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Abstract

Enlargements have proven to be useful tools for studying maximally monotone map-
pings. It is therefore natural to ask in which cases the enlargement does not change
the original mapping. Svaiter has recently characterized non-enlargeable operators in
reflexive Banach spaces and has also given some partial results in the nonreflexive case.
In the present paper, we provide another characterization of non-enlargeable operators
in nonreflexive Banach spaces under a closedness assumption on the graph. Further-
more, and still for general Banach spaces, we present a new proof of the maximality of
the sum of two maximally monotone linear relations. Finally, we establish the maxi-
mality of the sum of a maximally monotone linear relation and a normal cone operator
when the domain of the linear relation intersects the interior of the domain of the
normal cone.
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1 Introduction

Maximally monotone operators have proven to be a significant class of objects in both modern
Optimization and Functional Analysis. They extend both the concept of subdifferentials of
convex functions, as well as that of a positive semi-definite function. Their study in the
context of Banach spaces, and in particular nonreflexive ones, arises naturally in the theory
of partial differential equations, equilibrium problems, and variational inequalities. For a
detailed study of these operators, see, e.g., [12] 13| [14], or the books [0, 15, 19, 25, BT, B2,
30, 411, [42].

A useful tool for studying or proving properties of a maximally monotone operator A is the
concept of the “enlargement of A”. A main example of this usefulness is Rockafellar’s proof
of maximality of the subdifferential of a convex function (Fact below), which uses the
concept of e-subdifferential. The latter is an enlargement of the subdifferential introduced
in [17].

Broadly speaking, an enlargement is a multifunction which approximates the original
maximally monotone operator in a convenient way. Another useful way to study a maximally
monotone operator is by associating to it a convex function called the Fitzpatrick function.
The latter was introduced by Fitzpatrick in [21] and its connection with enlargements, as
shown in [20], is contained in ([4]) below.

Our first aim in the present paper is to provide further characterizations of maximally
monotone operators which are not enlargeable, in the setting of possibly nonreflexive Banach
spaces (see Section . In other words, in which cases the enlargement does not change the
graph of a maximally monotone mapping defined in a Banach space?

Our other aim is to use the Fitzpatrick function to derive new results which establish
the maximality of the sum of two maximally monotone operators in nonreflexive spaces (see
Section . First, we provide a different proof of the maximality of the sum of two maximally
monotone linear relations. Second, we provide a proof of the maximality of the sum of a
maximally monotone linear relation and a normal cone operator when the domain of the
operator intersects the interior of the domain of the normal cone.

2 Technical Preliminaries

Throughout this paper, X is a real Banach space with norm || - ||, and X* is the continuous
dual of X. The spaces X and X* are paired by the duality pairing, denoted as (-,-). The
space X is identified with its canonical image in the bidual space X**. Furthermore, X x X*
and (X x X*)* := X* x X** are paired via ((z,z"), (v*,y*™)) = (x,y*) + (=¥, y**), where



(x,2*) € X x X* and (y*,y™) € X* x X*™.

Let A: X =2 X* be a set-valued operator (also known as a multifunction) from X to X*,
i.e., for every x € X, Ax C X*, and let gra A := {(m,x*) eX xX*|a*e Aa:} be the graph
of A. The domain of A is dom A := {z € X | Az # @}, and ran A := A(X) for the range
of A. Recall that A is monotone if

(1) (r—y,a”" —y") 20, V(z,2") €gradV(y,y") € gra 4,

and mazimally monotone if A is monotone and A has no proper monotone extension (in the
sense of graph inclusion). Let A : X == X* be monotone and (z,z*) € X x X*. We say
(x,2*) is monotonically related to gra A if
(r—y, 2" —y") >0, VY(y,y")€grad
Let A : X == X* be maximally monotone. We say A is of type (FPV) if for every open
convex set U C X such that U Ndom A # &, the implication
x € Uand (x, z") is monotonically related to gra ANU x X* = (z,2%) € gra A

holds. Maximally monotone operators of type (FPV) are relevant primarily in the context
of nonreflexive Banach spaces. Indeed, it follows from [32, Theorem 44.1] and a well-known
result from [28] that every maximally monotone operator defined in a reflexive Banach space
is of type (FPV). As mentioned in [32] §44], an example of a maximally monotone operator
which is not of type (FPV) has not been found yet.

Let A: X = X* be monotone such that gra A # @. The Fitzpatrick function associated
with A is defined by

Fu: X x X* = |—00,400] : (z,2%) — sup ((z,a") + (a,2") — (a,a")).
(a,a*)egra A

When A is maximally monotone, a fundamental property of the Fitzpatrick function Fs (see

Fact is that
(2) Fa(x,z*) > (x,2%) for all (z,2") € X x X",
(3) Fy(z,z*) = (x,2") for all (z,z2") € gra A.

Hence, for a fixed ¢ > 0, the set of pairs (z,z*) for which Fy4(z,2*) < (x,2*) + ¢ contains
the graph of A. This motivates the definition of enlargement of A for a general monotone
mapping A, which is as follows.

Let ¢ > 0. We define A, : X = X* by
graA, == {(x,a:*) EX X X" | (" —y" o —y) > —¢, V(y,y") € graA}

(4) — {(x,x*) € X x X* | Faz,2*) < (z,2") + g}.



Let A: X = X* be monotone. We say A is enlargeable if gra A & gra A, for some ¢ > 0,
and A is non-enlargeable if gra A = gra A, for every € > 0. Lemma 23.1 in [32] proves that if
a proper and convex function verifies , then the set of all pairs (x, z*) at which holds
is a monotone set. Therefore, if A is non-enlargeable then it must be maximally monotone.

We adopt the notation used in the books [15, Chapter 2] and [12, 31, 32]. Given a subset
C of X, int C is the interior of C, C is the norm closure of C. The support function of C,
written as o¢, is defined by o¢(2*) := sup.co(c, z*). The indicator function of C, written
as Lo, is defined at x € X by

(5) tolx) =

400, otherwise.

{0, if x € C;

For every x € X, the normal cone operator of C' at x is defined by N¢(z) = {x* e X" |
Sup,ec(c — z,2*) <0}, if © € C; and Ne(z) = @, if # ¢ C. The closed unit ball is
By :={z e X||z| <1}, and N:={1,2,3,...}.

If Z is a real Banach space with dual Z* and a set S C Z, we denote S+ by S+ := {z* €
Z* | (z*,5) =0, Vse& S} The adjoint of an operator A, written A*, is defined by

graA* = {(z",2") € X*™* x X* | (2%, —2™) € (graA)*"}.

We will be interested in monotone operators which are linear relations, i.e., such that gra A
is a linear subspace. Note that in this situation, A* is also a linear relation. Moreover, A is
symmetric if gra A C gra A*. Equivalently, for all (z,z*), (y,y*) € gra A it holds that

(6) (z,y") = (y, 2").

We say that a linear relation A is skew if gra A C gra(—A*). Equivalently, for all (z,z*) €
gra A we have

(7) (x,z") = 0.

We define the symmetric part a of A via
(8) Ay = %A + %A*.
It is easy to check that A, is symmetric.

Let f: X — ]—o00,+00]. Then dom f := f~}(R) is the domain of f, and f*: X* —
[—00, +00] : a* +> sup,x({z,2*) — f(z)) is the Fenchel conjugate of f. We denote by f the
lower semicontinuous hull of f. We say that f is proper if dom f # &. Let f be proper. The
subdifferential of f is defined by

of X=Xz {rreX | (VyeX)(y—xz,z")+ f(z) < f(y)}.
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For £ > 0, the e—subdifferential of f is defined by
O.f: X=Xz {x* eX"|(VyeX)(y—x,2")+ f(z) < f(y) +5}.
Note that 0f = 0y f.

Relatedly, we say A is of Brgnsted-Rockafellar (BR) type [32), [I5] if whenever (z,2*) €
X x X* «a, > 0 while

inf (z—a,z"—a*)>—af
(a,a*)egra A

then there exists (b,b*) € gra A such that || —b|| < «, ||[z* —b*|| < S. The name is motivated
by the celebrated theorem of Brgnsted and Rockafellar [32] [I5] which can be stated now as
saying that all closed convex subgradients are of type (BR).

Let g: X — ]—00,400]. The inf-convolution of f and g, fOg, is defined by
fOg :x — inf [f(y) + g(z —y)].
yeX

Let Y be another real Banach space. We set Py : X XY — X: (z,y) — z. We denote
Id : X — X by the identity mapping.

Let Fy, Fy: X XY — ]—00,4+00]. Then the partial inf-convolution Fy0sF, is the function
defined on X x Y by

FiOyFy: (z,y) — ig)f/ [Fi(z,y —v) + Fy(z,v)].

3 Auxiliary results

We collect in this sections all the facts we will use later on. These facts involve convex
functions, maximally monotone operators and Fitzpatrick functions.

Fact 3.1 (See [25, Proposition 3.3 and Proposition 1.11].) Let f : X — ]|—o0,400] be a
lower semicontinuous conver and intdom f # @. Then f is continuous on intdom f and
Of(x) # @ for every x € int dom f.

Fact 3.2 (Rockafellar) (See [27, Theorem 3(a)], [32, Corollary 10.3 and Theorem 18.1],
or [41], Theorem 2.8.7(iii)].) Let f,g: X — |—00,400| be proper convex functions. Assume
that there exists a point xog € dom f Ndom g such that g is continuous at xo. Then for every
z* € X*, there exists y* € X* such that

(9) (f+9) () =1W)+g (= —y").



Fact 3.3 (Rockafellar) (See [29, Theorem A], [4I, Theorem 3.2.8], [32] Theorem 18.7]
or [23, Theorem 2.1]) Let f : X — ]—o0,400] be a proper lower semicontinuous convex
function. Then Of is mazimally monotone.

Fact 3.4 (Attouch-Brézis) (See [I, Theorem 1.1] or |32, Remark 15.2]). Let f,g: X —
] =00, +00] be proper lower semicontinuous and convex. Assume that | J,., A[dom f — dom g]
1s a closed subspace of X. Then

(f+9)(z") = yIIél)I{l (v + g (z*—y")], VzFeX"

Fact [3.3|above relates a convex function with maximal monotonicity. Fitzpatrick functions
go in the opposite way: from maximally monotone operators to convex functions.

Fact 3.5 (Fitzpatrick) (See [2I, Corollary 3.9] and [12| 15].) Let A: X = X* be mauwi-
mally monotone. Then for every (x,x*) € X x X*, the inequality (x,x*) < Fa(z,z*) is true,
and the equality holds if and only if (x,x*) € gra A.

It was pointed out in [32] Problem 31.3] that it is unknown whether dom A is necessarily
convex when A is maximally monotone and X is not reflexive. When A is of type (FPV),
the question was answered positively by using F.

Fact 3.6 (Simons) (See [32, Theorem 44.2].) Let A : X == X* be of type (FPV). Then
dom A = Py [dom F4] and dom A is convex.

We observe that when A is of type (FPV) then also dom A, has convex closure.

Remark 3.7 Let A be of type (FPV) and fix ¢ > 0. Then by (4), Fact and Fact [3.6]
we have dom A C dom A, C Px [dom F4] C dom A. Thus we obtain

dom A = [dom A.] = Px [dom F}4],

and this set is convex because dom F4 is convex. As a result, for every A of type (FPV) it
holds that dom A = [dom A.] and this set is convex.

We recall below some necessary conditions for a maximally monotone operator to be of
type (FPV).

Fact 3.8 (Simons) (See [32, Theorem 46.1].) Let A : X == X* be a mazimally monotone
linear relation. Then A is of type (FPV).

Fact 3.9 (Fitzpatrick-Phelps and Verona-Verona) (See [22, Corollary 3.4], [36, Theo-
rem 3| or [32, Theorem 48.4(d)].) Let f: X — |—o0,400] be proper, lower semicontinuous,
and convex. Then Of is of type (FPV).



Fact 3.10 (See [40, Corollary 3.3].) Let A : X = X* be a maximally monotone linear
relation, and f : X — ]—o00,+00] be a proper lower semicontinuous convex function with

dom ANintdom df # @. Then A+ Of is of type (FPV).

Fact 3.11 (Phelps-Simons) (See [26], Corollary 2.6 and Proposition 3.2(h)].) Let A: X —
X* be monotone and linear. Then A is maximally monotone and continuous.

Fact 3.12 (See [10, Theorem 4.2] or [24, Lemma 1.5].) Let A : X == X* be mazimally
monotone such that gra A is convex. Then gra A is affine.

Fact 3.13 (Simons) (See [32, Lemma 19.7 and Section 22].) Let A: X = X* be a mono-
tone operator such that gra A is conver with gra A # &. Then the function

(10) g: X X X* = ]—o00,400] : (x,2%) = (2,27) + tgraa(x, ")
is proper and convex.

Fact 3.14 (See [38, Theorem 3.4 and Corollary 5.6], or [32, Theorem 24.1(b)].) Let A, B :
X = X* be mazimally monotone operators. Assume that|J,., A [Px(dom Fy) — Px(dom Fpg)]
1s a closed subspace. If

(11) Farp > () on X x X7,
then A + B is maximally monotone.

Definition 3.15 (Fitzpatrick family) Let A: X = X* be mazimally monotone. The
associated Fitzpatrick family Fa consists of all functions F': X x X* — ]—00, 4+00| that are
lower semicontinuous and convex, and that satisfy F' > (-,-), and F' = (-,-) on gra A.

Fact 3.16 (Fitzpatrick) (See [2I, Theorem 3.10] or [20].) Let A: X == X* be mazimally
monotone. Then for every (x,z*) € X x X*,

Fa(z,z*) = min {F(z,2*) | F € Fa}.

Corollary 3.17 Let A: X = X* be a maximally monotone operator such that gra A is
convex. Then for every (z,z*) € X x X*,

Fa(z,z*) =min {F(z,2*) | F € Fa} and g(z,2*) = max {F(z,2") | F € Fa},

where g = (-,*) + Lgra a-

Proof. Apply Fact and Fact [3.16] [ |

Fact 3.18 (See [32, Lemma 23.9], or [7, Proposition 4.2].) Let A, B: X = X* be monotone
operators and dom A Ndom B # &. Then Fyrp < F4l,Fp.
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Let X,Y be two real Banach spaces and let h : X X Y — ]—o00,400] be a convex
function. We say that h is separable if there exist convex functions hy : X — |—o00, +00]
and hy 1 Y — |—o00,+00| such that h(z,y) = hi(x) + he(y). This situation is denoted as
h = hy @ hy. We recall below some cases in which the Fitzpatrick function is separable.

Fact 3.19 (See [2, Corollary 5.9] or [5, Fact 4.1].) Let C' be a nonempty closed convex subset
of X. Then Fn. = tc ® (.

Fact 3.20 (See [2, Theorem 5.3].) Let f : X — |—o00, +00] be a proper lower semicontinuous
sublinear function. Then Fopy = f @ f* and Fa = {f @ f*}.

Remark 3.21 Let f be as in Fact [3.20] then

gra(0f): = {(v,2") € X x X* | f(2) + f*(2") < (2,27) + ¢}
(12) =grao.f, Ve>0.
Fact 3.22 (Svaiter) (See [30, page 312].) Let A: X =% X* be maximally monotone. Then

A is non-enlargeable if and only if gra A = dom F4 and then gra A is conver.

It is immediate from the definitions that:

Fact 3.23 Ewvery non-enlargeable mazimally monotone operator is of type (BR).

Fact and the subsequent remark refers to a case in which all enlargements of A
coincide, or, equivalently, the Fitzpatrick family is a singleton. It is natural to deduce that
a non-enlargeable operator will also have a single element in its Fitzpatrick family.

Corollary 3.24 Let A: X = X* be mazimally monotone. Then A is non-enlargeable if and
only Zf FA = lgra A -+ <.7 > and hence FA = {LgraA + <.’ >}

Proof. “=": By Fact [3.22] we have gra A is convex. By Fact and Fact we have
Fy = tgraa + (-,-). Then by Corollary , Fa= {LgraA + (-, )}

“<": Apply directly Fact [3.22] [ |
Remark 3.25 The condition that F, is singleton does not guarantee that gra A is convex.

For example, let f: X — ]—00,400] be a proper lower semicontinuous sublinear function.
Then by Fact F4 is singleton but gradf is not necessarily convex.



4 Non-Enlargeable Monotone Linear Relations

We begin with a basic characterization:

Theorem 4.1 Let A: X == X* be a mazimally monotone linear relation such that gra A is
weakx weak® closed. Then A is non-enlargeable if and only if gra(—A*) N X x X* C gra A.
In this situation, we have that (x,x*) = 0,V(z,2*) € gra(—A*) N X x X*.

Proof. “=": By Corollary |3.24],

(13) Fo=tgaa+t ().
Let (z,2*) € gra(—A*) N X x X*. Then we have
Fu(z,2*) = sup {(a*,x} + (a,z") — (a, a*)}
(a,a*)€egra A
= sup { — (a,a*}}
(a,a*)egra A
(14) = 0.

Then by (14)), (z,2*) € gra A and (z,z*) = 0. Hence gra(—A*) N X x X* C gra A.
“«<": By the assumption that gra A is weak xweak* closed, we have
(15) [gra(—A) N X x X' N X* x X = [(gmA—l)L N X x X*]l NX*x X =grad™.
By [35, Lemma 2.1(2)], we have
(16) (2,2) =0, V(z,2") €gra(—A")NX x X*.
Hence A*|x is skew. Let (z,2*) € X x X*. Then by (16), we have

Fa(z,z*) = sup {(x,a*> + (z*,a) — (a,a*>}
(a,a*)egra A

> s (o) + (e — {a,a))
(a,a*)egra(—A*)NX x X*

- sup {{z,a*) + (z*,a)}
(a,a*)egra(—A*)NX x X*
(z7, z)

= | €1
(gra(fA*)ﬂXXX*) NX*xX
(17) == LgraA(xax*) (by )
Hence by Fact

(18) Fy(z,2") = (z,2") + tgaa(z, 27).



Hence by Corollary A is non-enlargeable. |

The following corollary, which holds in a general Banach space, provides a characterization
of non-enlargeable operators under a closedness assumption on the graph. A characterization
of non-enlargeable linear operators for reflexive spaces (in which the closure assumption is
hidden) was established by Svaiter in [35, Theorem 2.5].

Corollary 4.2 Let A: X == X* be maximally monotone and suppose that gra A is
weakx weak® closed. Select (a,a*) € gra A and set grag = graA — {(a,a*)}. Then A is
non-enlargeable if and only if gra A is convex and gra(—g*) NX x X* C gra A In particu-
lar, (z,2*) = 0,Y(x,2*) € graA* N X x X*.

Proof. “=": By the assumption that A is non-enlargeable, so is A. By Fact gra A is
convex and then gra A is affine by Fact . Thus A is a linear relation. Now we can apply
Theorem 4.1jto A. “«<": Apply Fact and Theorem {4.1| directly. [

Remark 4.3 We cannot remove the condition that “gra A is convex” in Corollary [4.2] For
example, let X = R" with the Euclidean norm. Suppose that f := || - ||. Then Of is
maximally monotone by Fact and hence gradf is weakxweak* closed. Now we show
that

(19) gra(df)* = {(0,0)}.
Note that

By, if z = 0;
(20) of(w) = {{ﬁ}, otherwise.

Let (z,2%) € gra(df)*. By (20), we have (0, Bx) C gradf and thus

(21) (—z,Bx) =0.

Thus z = 0. Hence

(22) (z*,a) =0, Va e domaf.

Since domdf = X, z* = 0 by (22). Hence (z, 2*) = (0,0) and thus holds.

By , gra—(0f)* C gradf. However, gradf is not convex. Indeed, let e, =
(0,...,0,1,0,---,0) : the kth entry is 1 and the others are 0. Take

€1 — €3 €2 — €3
and b=

V2 V2

a =
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Then (a,a) € gradf and (b,b) € gradf by (20), but

%(a,a) + %(b, b) ¢ gradf.

Hence Of is enlargeable by Fact [3.22]

In the case of a skew operator we can be more exacting:

Corollary 4.4 Let A: X = X* be a mazimally monotone and skew operator and € > 0.
Then

(i) graA, = {(z,2%) € gra(—A*) N X x X* | (x,z*) > —¢}.

(ii) A is non-enlargeable if and only if gra A = gra(—A*) N X x X*.
(iii) A is non-enlargeable if and only if dom A = dom A* N X.
)

(iv) Assume that X is reflexive. Then Fy« = tgq a«+ (-, ) and hence A* is non-enlargeable.

Proof. [} By [4, Lemma 3.1], we have
(23> Fa= Lgra(—A*)NX x X*-

Hence (x,z*) € gra A, if and only if Fa(z,z*) < (x,2*) +e. This yields (z,2*) € gra(—A*)N
X x X*and 0 < (z,2%) + €.

[(i)} From Fact we have that dom Fy = gra A. The claim now follows by combining
the latter with .

For “=7: use [(i)}] “<": Since A is skew, we have gra(—A*)NX x X* D gra A. Using
this and [(ii)] it suffices to show that gra(—A*) N X x X* C gra A. Let (z,2*) € gra(—A*) N
X x X*. By the assumption, © € dom A. Let y* € Az. Note that (z,—z*) = (x,y*) =0,
where the first equality follows from the definition of A* and the second one from the fact
that A is skew. In this case we claim that (x,z*) is monotonically related to gra A. Indeed,
let (a,a*) € gra A. Since A is skew we have (a,a*) = 0. Thus

(x —a,x* —a*) = (x,2") — (2", ), (a,a*)) + {(a,a*) =0

since (z*,x) € (gra A)* and (z,2*) = (a,a*) = 0. Hence (z,z*) is monotonically related to
gra A. By maximality we conclude (z,x*) € gra A. Hence gra(—A*) N X x X* C gra A.

[iv)} Now assume that X is reflexive. By [16, Theorem 2] (or see [39,[33]), A* is maximally
monotone. Since gra A C gra(—A*) we deduce that gra(—A**) = gra(—A) C gra A*. The
latter inclusion and Theorem applied to the operator A* yields A* non-enlargeable. The
conclusion now follows by applying Corollary to A*. [
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4.1 Limiting examples and remarks

It is possible for a non-enlargeable maximally monotone operator to be non-skew. This is
the case for the operator A* in Example [4.7]

Example 4.5 Let A: X = X* be a non-enlargeable maximally monotone operator. By
Fact and Fact , gra A is affine. Let f : X — ]—o0,+0o0] be a proper lower semi-
continuous convex function with dom A Nintdom df # @ such that dom A Ndom df is not
an affine set. By Fact , A+ 0f is maximally monotone. Since gra(A + df) is not affine,
A+ 0f is enlargeable. |

The operator in the following example was studied in detail in [11].
Fact 4.6 Suppose that X = (%, and that A : (> = (% is given by

< Zi<n T — Zi>n wl)
(24) Az := 5 nell — (le + %azn) , Vo= (x,)nen € dom A,

i<n neN

where dom A := {x = (Tp)nen € £ | Zi21 x; =0, (ZKH :L'Z>
Now [11, Propositions 3.6] states that

(25) Afw = (%l’n + Z ZEZ> ,
neN

>n

€ 52} and Y, x; = 0.

neN

where

T = (Zp)neny € dom A* = {:1: = () nen € 2 ‘ <sz> S 62}.
neN

i>n
Then A is an at most single-valued linear relation such that the following hold (proofs of all
claims are in brackets).

(i) A is mazimally monotone and skew ([11, Propositions 3.5 and 3.2)).

(i) A* is mazimally monotone but not skew ([11, Theorem 3.9 and Proposition 3.6]).

iii) dom A is dense in € ([26, Theorem 2.5]), and dom A S dom A* ([11, Proposition
/ = /

3.6).

(iv) (A*z,2) = 35%, Vo = (¥n)neny € dom A* with s:= 3., x; ([11, Proposition 3.7]).

N =
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Example 4.7 Suppose that X and A are as in Fact 4.6l Then A is enlargeable but A* is
non-enlargeable and is not skew. Moreover,

graA. = {(l‘,ZL‘*) < gra(_A*) | }Zmz} < \/%a T = (xn)neN}a

i>1
where ¢ > 0.
Proof. By Corollary [1.4(iii) and Fact [1.q[iii)} A must be enlargeable. For the second claim,

note that X = ¢? is reflexive, and hence by Fact [4.6(i)| and Corollary , for every skew
operator we must have A* non-enlargeable. For the last statement, apply Corollary [4.4)(1)

and Fact 4.6(iv)| directly to obtain gra A.. [

Example 4.8 Let C' be a nonempty closed convex subset of X and € > 0. Then

gra(Ne). = {(z,2") € C x X* | o¢(z*) < (z,2%) + €}.

Proof. By Fact we have

(x,2") € gra (N¢)e. & Fn.(x,27)

= 10(x) + oc(z") < (z,2") + ¢
sSoed, O’c(SC*) <

(z,x") +e.
[
Example 4.9 Let f(x) :=||z||, Vx € X and € > 0. Then
gra(0f). = {(z,2") € X x Bx- | ||z| < (z,2*) +¢€}.
In particular, (0f):(0) = Bx-.
Proof. Note that f is sublinear, and hence by Fact and Remark we can write
(z,27) € gra(9f). & Fos(w,2") = f(x) + f*(2") < (w,2") + ¢ (by (12))

& ||z]| + tpy. (27) < (z,2") + ¢ (by 41l Corollary 2.4.16])

& o € By, ||z|| < (z,2") + .
Hence (0f)-(0) = Bx=. |

Example 4.10 Let p > 1 and f(x) := ||z||P, V2 € X. Then

TP
1 1

(0£):(0) = pP(qe) 7 Bx-,

Where]l]—}—%:landszo.
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Proof. We have

v" € (0):(0) & (z" —y", —y) = =&, Vy" € 0f(y)
e @ -y +yll" = —e, e X
e @y —llyllf <e, vyeX

& psup | (22" y) — S|lylP| <e
yeX
Spllbatf<e
q
& ||z < qep ! = gepr

1 1
= epp<qg)‘JBX*.

4.2 Applications of Fitzpatrick’s last function

For a monotone linear operator A: X — X* it will be very useful to define the following
quadratic function (which is actually a special case of Fitzpatrick’s last function [15] for the
linear relation A):

qa: ©— 3(z, Az).

Then g4 = qa, . We shall use the well known fact (see, e.g., [26]) that
(26> qu - A+7
where the gradient operator V is understood in the Gateaux sense.

The next result was first given in [9, Proposition 2.2] for a reflexive space. The proof is
easily adapted to a general Banach space.

Fact 4.11 Let A: X — X* be linear continuous, symmetric and monotone. Then
(27) (V(z,2%) € X x X*)  ¢i(z" + Az) = qa(2) + (2, 27) + ¢; (%)

and g 0o A =qa.

The next result was first proven in [3, Proposition 2.2(v)| in Hilbert space. We now extend
it to a general Banach space.

Proposition 4.12 Let A: X — X* be linear and monotone. Then
(28) Fa(z,2%) =2q3 (32" + 14%2) = g (@ + A"z), VY(z,2") € X x X,

2
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and ran Ay C domdq¥, C domg¥ CranA,.
+ Ay Ay +

Ifran A, s closed, then dom g}y, = domdgy, =ranA,.

Proof. By Fact dom A* N X = X. Hence for every (z,2*) € X x X*,
Fa(w,2") = supz, Ay) + (y,2") — (v, Ay)
ye

= 2sup(y, 32° + 34%x) — qa, (y)
yeX

= 2qz+(%aj* + %A*:U)
(29) = 5¢4, (" + A"x).
By [41], Proposition 2.4.4(iv)],

(30) randga, C domdgy,
By , randqy, = ran A,. Then by ,
(31) ran A, C domdgy, Cdomg),

Then by the Brgndsted-Rockafellar Theorem (see [41, Theorem 3.1.2]),
ran A, C dom 8q2+ C dom qz+ CranA,.
By the assumption that ran A is closed, we have ran A, = domdq}, = domgj, . [ |

We can now apply the last proposition to obtain a formula for the enlargement of a single
valued-operator.

Proposition 4.13 (Enlargement of a monotone linear operator) Let A : X — X*
be a linear and monotone operator, and € > 0. Then

(32) A(x) = {Ax + 27| ¢y (27) < 25}, Vo e X.

Moreover, A is non-enlargeable if and only if A is skew.

Proof. Fix x € X, z* € X* and 2* = Ax + z*. Then by Proposition and Fact

rt € A(x) & Fa(zx, Az + 2") < (x, Az + ") + ¢

& sy (Ar+ 2" 4+ A%z) < (z, Az + %) + ¢

& 54, (Ay(22) + 2%) < (z, Az + 2*) + ¢

& 3 a(2") + 2(x, 2*) + 2(z, Az)] < (x, Az + 2*) + ¢
S qy(27) < 2e.
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Now we show the second statement. By Fact [3.11) dom A* N X = X. Then by Theorem [4.1
and Corollary [4.4(iii), we have A is non-enlargeable if and only if A is skew. [

A result similar to Corollary below was proved in [I8, Proposition 2.2] in reflexive
space. Their proof still requires the constraint that ran(A + A*) is closed.

Corollary 4.14 Let A : X — X* be a linear continuous and monotone operator such that
ran(A + A*) is closed. Then

A(x) = {A[E+ (A+ A"z | galz) < %5}, Vo e X.

Proof. By Proposition [£.13] and Proposition [£.12]

e A(x) &t = A+ 2%, ¢4(27) < 2
Saot=Ar+ (A+ A%z, 2" =(A+ A%z, ¢4(2") < 2¢
ot =Ar+ (A+ A%z, 4qa(z) < 2¢  (by Fact
srt=Ar+ (A+ A%z, qa(z) < %5.

We conclude the section with two examples.

Example 4.15 (Rotation) Assume that X is the Euclidean plane R?, let 0 € [O, %], and
set

(33) 4 (cose —sin@)‘

sinfl  cosf

Then for every (e,z) € Ry x R?

(34) A(z) = {Ax tolve NMBX}.

Proof. We consider two cases.
Cases 1: 0 = 7.
Then A is skew operator. By Corollary A. = A and hence holds.
Cases 2: 0 € [O,%[.

Let z € R?. Note that 4£4 = (cos0) Id, g4 = “%£¢|| - ||%. Then by Corollary [4.14]

A(x) = {Ax +2cos0z | qa(z) = %H'Z”2 < %5}‘
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Thus,
A(x) = {Am+v | v < 2\/00805} = {Ax+v |v e 2\/005963)(}.

Example 4.16 (Identity) Assume that X is a Hilbert space, and A := Id. Let ¢ > 0.
Then

gra A, = {(:z:,x*) eXxX|x*e :L'—|—2\/§BX}.

Proof. By [1, Example 3.10], we have

(z,2%) € grad. & iz + %[> < (z,2%) + ¢
e o =2t <o
&z -7 <2Ve
& o' €2+ 2yeByx.

5 Sums of operators

The proof of Lemma [5.1] closely follows that of [10, Lemma 5.8].

Lemma 5.1 Let A, B: X = X* be mazimally monotone of type (FPV), and suppose that
Usso A ldom A — dom B is a closed subspace of X. Then we have

|J A [dom A — dom B] = |_J A[Px dom 4 — Py dom F] .

A>0 A>0

Proof. By Fact [3.5 and Fact [3.6] we have

U A[dom A — dom B] C U A [Px domy — Py dom Fp] C U A |[dom A — dom B|

A>0 A>0 A>0
C ([ JA[domA=domB] C | J A[dom A — dom B

A>0 A>0
= U Aldom A — dom B]  (by the assumption).

A>0

17



Corollary 5.2 Let A,B: X = X* be maximally monotone linear relations, and suppose
that dom A — dom B is a closed subspace. Then

[dom A — dom B] = U A [Px dom Fy — Px dom Fp|.

A>0

Proof. Directly apply Fact and Lemma [5.1] [

Corollary 5.3 Let A: X = X* be mazimally monotone linear relations and let C' C X be
a nonempty closed convexr set. Assume that |J,., A [dom A — C] is a closed subspace. Then

|J A [Px dom Fs — Py dom Fy,,] = | J A[dom A — C].

A>0 A>0

Proof. Let B = N¢. Then apply directly Fact [3.8] Fact and Lemma [5.1] [

Theorem below was proved in [10, Theorem 5.10] for a reflexive space. We extend it
to a general Banach space.

Theorem 5.4 (Fitzpatrick function of the sum) Let A, B: X = X* be mazimally
monotone linear relations, and suppose that dom A — dom B is closed. Then

Farp = FalloFp,

and the partial infimal convolution is exact everywhere.

Proof. Let (z,2*) € X x X*. By Fact [3.18] it suffices to show that there exists v* € X* such
that

(35) Fuaip(z,2") > Fa(z,2" —v") 4+ Fp(z,v").

If (2, 2%) ¢ dom Fap, clearly, holds.

Now assume that (z,z*) € dom Fu, 5. Then

Fayp(z,27)

(36) = { sup } [<$, 2) + (z,2") — (x,2") + (2 — 2,Y") — tgran(z,2") — LgraB(:v,y*)}.
z,z*,y*

Let Y = X* and define F, K : X x X* XY — |—00,4+00] respectively by

Fiz,2"y") € X x X* XY = (2,2") + tgraa(z, z")
K :(z,2",y") € X x X* XY = (2,y") + tgan(x,y")

18



Then by ,
(37) FA+B(27Z*> = (F + K>*(2*7Z,Z)

By Fact and the assumptions, F' and K are proper lower semicontinuous and convex,
and

dom F' — dom K = [dom A — dom B] x X* x Y is a closed subspace.
Thus by Fact 3.4 and (37), there exists (23, 25*, 21*) € X* x X** x Y* such that

Faip(z,2") = F* (2" — 25,2 — 23", 2 — 277) + K" (25, 25", 217)
F*(z" — 25,2,0) + K*(25,0,2) (by (z,2%) € dom Fa;p)
Fu(z, 2" — 25) + Fp(z, 23).

Thus holds by taking v* = 2§ and hence Fyyp = FalloF'p. [ |

The next result was first obtained by Voisei in [37] while Simons gave a different proof in
[32, Theorem 46.3]. We are now in position to provide a third approach.

Theorem 5.5 Let A, B: X = X* be maximally monotone linear relations, and suppose
that dom A — dom B is closed. Then A+ B is maximally monotone.

Proof. By Theorem and Fact , we have Fy.p > (-,+). Then combining Corollary
and Fact [3.14], we have A + B is maximally monotone. |

Theorem 5.6 Let A, B: X = X* be maximally monotone linear relations, and suppose
that dom A — dom B is closed. Assume that A and B are non-enlargeable. Then

Faip = tgra(asn) + (- °)

and hence A+ B is non-enlargeable.

Proof. By Corollary [3.24] we have
(38) Fy=tgaa+ () and Fp=igan+ ().
Let (z,2*) € X x X*. Then by and Theorem [5.4] we have
Fayp(z, %) = yHél)I(l {tgran(z, 2" —y") + (2" — ¥", 2) + tgrap(z,y") + (¥, 2) }
= lgra(A+B) (T, 27) + (2", 7).

By Theorem and Corollary again, A + B is non-enlargeable. |
The proof of Theorem in part follows that of [8, Theorem 3.1].
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Theorem 5.7 Let A : X = X* be a mazimally monotone linear relation. Suppose C' is a
nonempty closed convex subset of X, and that dom ANint C' # &. Then Fayn. = FaloFy,,
and the partial infimal convolution is exact everywhere.

Proof. Let (z,2*) € X x X*. By Fact |3.18 it suffices to show that there exists v* € X* such
that

(39) Fuino(2,27) > Fa(z,0") + Fn, (2,25 —0%).
If (2, 2*) ¢ dom Fap, clearly, holds.
Now assume that
(40) (z,2") € dom Fayp.
Then

By Fact and Fact [3.6]
Px [dom Fayn.] C [dom(A + N¢)] C C.

Thus, by , we have

(41) zeC.
Set
(42) g: X X X* = |—o00,+00] : (z,2") = (z,2%) + tgraa(z,z7).

By Fact [3.13] ¢ is convex. Hence,

(43) h=g+toxx

is convex as well. Let

(44) co € dom ANint C,

and let ¢§ € Acy. Then (co, ¢f) € graAN (int C x X*) = dom g Nint dom oy x+. By Fact B.1]
Loxx+ is continuous at (cg,ch). Then, by Fact there exists (y*,y™) € X* x X** such
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that

FA+NC (Z7 Z*)

= sup [(z,2") + (z,2") — (z,2") + (z — 2,) — tgraa(,7°) = tgrane (T, )]

(1‘7$* 70*)

> sup [(93, 25+ (z,2") — (2, 27) — tgaa(T,2) — toxx=(z, x*)]
(z,z*)

= sup [(z,2") + (z,2%) — h(z,2")]

(2,2%)

= h*(z", 2)

=0 WY") Foxx- (2" =y 2 —y")
(45) =9V, y") ez —y") + oy (2 — y).

Then by and , z = y**. Thus by ,
Faing(2,27) 2 9"y, 2) +10(2" = y") = Falz,y") + 10 (2" — o)
= Fa(z,y") +10(z" —y") +1c(z)  (by (1))
= Fa(2,y") + Fno(2,2" —y")  (by Fact [3.19).
Hence holds by taking v* = y* and thus Fayn, = FalloFiy,.. |

We decode the prior result as follows:

Corollary 5.8 (Normal cone) Let A: X = X* be a mazimally monotone linear relation.
Suppose C' is a nonempty closed convexr subset of X, and that dom ANintC' # @. Then
A+ N¢ 1s mazximally monotone.

Proof. By Theorem and Fact , we have Fuyn. > (-,-). Then combining Corollary ,
Fact [3.3] and Fact [3.14], we have A + N is maximally monotone. |

To conclude we revisit a quite subtle example [4, Example 4.1 and Theorem 3.6(vii)].

Fact 5.9 Consider X := ¢y, with norm || - ||s so that X* = ¢* with norm || - ||1, and
X** = £ with second dual norm || - ||«. Fix a := (an)nen € €°° with limsup a,, # 0, and
define Ay 1 01 — 1 by
(46) (Agz™), i= 2a" + ZZanaixf, Va* = (25)nen € £

i>n

Finally, let T, : co = X* be defined by
gral, = {(—Asz*,2%) | 2* € X*, (o, %) = 0}

(47) = {((— Z anour; + Zanaix’;)n, o) | 2* € X*, (o, 2") = 0}.

>n <n

Then
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(i) (Agx*,z*) = (o, %)%, Va* = (2})nen € £ and so is well defined.

)
(ii) Ag is a mazimally monotone operator on (.
(iii) T, is a maximally monotone and skew operator on c.
)

(iv) Fr, = tc, where C := {(—A,x*,z%) | * € X*}.

This set of affairs allows us to show the following:

Example 5.10 Let X = ¢y, A,, C, and T, be defined as in Fact Then T, : co = ¢ is
a maximally monotone enlargeable skew linear relation. Indeed

gra(T, + Noy)e = { (- Aaa™,2) € By x X* | 2" € X, [|2" = 2" < (~Aaa”,2") +¢ .

Proof. By Fact |5.9(iii)&4(iv)| and Corollary [3.24] T, is enlargeable.
Now we determine gra(7, + Np, ).. By Fact , Theorem and (4)), we have

(z,2%) € gra(T, + Npy )e

& Fr, Oy Fp, (2,2°) < (z,2%) +¢

& Fr(2,07%) + 1y (2) + g, (2" —27) < (2,2") +¢&, Iz* € X* (by Fact
& 2 € By, to(z,2") + |25 — 2|1 < (2,2%) + ¢, J2* € X* (by Fact
& z=—Ar" € By, ||2F — 2|1 < (2,2") +¢, Iz* € X*

&z =—Ar" € By, ||2F —a"||1 < (—Asx",2%) + ¢, Jax* € X7,

This is the desired result. |
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