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“Harald Bohr is reported to have remarked "Most analysts 
spend half their time hunting through the literature for 
inequalities they want to use, but cannot prove.” (D.J.H. 
Garling)
Review of Michael Steele's The Cauchy Schwarz Master Class in the 
MAA Monthly, June-July 2005, 575-579.

Harald Bohr
1887-1951 

Newcastle 
AMSI-AG Room



• One Nobel Prize
– Nils (1885-1962)
– Physics (1922)

• One Olympic Medal
– Harald (1887-1951) 
– Soccer (1908)

The Bohrs



Abstract IAbstract of  Convexity  Talk I
In honour of my friend Boris Mordhukovich 

We met in 1990. He said

“How old are you?”

I said “39 and you?”

He replied “48.”

I left thinking he was 48 and 
he thinking I was 51.

Some years later Terry 
Rockafellar corrected our 

cultural misconnect.

What was it?



This is a revised version of a talk given in March 
and  in June 2007 to celebrate Tony Thompson’s 

70th birthday and Jon Thompson’s 65th

The three have a lot in common
• Substantial white beards 

• Great energy and commitment

• Many contributions to the community

• I like them each enormously

• They are all older than me

.

Abstract IIAbstract of  Convexity  Talk II



G’Day
G’day from Newcastle, Oz

Please pass on my best wishes to Boris. I 
have fond memories of his generous help 
as a reviewer to my first paper in JOTA 
many years ago. He was a great friend to 
Alex Rubinov and is of course a fine 
mathematician. Pass on my birthday 
greetings! Barney Glover



Abstract III
I offer various examples of convexity    

appearing (often unexpectedly) over the 
years in my research.

Each example illustrates either the power 
of convexity, or of modern symbolic 
computation, or of both …

PUB:
Proof. lsc and p.w. bounded is finite hence continuous 

and so the linear operators are uniformly bounded.

I start with a brief advert for computer-assisted 
mathematics and collaborative tools. 

Abstract of  Convexity  Talk



Changing notions of distance

240 cpu Glooscap at Dal



C2C Seminar: Example from SFU
 -

 
running biweekly since 2005, Ontario joined on 25/09/07. Chile this year

Local Presentation Remote Presentation

Presentation Slides
Speaker Remote Audience

Local Camera Placement
Solving Checkers: one of top 10 Science breakthroughs of 2007



Mathodology

“Computers are 
useless, they can 

only give answers.” 
Pablo Picasso 

Experimental  Mathodology

Comparing –y2ln(y) (red) to  y-y2 and y2-y4

1. Gaining insight and intuition

2. Discovering new relationships

3. Visualizing math principles

4. Testing and especially falsifying 
conjectures

5. Exploring a possible result to see 
if  it merits formal proof

6. Suggesting approaches for 
formal proof

7. Computing replacing lengthy 
hand derivations

8. Confirming analytically derived 
results

Science News 
2004



Math by Experiment, Ed 2



The Perko PairThe Perko Pair 

are two adjacent 10-crossing knots (1900)

Interactive Proofs

• first shown to be the same by Ken Perko in 1974

• and beautifully made dynamic in KnotPlot (open source)



Outline of  Convexity  Talk

A.Generalized Convexity of Volumes (Bohr-Mollerup).

B. Coupon Collecting and Convexity. 

C. Convexity of Spectral Functions. 

D. Madelung’s Constant for Salt.                                 The talk ends 
when I do

There are threethree 
bonus tracks!

Full details are in the four reference texts

Volumes



Generalized Convexity of Volumes
A.Generalized Convexity of Gamma (Bohr-Mollerup).



Generalized Convexity of Volumes
A.Generalized Convexity of Gamma (Beta function).



Generalized Convexity of Volumes
A.Convexity of Volumes (Blaschke-Santalo inequality).



Generalized Convexity of Volumes
A.Convexity of Volumes (Dirichlet Formulae).

1-ball in R3

1, 2 and ∞-balls  in R2∞



Generalized Convexity of Volumes
A.Convexity of Volumes (Ease of Drawing Pictures).



Generalized Convexity of Volumes
A.Convexity of Volumes (‘mean’ log-convexity).



Cartoon



Outline of  Convexity  Talk

A.Generalized Convexity of Volumes (Bohr-Mollerup).

B. Coupon Collecting and Convexity.

C. Convexity of Spectral Functions.

D. Madelung’s Constant for Salt. The talk ends 
when I do

Coupons



Coupon Collecting and Convexity
B. The origin of the problem. 

This arose as the objective function in a 1999 PhD on coupon collection. Ian 
Affleck wished to show pN was convex on the positive orthant. I hoped not!



Coupon Collecting and Convexity
B. Doing What is Easy.



Coupon Collecting and Convexity
B. A Very Convex Integrand.  (Is there a direct proof?)

A year later, Omar Hijab suggested re-expressing pN as the 
joint expectation of Poisson distributions. This leads to: 

Now yi → xi yi and standard techniques show 1/pN is concave, as 
the integrand is. [We can now ignore probability if we wish!] 
Q.“inclusion-exclusion” convexity: OK for 1/g(x) > 0, g concave.



Goethe’s One Nice Comment About Us

A WEATHER MAP in POOR TASTE

And Canada …

“Mathematicians are a kind of 
Frenchmen:

whatever you say to them they 
translate into their own language, 

and right away it is something 
entirely different.”

(Johann Wolfgang von Goethe)

Maximen und Reflexionen, no. 1279



Cartoon



Outline of  Convexity  Talk

A.Generalized Convexity of Volumes (Bohr-Mollerup).

B. Coupon Collecting and Convexity. 

C.Convexity of Spectral Functions. 

D. Madelung’s Constant for Salt. The talk ends 
when I do

Spectra



Convexityof Spectral Functions
C. Eigenvalues of symmetric matrices (Lewis and Davis). 

λ(S) lists decreasingly the (real, resp. non-negative) 
eigenvalues of a (symmetric, resp. PSD) n-by-n matrix S. 
The Fenchel conjugate is the convex closed function 
given by



Convexityof Spectral Functions
C. Three Amazing Examples (Lewis).



Convexityof Spectral Functions
C. Three Amazing Examples (Lewis).

Trace class 
operators



Convexityof Barrier Functions
C. A Fourth Amazing Example (Nesterov & Nemirovskii).



Cartoon



Outline of  Convexity  Talk

A.Generalized Convexity of Volumes (Bohr-Mollerup).

B. Coupon Collecting and Convexity. 

C. Convexity of Spectral Functions. 

D. Madelung’s Constant for Salt. The talk ends 
when I do

Full details are in the three reference texts

Salt



D. Madelung’s Constant:  
David Borwein   CMS Career Award

This polished solid silicon bronze sculpture is inspired by the work of 
David Borwein, his sons and colleagues, on the conditional  series 
above for salt, Madelung's constant.  This series can be summed to 
uncountably many constants; one is Madelung's  constant for 
electro-chemical stability of sodium chloride.  (Convexity is 
hidden here too!)

This constant is a period of an elliptic curve, a real surface in four 
dimensions.  There are uncountably many ways to imagine that 
surface in three dimensions; one has negative gaussian curvature 
and is the tangible form of this sculpture. (As described by the artist.)



Ferguson



D. Madelung’s Constant
Alternating 

charges on a 
cubic lattice

perturbation

+

+
-



Now if M2 is `added` over spheres (l2
 

balls) the n-th term tends 
to zero and the sum agrees with that over increasing squares (l∞) 
but the sum over increasing diamonds (l1) diverges-Riemann sum! 

For C a closed convex symmetric body set

D. Madelung’s Constant in 2D 



?



Cartoon



A.Generalized Convexity of Volumes (Bohr-Mollerup).

B. Coupon Collecting and Convexity. 

C. Convexity of Spectral Functions. 

D. Madelung’s Constant for Salt.

E. Entropy and NMR.

F. Inequalities and the Maximum Principle.

G. Trefethen’s 4th Digit Challenge Problem.

Three Bonus Track Follows

References

Bonus



E. CONVEX CONJUGATES and NMR (MRI)

I'd never have tried by hand!         Effective dual algorithms are now possible!



Knowing `Closed Forms' Helps
For example

where Maple or Mathematica recognize the complex  
Lambert W function given by 

W(x)eW(x) = x.  

Thus, the conjugate's series is:

The literature is all in the last decade since W got a name!

Riemann Surface



WHAT is ENTROPY?
Despite the narrative force that the concept of   
entropy appears to evoke in everyday writing, in 
scientific writing entropy  remains a thermodynamic 
quantity and a mathematical formula that 
numerically quantifies disorder. When the American 
scientist Claude Shannon found that the 
mathematical  formula of Boltzmann defined a 
useful quantity in information theory, he hesitated to 
name this newly discovered quantity entropy 
because of its philosophical baggage. The 
mathematician John Von Neumann encouraged 
Shannon to go ahead with the name entropy, 
however, since “no one knows what entropy is, so 
in a debate you will always have the advantage."

The American Heritage Book of English Usage, p. 158



Information Theoretic Characterizations Abound



Entropy



F. Inequalities and the Maximum Principle

ε
 

near zero

tight

ε
 

away from 
zero

Max Principle



I.  Numeric/Symbolic Methods

When we make each step effective. 
This is hardest for the integral.



II.  Graphic/Symbolic Methods

Λ



Zooming
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F. Nick Trefethen’s 100 Digit/100 Dollar  
Challenge, Problem 4 (SIAM News, 2002)



… HDHD Challenge, Problem 4 
• This model has been numerically solved by LGO, 
MathOptimizer, MathOptimizer Pro, TOMLAB /LGO, and the 
Maple GOT (by Janos Pinter who provide the pictures).

• The solution found agrees to 10 places with the announced 
solution (the latter was originally based (provablyprovably) on a huge 
grid sampling effort, interval analyisis and local search). 

x*~ (-0.024627…, 0.211789…)
f*~-3.30687…

Close-up picture near global
solution: the problem still looks 
rather difficult ... Mathematica 6 
can solve this by “zooming”!

-1

-0.5

0

0.5
-0.5

0

0.5

1

-2
0
2
4
6

-1

-0.5

0

0.5

See lovely SIAM solution book by Bornemann, Laurie, Wagon  and Waldvogel 
and my Intelligencer Review at  http://users.cs.dal.ca/~jborwein/digits.pdf

http://users.cs.dal.ca/~jborwein/digits.pdf
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“The object of mathematical rigor is to sanction and legitimize the 
conquests of intuition, and there was never any other object for it.”

• J. Hadamard quoted at length in E. Borel, Lecons sur la theorie des fonctions, 1928.
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