1. (ph).

In (x) we used the fact that if pg = h then png = ph (but we might have a
bigger set on which we take the infimum). In (xx) we used the fact in Def-
inition the infimum is taken over a decreasing sequence. This shows that
pz(ph) = pfz(h). Finally, to show subadditivity, note that p(z+g1+---+¢p) =
(x +pg1) + -+ (z + pgp), and so by convexity of f,

p(flz+g1+-+gp) — f(2))
< (fle+pg) — f(@) +- 4 (f(z+pg) — fz). (21)

Multiply by n and then choose g1, ..., g, such that ng; = hy,...,ng, =
h,. This is possible since we may assume without loss of generality that n = p'
for some | € N, and this is because the sequence {n(f(z + g) — f(z)) | ng =
h, f(z+g) < oo} is decreasing. We get

p(nf(x+g1+-+gp) — f(2)) < Zn(f(x +95)—flx)  (22)

j=1
By Definition 27, we have
p(nf(@+gi+ - +gp) = f(2) = pfalha+ -+ hyp). (23)
To evaluate the right side of , note that for each 1 < j < p, the sequence
{n(f(z +g;) = f(x)) | ng; = hy, fla+g;) < oo}

is decreasing. Thus, using Proposition and taking the infimum over the
right side of , we get,

inf & > n(f(x+g;) — f(x)) | ng; =phj, f(z+g;) <oo, 1<j<p
j=1

|
KM“

inf {n(f(z+g;) = F(2)) | ng; = phy fla+g;) <00, 1) <p}
1

J

fa(ph;). (24)

I
KM“

1

J

Combining and (24), we get
pfelha+. .. hp) < fuolph1) +--- + f:c(php)a
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and so, since f;(ph;) = pfa(h;), 1 <j <p, we get
fz(hl + .. hp) < fac(hl) + et fac(hp)

Note that here we used the fact that < is compatible with the group operations
on Y, and therefore we have py; < pys = y1 < y». Next, note that since is
assumed to be p prime, p > 2. Choosing hg = --- = h, = 0, we get

f(hl + h2) < fa:(hl) + fw(h2) + fw<h3> +ot fw<hp)

C Fah) + fulhs) + 0

where in (x) we used the fact that f,(0) < 0. Altogether we have that f, is
subadditive and f(pz) = pf(x). Now apply Proposition [7| to deduce that f is
N-sublinear, and the proof is complete. O

Remark 15 The proof of Proposition |14 shows that the sequence n(f(:zr +g)—

f(a:)), ng = h, f(x + g) < oo, is decreasing. If we assume that we have both
pX = X and ¢X = X, then in , we can choose n = p! or n = ¢ for every
! € N and the infimum would be the same in both cases. o

In the case when f is not only convex, but actually N-sublinear, we have
the following stronger result.

Proposition 15 (One-sided derivatives, IT) Assume that X is a group,
(Y, <) is a group with an inductive order, and f : X — Y U{oo} is N-sublinear
map, and x € core(dom(f)). Then f, is an everywhere finite N-sublinear map,
that satisfies in addition fz(O) =0, fo(z) = —fo(—x) = f(z).

Proof When f is N-sublinear, (27) becomes
fu(h) 1nf{fmc—|—h)—nf ’fnx—i—h <oo}

Since f is positively homogeneous, it is easy to see that f,(x) = —f.(—z) =
f(x) and f,(0) = 0. To show the positive homogeneity of f,., use the fact
that, as in the proof of Proposition (14} the sequence {f (nz+ h) —nf(x } is
decreasing, and so we have for all m € N,

fo(mh) = inf { f(nz + mh) — nf(z |fn:17+mh)<oo}
= inf { f(mkz + mh) — mkf(x) | f(mka +mh) < oo}
:mmf{ka—i—h |ka+h)<oo}
=mf.(h).

To show the subadditivity, take ni,ns € N. Since f is subadditive, we have,

fe(h1 +h2) < f((n1 +n2)z + by + h2) — (n1 +n2) f(2)
< (f(naz + hy) = naf(2)) + (f(nox + he) — naf(x)).

Taking the infimum over all ny,ny € N such that f(niz + hy) < oo, f(nex +
hs) < 00, the subadditivity follows. O
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Given two monoids X and Y, let £(X,Y) be the collection of all additive
maps between X and Y. As in the vector space setting, define the following:

Of (o) = {a € L(X,Y) | fzo) +a(h) < f(zo + h)}.

In the vector space setting it is usually required that a(z —xz¢) < f(z) — f (o).
However, in order to avoid taking differences, we use the above definition. Let
L(X,Y) be the space of all additive maps between X and Y. Then it follows
that df (z0) C L(X,Y).

Proposition 16 Assume that X is a p-semidivisible group, (Y, <) is a group
with an inductive order, and f : X — Y U {oo} is subadditive and satisfies
f(px) =pf(z) for allz € X. If x € core(dom(f)), then f, < f and

Proof To prove the first assertion, note that

fu(h) © inf {n(f(z+g) — x))|ng—h f(z+g) < oo}
= inf {p'(f(z+9) — f(x)) | Pg=h, f(z+g) < oo}
< inf {p'f(g) | p'g = h, flz+g) < oo}

@ fn),

where in (x) we used the fact that {n(f(z+g)— f(2)) | ng = h, f(z+g) < oo}
is a decreasing sequence and in (#x) we used the fact that f(pz) = pf(z). To
prove the second assertion, choose g such that pg = x and note that

fo(@) + fo(—2) < p(f(z+9) = f(2)) +m(f(z —g) — f(2))
fp+ 1))+ f((p — D) — 2pf(x)
0,

IN

where in the last inequality we used the subadditivity of f. O

Proposition 17 If (Y, <) satisfies that for everym € N my; < mys = y; <
Y2 then Op(xg) is convex in L(X,Y).

Proof For ay, ... ,an,a € L(X,Y), assume that ma = Y., m;a;, m = >, m;.
Then we have

n

m(f(wo) +a(@)) =D (f(z0) + ai(w <Zmzf mf(z).

=1

By the assumption on Y, it follows that f(zg) + a(z) < f(z). O
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5.2 The maximum or max formula

We show that the well known max formula [6,/9] holds in this generality.

Theorem 3 (Max formula) Assume that X is a p-semidivisible group, that
(Y, <) is an additive group with an inductive order, and f : X =Y U{oco} is
convez. Assume also that for some zo € core(dom(f)), we have

fao(T0) + fao (—20) < 0. (25)

Then we have

fuo(h) = max {a(h) ‘ a € f(xo)} (26)

In particular, f admits additive minorants, and 9f(xo) # 0. The mazimal
element in 1s bounded.

Proof Define C to be the set of all pairs (¢,5), where S C X, and ¢ : X —
Y U{oo} is N-sublinear and satisfies ¢ < f,,, and sup,cg ((s) + ¢(—s)) < 0.
Define a partial order on C by

(p1,51) < (p2,52) <= @1 > 2, S1 C Ss.

(C, <) is inductive, as both < and C are inductive orders. By Proposition
we have f,,(0) = 0, implying that (f.,,{0}) € C and so C # (). Therefore, C
has a maximal element (, S). We claim that we must have S = X. Otherwise,
choose y € X \ S. Since (¢, S) € C, in particular it follows that the function ¢
satisfies the hypotheses of Proposition Also, y € core(dom(f)) since @ <
fuo and fy, is everywhere finite (by Proposition. Therefore, Proposition
implies that @, < @ and @, (y)+@,(—y) < 0. This means that (¢,, SU{y}) € C,
which is a contradiction to the maximality of (¢,.S). Thus, we have S = X.
Next, we claim that @ is additive on X. If not, then since @ is subadditive, there
must exist z, h € X such that @(z +h) —@g(h) < @(z). But then @, < @ which
is again a contradiction to the maximality of (@, S). Since ¢ < f,, and by
we have @(—x0) < fzo(—20) < — fuo (T0), it follows that @(zg) = faz,(x0) and @
is bounded. Choosing a = @ proves (26)). Since z € core(dom(f)), Definition [27]
implies that the maximal element is indeed bounded. This completes
the proof. O

An instructive setting is when Y is the symmetric matrices endowed with
the (non-lattical) semidefinite order.

Remark 16 (Well posedness) If f is N-sublinear and ng = x, then by positive
homogeneity, we have n(f(z —g) — f(z)) = f((n—1)z) — f(nz) = — f(z) and
n(f(z+g9)—f(x)) = f((n+1)z)— f(nz) = f(z). In particular, fy(z)+fz(—z) <
0 for every = € core(dom(f)). Thus, every N-sublinear function satisfies the
assumptions of Theorem [3] o

Remark 17 Using Proposition we have that Theorem [3] holds if f is N-
sublinear, even if we omit the subdivisibility assumption. o
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5.3 Fenchel-Rockafellar duality

In this section we will consider functions f : X — Z U {cc}, where Z is a
group. Since the range is always Z U {oo}, as in vector spaces, it is natural to
define the additive dual group of a group X to be

X*=L(X,Z)={¢: X = Z | ¢is additive}.

Then X* is an additive group with the addition being point-wise addition of
elements in Z. We emphasise that X* is not the group of homomorphisms of
X. How rich a notion this is depends on the given groups X and Z.

Consider now (Z, <) which is order complete. We still require that < is
compatible with the group operation. Define the conjugate function f*: X* —
Z U {0} to be

f(p) = sup {p(x) - f(z)}. (27)
zeX
The conjugate function has been studied extensively in the vector space set-
ting. See for example [6}9,/30]. Note that f*(¢) = +oo will happen if has
no upper bound. Before proving the Fenchel duality theorem for groups, we
need the following proposition.

Proposition 18 Assume that X1, Xs, Z are groups, where X, is semidivisible
and (Z,<) is an order complete group. Let T : X1 — X5 be additive, and
assume that f : X1 — ZU{oo} and g : Xo = ZU{oc} are convez. If we define
h:Xy— ZU{oo} by

hw) = inf [f(a)+ 9(Ta +u)],

then h is convex, and it domain is given by
dom(h) = dom(g) — T'dom(g). (28)

Proof First, note that since g is convex and T is additive, it follows that goT :
X1 — ZU{oo} is convex. Next, to show the convexity of h, let mq,...,m, € N,
Ui, ... Up,u € Xosuch that mu =Y myu;,m=> 1 m;. Letzy,...,x, €
X;. By Proposition @ we may assume that m = p’, where p is a prime sat-
isfying pX = X. Hence, there exists x € X; such that mx = Z?zl m;z;. We
have

mh(u) < m(f(x) + g(Tz +u)
< zn: mi (f(zi) + g(Tx; + ;).
i=1
Taking the infimum over x4, ...,z, € X, we get
mh(u) < zn:mlh(ul)
i=1

The proof of is immediate. This completes the proof. O
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Theorem 4 (Fenchel-Young inequality for groups) Suppose that X, Z,
are groups, Z is order complete, and f : X — ZU{oo}. Then for every x € X
and every p € X*,

f@) + 7(p) 2 ¢(x).
Equality holds if and only if ¢ € 0f(x).
Proof By definition (27), p(z) — f(z) < f*(¢) which implies f(z) + f*(¢) >
p(x). If ¢ € 0f(x), then f(z) + ¢y —z) < f(y) and so f(z) — p(z) <
f(y)—(y). Taking the infimum over the right side gives f(z) —p(x) < —f*(v)

which then gives f(z) + f*(¢) = ¢(x). Conversely, by the definition of f*, if

f(@) + f*(p) = ¢(x) then o(y — ) < f(y) — f(z), and so ¢ € If(x) as
required. a

Example 16 If X is a meet lattice then additive functions are identically 0,
since for every m € N we have

m times
——
fe)=f@n--Nx)=mf(z).
Hence X* = {0} and Theorem [4] simply gives f(z) > inf,ex f(z). o

For an additive map 7" : X1 — Xo define the adjoint T* : X5 — X7 in the
usual way

(T*x3)(x1) = 25(Tx1), x1 € X1, x5 € X5,
We are now in a position to state and prove the Fenchel duality theorem.

Theorem 5 (Weak and strong Fenchel duality) Let X1, Xo, Z, be groups,
and (Z,<) an order complete group. Given f : X1 — ZU {0}, g : Xo —
Z U{oo} and an additive map T : X1 — Xo, define

P= inf {f(@)+g(Ta)},

D= sup {— f*(T*"¢) —g*(¢)}.
0EX]

Then P > D (weak duality). In particular, if P = —oo then D = —oo. If, in
addition, X, is semidivisible, f and g are convex and we assume

0 € core(dom(g) — T'dom(f)),
then P = D (strong duality) and D is attained when finite.

Proof To prove weak duality, note that P > D is equivalent to

nf [f@)+ £ (T7) +9(T2) +¢" ()] 2 0.
PEXS



Convex analysis in groups and semigroups: a sampler 35

By Theorem [} we have f(z) + f*(T*p) > (T*p)(x) and g(Tz) + g*(—p) >
—@(Tz). Then by the definition of T* we have (T*p)(z) — p(Tx) = 0.
To prove strong duality, define h : Xo — Z U {o0},

h(u) = xien)gl {f(x)+g(Tz +u)}.

By Proposition [18] & is convex and dom(h) = dom(g) — T dom(f) is a convex
set. Since we assume that 0 € core(dom(g) — T dom(f )), applying Theorem
for h and g = 0 implies that there exists ¢ : X9 — Z additive such that

—¢(u) < h(u) = h(0).

Note that since we choose o = 0 in Theorem [3| the condition hg,(xo) +
hao (—20) < 0 holds, as h;(0) = 0 always. Note also that Theorem [3| says that
the maximal element is bounded and therefore we can choose ¢ whose range
is Z. Altogether, we get

h(0) < h(u) +p(u) < f(z) + g(Tz +u) + o(u)
= [f(z) = (T*¢)(2)] + [9(Tx +u) — (—p(Tx + u))].
Taking the infimum over x € X5, u € X5 implies
h(0) < —f*(T"¢) — g"(—p) < D.

Since h(0) = P, strong duality follows. Again the dual supremum is attained
when finite. O

Ezample 17 If X5 is a meet lattice, then X3 = {0} and
D=—-f*(0)—-g¢"(0) = inf inf
F10) = 9"(0) = inf f(x)+ inf g()
which is clearly smaller than P. o

Remark 18 Assume that in Theorem [l we have N-sublinear functions rather
than convex functions. Then if we use Proposition Theorem [f] still holds
even if we omit the subdivisibility assumption. o

Next we discuss applications of Theorem [5| One of the classical applica-
tions, is a representation for the subdifferential of a sum of convex functions.
We show that such a result holds for groups as well.

Theorem 6 (Sum rule for subdifferentials) Suppose f : X1 — Z U {0},
g: Xo — ZU{o0}, for (Z,<) an order complete group and T : X1 — Xs is
additive. Then

O(f +goT)(zo) 2 f(wo) + T 0g(x0).

If, in addition, X1 is semidivisible, 0 € core(dom(g) — T dom(f)),while f and
g are convex, then equality holds.
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Proof The first inclusion follows immediately. To prove the equality case, let
¢ € O(f+ goT)(xo). Then the function (f — ¢) + g o T is minimised at
xg. Assume without loss of generality that the minimum is 0. By the strong
Fenchel duality result with P = D = 0, there exists ¢ € X5 such that

0=—(f=)"(T"¢p) —g"(—p) = [T ¢+ &) — g"(—).
Hence, for every x1 € X1 and x5 € X5, we have
0<(f—9)(@1) —T"p(z1) + g(22) + p(22). (29)

In particular, choosing z1 = z¢, we have for all zo € X5,

—p(x —Txo) < (f — ¢)(w0) + g(w2) = g(w2) — g(T'x0),

where in the last equality we used our assumption that (f —¢)(xzo)+g(Tzo) =
0. Thus, we have —p € dg(Tx(). Also, by , we have

sup (—g(Tz1) — T p(1)) < g’(l ((f = @) (1) = T p(x1)).

1
r1€X1 z1

Thus there exists zg € Z such that for all 1 € X,

—9(Tz1) < (T @) (x1) + 20 < (f — @) (1)

and equality holds when x; = x¢. Hence zg = 0 and T*p + ¢ € 9f(x¢), which
completes the proof. O

Another application of Theorem [5|is a Hahn-Banach theorem for groups.

Theorem 7 (Hahn-Banach theorem for groups) Let X be a group, X' C
X a subgroup, and (Z,<) an order complete group. Assume that f : X — Z
is N-sublinear and h : X' — Z is additive such that h < f on X'. Then there
exists h : X — Z additive such that h < f and h =h on X'.

Proof Choose X; = X5 = X and let T': X — X be the identity map. Choose
g: X' = ZU{cc} to be g = —h + 1x/, where

0 zeX|,
e (@) = oo xé¢ X’

Since f : X — Z, dom(f) = X. Also, dom(g) = X’. Thus 0 € core(dom(f) —
Tdom(g)) and we can thus use Theorem 5] Note that by Remark [18 we do not
need to assume subdivisibility as we are dealing with N-sublinear functions.
Now, by Theorem [f| we have

0 < inf {f(@)=h(@)+ex ()}
= il {f(2) + 9(a)}
= sup {— f"(¢) —g"(—9)}. (30)

pEX™
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Fig. 4 Single minorant in R

Thus, there exists ¢ € X* such that for all z € X', f*(¢) < ¢(x) — h(x).
Since f is sublinear, f(0) = 0 and so it follows that f*(¢) > 0 or in other
words h(z) < ¢(z), x € X’. Since X' is a subgroup and ¢ is additive, we have
h(z) = ¢(x) on X" and ¢g*(—¢) = 0. Now implies that f*(¢) = 0, which
implies that ¢(z) < f(z) for all z € X. |

Remark 19 If X and Z are groups and f,g: X — Z U {oo} are additive with
g < f, then f = g. However, if X is only a semigroup, this is no longer always
true. As a result, we cannot expect strong Hahn-Banach type theorems on
arbitrary semigroups. o

Theorem 8 (Sandwich theorem for groups) Assume that X; is a semidi-
visible group, Xo a group, and (Z U {oc}, <) a group with complete order. Let
fi:X1 = ZU{oc}, —g: Xo = ZU {0} be convex and T : X; — X5 be
additive, such that g oT < f. Assume that 0 € core(dom(g) — T dom(f)).
Then there exists an additive function a : X — Z such that goT < a < f.

Proof Using Theorem@, we have P < 0 and so there exists ¢ € X3 such that
(—=g)*(—¢) < —f*(T*p). This implies that

sup (—g(Tz) =T ¢(x)) < inf (f(z) —T"¢()). (31)

rx€Xq rxeXq

T*¢ is the required additive function. If P = —oo in Theorem [5] then P <
—a < 0 for every a > 0 and so inequality still holds. a

Remark 20 By Proposition[I5] Theorem [8|holds if we replace convex functions
by N-sublinear, even if we omit the subdivisibility assumption. o

Remark 21 Even for X = R, the only additive minorant may be a = 0. Con-
sider the subadditive (non-convex) function f(z) = +/|z|. See Figure o
6 Subadditive optimisation

Let f,91,...,9% : X — [~00,00] and b € R. Define v : R¥ — [~00, 00] by
v(b) = v(by,....bp) =inf {f(z) | x € X, g1(x) <b1,...,gn(x) <br}. (32)

v is also known as the value function. We have the following.
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Proposition 19 (Subadditive and sublinear value functions) Assume
that X is a monoid and f,g1,...,95 : X — [—00,00] are subadditive. Then
the function v : R¥ — [—00, 00| defined by is subadditive. If, in addition,
X is assumed to be p-semidivisible and f,¢1,...,gx satisfy f(px) = pf(x),
gi(px) = pgi(x), 1 < i < k then v satisfies v(px) = pv(x). In particular, by
Proposition[7, v is conve.

Proof Let x1,z2 € X be such that g;(z1) < b;, g(z2) < ¢;, 1 < i < k. Since

g1, - -, gk are subadditive, g;(x1 + x2) < gi(x1) + gi(x2) < b +¢;, 1 <i < k.
Thus, of b = (by,...,bx), c=(c1,...,cx), then

v(b+c) < fzr +32) < fz1) + f(22),

where we used the subadditivity of f. Taking the infimum over the right side,
the first assertion follows. To prove the second assertion, we only need to prove
positive homogeneity. Indeed, for every z € X, since X is p-semidivisible, there
exists y € X satisfying x = py. As a result,

v(pb) = inf{f(a?) | x € X, g1, (z) <pby,...,g9x(x) Spbk}

=inf {f(py) | y € X, g1(py) < pb1, ..., gk(py) < pbi}
=inf {pf(y) | y € X, po1(y) < pb,...,pgk(y) < pbi}
=pinf{f(y) |ye X, 1(y) <b1,...,gx(y) < by}
= pu(b),
and we are done. O

Remark 22 The result holds if the module is over a semidivisible semiring R
and f and g are subadditive functions. o

In the sublinear case, we may now apply Theorem [3| to the function h of
Proposition [19| to describe h in terms of additive minorants.

Ezxample 18 Let b € R, and let

b
inf { —x | 22 <b, xez}:—hw.
Thus, in the nondivisible setting, even if ¥ = 1 and f and g; are additive, v
need not be homogeneous. o

In general integer programming [1,/34] adding the sub additive, but not
N-homogeneous, ceiling function [ -] allows one to reconstruct integer value
functions but the additive minorants do not suffice. This is discussed in [2}/32].
It is interesting to ask what class of groups allows an analogue of the ceiling?

We note also that methods that were originally developed to study linear
programming results in vector spaces, such as the cutting-plane method [20],
can also be used to study integer linear programming problems. See also |1}
23] and the survey [10] for more information on the cutting-planes method,
and [2/14,/15,23] for more information on integer programming.
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6.1 Lagrange multipliers in action
Suppose now that we have an optimisation problem with m constraints:

inf { f () ‘ gi1(x) <0,...,gk(z) <0}

Let g(z) = (¢91(2), ..., grx(x)) € R™. Define the Lagrangian function L : X x
R* — (—o00, 0] to be

L(z,A) = f(z) + A g(x).

Here, X - g(x) is the standard inner product in R*. We say that A € R¥ is a
Lagrange multiplier if the Lagrangian function L( -, A) has the same infimum as
f on X. We will now show that Lagrange multipliers can be used to compute
the subdifferential of the maximum of convex function. In the vector space
case, this fact has several different proofs. We chose this particular version to

show the use of Lagrange multipliers in the group setting.

Theorem 9 Let X be a semidivisible group and f; : X — (—o00, 00| be convex
functions, where © € I, I being a finite index set. Let f = maxj<i<y fi. For

20 € (Nier(zo) core(dom(f;)), where I(zg) = {1 < i < k| fi(zo) = f(z0)}-
Then we have

8f(x0):conv< U 8fi(a:0)>.

i€l(xo)

Proof The inclusion 2O follows immediately from the fact the subdifferential is
convex (Proposition 17| with ¥ = R). To prove the other inclusion, consider
the constrained minimisation problem

inf {t [ teR, € X, fi(x) <t,...,[frlx) <t} (33)

Note that this infimum equals inf,cx f(z). Assume first that 0 € 9f(x¢),
which means that the infimum in is attained at xg. Define the following

auxiliary value function v : RT(®0) — [—00, o0,

v(b) =inf {t | fi(x) —t < b;, i€ I(xo)}.

We have v(b) > f(x0)—max;cr(a,) |bi| > —00. Also, since we assumed that z¢ €
MNier(zo) core(dom(f;)), it follows that 0 € core(dom(v)). By Proposition v

is convex. Thus, by Theorem [3| there exists A € dv(0) (again we are allowed
to use the max formula because we are at g = 0). We note also that if

be Ri(z(’) then we also have v(b) < f(xo) (infimum over a larger set) and also
v(0) = f(x0). Thus, we have

f(zo) =v(0) <wv(b)+X-b< flzo) + A b,
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I(zo0)

which means that A € R’ Hence,

t>v((fi(z ) —t)ieI(z0))
> U( ) (fl( ) )161(10)
= f(@o) = A~ (fi(x) — t)ier(zo)

and so

t+ X (fi(@) = t)ier(ae) = f(@0),

which means that X is a minimiser for the Lagrangian function. In other words,
we can find XA € R7(#0) that minimises

t+ Y Nfi@ = =t1= > N+ D Afile). (34)

i€I(zo) i€I(zo) i€I(zo)

We must have Ziel(mo)j\i = 1. If not, then we can choose ¢ that would
make go to —oo. Thus, we have

D Nifilwo) < Y Nfilw

i€l(xo) i€l (xo)

and so 0 € 0 (Ziel(m) S\ifl) (z9). If, in general, we have that ¢ € 9f(xo),
then 0 € 9(f — ¢)(xo) and then we repeat the same argument to conclude that
p€D (Eid(zo) Xifi> (o). Altogether, we get

of@o) U3 o( D M) (o)

i€l(xo)

A >0, Z/\_1

7€I 3’,‘0)

Now, Theorem [f] implies that the right side is equal to
conv( U afi(a:o)> ,
1€1(xo)
and so we have
Af (xo Cconv( U af; x())
i€1(xo)

which proves the other inclusion and concludes the proof. O

Remark 23 Combining Theorem [0] with Proposition [5] allows us to consider
subadditive optimisation problems with finitely many constraints.
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7 Conclusion

This paper grew out of a lecture that the first author gave in 1983 and then put
aside until 2015 when the second author joined him in recreating and extend-
ing the original results. One original intention was to better understand the
difficulty of integer programming as that of programming over a non-divisible
group. See also [3,[12]. In so doing we have uncovered many interesting con-
nections but as of now made little progress directly for integer programming.

Surely there are many other classical results for which one can find elegant
and even useful generalisations. Hopefully this paper will serve as an invitation
to others to join the pursuit.
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