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Abstract |

We give thirty-two diverse proofs of a small math-
ematical gem——the fundamental Euler sum identity

¢(2,1) =¢(3) =8¢(2,1).

We also discuss various generalizations for multiple
harmonic (Euler) sums and some of their many con-
nections, thereby illustrating both the wide variety
of techniques fruitfully used to study such sums and
the attraction of their study.
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1. Introduction |

There are several ways to introduce and make at-
tractive a new or unfamiliar subject. We choose to
do so by emulating Glenn Gould’s passion for Bach's
Goldberg variations.

We shall illustrate most of the techniques used to
study Euler sums by focusing almost entirely on the

identities of (2) and (5) below, viz

oo 1 n—1 1 oo 1 ( 1)nn 1 1
D ) >, — = ) 3 Z > —
n=1M"m=1M n=1"7 m=1T

and some of their many generalizations. In doing
SO we make a tour through a large variety of topics.



1.1 Euler, Goldbach and the birth of CI

What follows is a transcription of correspondence
between Euler and Goldbach that led to the origin
of the zeta-function and multi-zeta values:

59. Goldbach an Euler, Moskau, 24.
Dez. 1742.* [...]Als ich neulich die ver-
meinten summas der beiden letzteren se-
rierum in meinem vorigen Schreiben wieder
betrachtet, habe ich alsofort wahrgenom-
men, dalB selbige aus einem bloBem Schreibfehler
entstanden, von welchem es aber in der Tat
heiBet: Si non errasset, fecerat ille minus.

This is the letter in which Goldbach precisely formu-
lates the series which sparked Euler’s investigations
into what became the zeta-function. These inves-
tigations were due to a serendipitous mistake.

The above translates:

*AAL: F.136, Op. 2, Nr.8, Blatt 54-55.
TFrei zitiert nach Marcus Valerius Martialis, I, 21,9.



When I recently considered further the in-
dicated sums of the last two series in my
previous letter, I realized immediately that
the same series arose due to a mere writing
error, from which indeed the saying goes,
“Had one not erred, one would have achieved
less.’’* Goldbach continues...

Ich halte dafur, daBb es ein problema prob-
lematum ist, die summam huius:

/54r/1+2i(1+2im)+31n( ot o)
1 1

o (1t )+etc.

4N 4m
in den casibus zu finden, wo m et n nicht
numeri integri pares et sibi aequales sind,
doch gibt es casus, da die summa angegeben
werden kann, exempli gr[atia], sim =1, n =
3, denn es ist

1 +i(1+1)+1( +o+3)

23 2 33
1 x4
_|_43 ( -|- —|— —|— ) + etc. = s

*Opera Omnia, vol. IVA4, Birkhauser Verlag.



1.2. The Modern Language of Euler SumsI

For positive integers s1,...,sm and signs o; = +1,
consider the m-fold Euler sum
m g

C(sl,...,sm;al,...,am) L= Z HL

ko
k1>>km>0 j=1 "y
We combine strings of exponents and signs by re-
placing S by 8 in the argument list if and only if
o; = —1, and denote n repetitions of a substring
S by {S}". Thus, for example, (1) = —log2,
¢({2}3) = ¢(2,2,2) = «x%/7! and

C(81,--r8m) = > [Tk . (1)

The identity

¢(2,1) =¢(3) (2)

goes back to Euler and has been repeatedly redis-
covered. In this language Goldbach had found

—



The more general formula

m—2

2¢(m,1) =m¢{(m+1) - > <G+ 1)¢(m—3), (3)

J=1
for m > 2 is also due to Euler.

e Nielsen obtained (3) and related results based
on partial fractions. Formula (3) has also been
discovered many times.

Study of the multiple zeta function (1) led to the
discovery of a new generalization of (2), involving
nested sums of arbitrary depth:

¢({2,1}") = ¢({3}"), necZt. (4)

e Although numerous proofs of (2) and (3) are
known (we give many), the only proof of (4)
of which we are aware involves making a simple
change of variable in a multiple iterated integral
(see (31) below).



An alternating version of (2) is

8¢(2,1) = ¢(3), (5)

which has also resurfaced from time to time.

Equation (5) hints at the generalization:

8"¢({2,1}") = ¢({3}"), nezt,  (6)

originally conjectured in 1996, and which still re-
mains open—despite abundant, even overwhelming,
evidence.

e The first 85 instances of (6) were recently af-
firmed to 1000 decimal place accuracy by Petr
Lisonek. He also checked the case n = 163, a
calculation that required ten hours run time on
a 2004-era computer.



1.3. Hilbert and Hardy Inequalitiesl

Much of the early 20th century history - and phi-
losophy - of the “ ‘bright’ and amusing”’ subject
of inequalities charmingly discussed in G.H. Hardy's
retirement lecture as London Mathematical Society
Secretary.

He comments that Harald Bohr is reported to have
remarked ‘“Most analysts spend half their time hunt-
ing through the literature for inequalities they want
to use, but cannot prove.” Central to Hardy's essay
are:

Theorem 1 (Hilbert) For non-negative sequences
(an,) and (bp), not both zero, and for
1<p,g<oco withl/p+4+1/q=1 one has

O

>y M e (p) lanllp lonlla: (7)

nlmln

Theorem 2 (Hardy) For a non-negative sequence
(an) and forp > 1

X /a1t az+ -+ an\P p |\ &
Z(l 2 )§<E> D

n=1 n n=1




e \We return to these inequalities in Section six.

Hardy remarks that his “own theorem was discov-
ered as a by-product of my own attempt to find a
really simple and elementary proof of Hilbert’s.”

He reproduces Elliott’s proof of (8), writing “it can
hardly be possible to find a proof more concise or
elegant” and also “I have given nine [proofs] in a
lecture in Oxford, and more have been found since
then.”

We wish to emulate Hardy
and to present proofs that
are either elementary, bright
and amusing, concise or ele-
gant - ideally all at the same
time!

10



1.4. Further Motivation and Intentionsl

In doing so we note that: ((3), while provably ir-
rational, is still quite mysterious. Hence, exposing
more relationships and approaches can only help.

e \We certainly hope one of them will lead to a
proof of conjecture (6).

Identities for ((3) are abundant and diverse. We
give three each of which is the entry-point to a
fascinating set:

A first favourite is a binomial sum that played a
role in Apéry’'s 1976 proof of the irrationality of

¢(3):

B 5 00 (_1)k—|—1
o) = 21;::1 kS (57)

(9)
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A second favourite is Broadhurst’'s BBP formula

¢(3) =

1 i 1 [ 2048 11264 1024 11776

672 £ 212 |24k +1)3  (24k+2)°  (24k +3)3 ' (24k +4)°
=0

512 4096 256 3456 128

(24k +5)3 ' (24k+6)3 ' (24k+7)3 ' (24k+8)3 ' (24k + 9)3
704 64 - 128 32 - 176

(24k + 10)3  (24k + 11)3  (24k+ 12)3  (24k + 13)3  (24k + 14)3

16 216 8 64 4

+(24k +15)3 T (24k + 16)3 T (24k + 17)3 T (24k + 18)3  (24k + 19)2

46 B 2 B 11 N 1
(24k +20)3 (24k +21)3 (24k+22)3 ' (24k+23)3]°

e This discovery led Bailey & Crandall to their
recent work on normality of BBP constants.

A third favourite due to Ramanujan is the hyper-
bolic series approximation
7 w3 e 1

(B)="—2=—2 > :
180 = kS (627rk_ 1)
with ‘error’ is ¢(3) — 773/180 ~ —0.003742745. To
our knowledge this is the ‘closest’ one gets to writ-
ing ¢(3) as a rational multiple of =3.

12



Often results about ((3) are really results about
¢(2,1) or ¢(2,1), as we shall exhibit.

Double and multiple sums are still under-studied
and under-appreciated. We should like to par-
tially redress that.

One can now prove these seemingly analytic
facts in an entirely finitary manner via words
over alphabets, dispensing with notions of infin-
ity and convergence.

Many subjects are touched upon—from com-
puter algebra, integer relation methods, gen-
erating functions and techniques of integration
to polylogarithms, hypergeometric and special
functions, non-commutative rings, combinator-
ial algebras and Stirling numbers.

For example, there has been an explosive recent
interest in g-analogues, see §, and in quantum
field theory, algebraic K-theory and knot theory.

13



1.5. Further Notation |

For positive N, we write

N
HN — Z 1/77,.
n=1

We use ¢ = F’/F for digamma, the logarithmic
derivative of Euler's Gamma. Then vy(N+1)4+~ =
Hp, where v = 0.5772156649... is Euler’s con-
stant. The Pochhammer symbol (a)n, = a(a +
1)---(a+n—1) for complex a and integer n > 0, and
the Kronecker ommn is 1 if m =n and O otherwise.

We organize proofs by technique, though this is
somewhat arbitrary as many proofs fit well within
more than one category. Broadly their sophistica-
tion increases as we move through the talk.

We invite additions to a collection which for us has
all the beauty of Blake's grain of sand*:

“To see a world in a grain of sand
And a heaven in a wild flower,
Hold infinity in the palm of your hand
And eternity in an hour.”

*William Blake from Auguries of Innocence.

14



2. Telescoping and Partial Fractionsl

2.1. A first quick proof of (2) considers

Soo= X nk(nl—l—k): 2 %(%_n—ll-lJ

n,k>0 n,k>0

1 ™M1
Z—QZE:C@)‘FC(ZD-
n=1"" k=1

On the other hand,

S = 2 (%+1>(n—|}k)2

n,k>0
= = 2((2,1),
n%O n(n -|- k)2 + %O k(n —I— k)2 ¢(2,1)
by symmetry.
©

e [ he above argument goes back at least to Stein-
berg and Klamkin.

15



2.2. A second proof runs as follows:

¢(2, T) +¢(3) "
(— 1) (— 1)/<? (— (— 1)k: (_]_)n—i—k
- z_: Z Z Z ( o )

=S k(n + k)
n+k N .
=t ”(k(i‘)J“ k) Z (2(:&)+ k) ;o z((nli )
= n,%;‘) (% + E) En 3:;2 + ¢(1,2) — ;O ( ;)(é +1]1;+k
— n’%;O 75(;1_{;_)]{;2 + R;O k((:bl_')_n;_;Q +¢(1,2) — ¢(1,2)
= 2¢(2,1) + ¢(1,2) — ¢(T,2). -

16



Similarly we write

¢(2,1) +¢(3) (1)
"Lk =Rk ()
:;?;(_1) <n+!§n+(5”)
) Z ”’“(&T@ " Z Q(O_zlrk) ) %o &i)f:)

n+k
_n%:o( )<n+13£2 %;o( ey~ @2)

(—1)n(= 1)t (—1)F .

=C(§,1)+C(2,1)—|—C(T,§)—C(T,Q)- (13)

17



Adding equations (11) and (13) now gives
2¢(2,1) = ¢(3) +<¢(3),

That is,
8¢(2.1) =4 i 1+( D"
o =1 (2m)3
= (¢(3),
which is (5).

w&B

(14)

(15)

(16)

18



3. Finite Series Transformationsl

Lemma. For any positive integer N, we have

gj 1 gj 1t éV: 1 i 1
-3 ) . 2
1 amant Sk amnt s N -kt
(17)
by induction. ©
Alternatively, consider
N N
1 1 1 1
T = = — = — =0
n,%;l nk(k —n) n,%;1 (n k) (k n)Q

E&R
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On the other hand

(S
= — +
n=1 n? =1k —n
=3 5= Y X%
n=1 n3 n=1 n? =1k
AR 5
+ —( .
n=1n? kmng1 B =N =

H&L

20



Since T'= 0, this implies that

2
n=1"" n=1"" k=1 n=1"" \g=1 k=1
- oy iy !
— — :
a1 kle—k—l—l
which is (17). ©
Now the right hand side satisfies
N
Hy 1. n
Nl
<y iy
_nzankle—k—l—l
< i 1 - n
- n2 N-—-n-+1

S
I
=

=

N
1 1 _ 2Hy
N+1;<E+N—n+1> TN+ 1

Letting N grow without bound now gives (2), since

H
im =Y —o.
N—oo N

©

21



4. Geometric Seriesl
4.1 Convolution of Geometric Seriesl

Let 2 <m € Z, and consider

Z C(]"‘l)C(m_J):]\}TOO y: y: y: i+l Em—j
j=1 n=1k=1 j=1
N 1
= |lim { >
N—o0 n k=1 nm—l(k —n)k
k#*n

N 1
+ 2 Iim
N—o00 n,%il nm—1k(k —n)
k#*n

e As suggested by Williams (also Bracken)

22



Thus, we find that

m—2
(m—2)((m+1) = Y (G +1)¢0n - 5)

Jj=1

n=1"" k=1 n
k#n
N n—1 n
1 1 1 1
=2 | — — — —
Nlnoonzzzlnm{kzz:lk n—l_kz::l —k—l-l}
= 2¢(m,1) —2¢(m + 1)

_ N 1 1
+ 2 lim Z—ZN—k—I—l’

m
N—oo ‘=9 n'™ /1

and hence

m—2
2¢(m,1) =m¢(m~+1) = > (G + 1)¢(m —j)

=1

N 1 n 1
— 2 Iim —
Nﬁoonzz:lnmkglj\f—k—l—l

23



But, in light of

A L 1 A | n
nzzjln_mk; —k+1~ Znm N-n+1
1 X 1 1
“N+1 Z_:1<N—n+1+ﬁ>
_ 2Hy
N4 1
the identity (3) now follows. ©

4.2. A Sum Formulal

e Equation (2) is the case n = 3 of the following
summation.

24



Theorem 3 If3<ne€Z then

n—2
¢(n) = > ¢(n—4,9). (18)

j=1

Proof. Summing the geometric series (in j) on the
right hand side gives

1
Z Z Y hJ(h—I—m)” J
e 1
h,mzll m(h—l—m) m(h—l—m)n_1]
—((n—-1,1)
h=1" m§=:1 <m h =+ )
00 h
Z e Z E ((n—1,1)
00 00 n—1
Z hi Z l—g(n—l 1)
h=1 h=1 k=1
¢(n).

25



4.3. A q-AnangueI

Following Zudilin, for s > 1, 0 < g < 1 begin with

’U/U2

(1 —v)(1 —uv)s
UV s—1 UV

BECE [ Y e el

Put u = ¢, v=¢" and sum over m,n > 0. Thus,

2

m—l—n m+2n
Z (1- qm)(l —gmtn)s Z (1- q”)(l — gqmtn)s
m,n>0 m,n>0
m—l—n m-|—2n
Z (1- qm)(l —q")* Z (1- q”) (1—qmtm)
m,n>0 m,n>0
m—|—2n
_Z Z (]_ —q”)]+1(1 _qm+n)s j
j=1 m,n>0
m—|—2n
Z (1—qn)5[1—q 1—qm+”] ZZ (1—qn)3+1(1—qm+”)”
m,n>0 j=1 m,n>0
m—|—2n
IR D Jc
n>0 j=1 m,;n>0
n—l—m
Z(l—qn>s+l+ 2 Ty
n>m>0
m—|—2n

_Z Z (]_ —qn)J+1(1 _qm-l-n)s j

j=1 m,n>0

26



Cancelling the second double sum on the left with
the corresponding sum on the right and replacing
m+n by k in the remaining sums vields

qk 2n
k>%:>o (1 —¢")*(L —qm nz>:O (1- qn)SH
B Z Z gk—l—m |
j=1ksmso (1= ¢TI —¢)>
or equivalently, that
Z q2k _ Z qk

+ ¥ ¥ Cn — (19)

=1 ksmeo0 (1~ q*)*=I (1 — gm)itt

Multiplying (19) through by (1 — ¢)%T1 and letting
q — 1 gives

s—2
((s+1)={((s,1)+ > ((s—4,5+1),

Jj=1
which is just a restatement of (18). Taking s = 2

gives (2) again. ©
27



The g-analogue of an integer n > 0 is

n—1

1—gq
[n]q:: qu: y
k=0 1—q

and the multiple q-zeta function
™m q(Sj—].)kj

C[s1,...,sm] = > 11

S
k1>-->kn>0 j=1 [kj]q‘7
for real numbers with s; > 1 and s; > 1, 2<j <m.

n

,  (20)

Multiplying (19) by (1 — ¢)$t1 with s = 2 gives
C[2,1] = ([3] — a g-analog of (2) (i.e., the latter
follows as ¢ — 1—.) Also, s =3 in (19) gives

¢[4] + (1 —¢)¢[3] = <¢[3,1] + (1 — ¢)¢[2,1] + ¢[2, 2],
so ([2,1] = ([3] implies ([3,1] = ([4] — ¢[2,2].

Bradley shows ([2, 2] reduces to depth 1 multiple ¢-
zeta values. Indeed, by the g-stuffle multiplication

rule, ¢[2]¢[2] = 2¢[2,2] + ¢[4] 4+ (1 — ¢)¢[3]. Thus,

¢[3,1] = ¢[4]—¢[2,2] = 3¢[4]-3 (¢[2])*+5(1—q)¢[3],
which is a g-analog of the evaluation

T4
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5. Integral Representationsl
5.1. Single Integrals II

We use the fact that

bok—1 1
/Ou (—Iogu)duzk—Q, k> 0. (21)
Thus
1 * 1 1 4
3 —— = > _Z/ u"" T (—logu) du
kons1 K5 21 1, /0

— 1 1 k—1
:Z—/ (—logw) > v “du
1" 0

k>n
= Z — [ (—logu) du
1" 0 — U
llogu & u™

_ /1 (—logu) log(1l — u) T
0

1l —wu (22)

29



e Interchanges of sum and integral are justified by
[ebesgue’s monotone convergence theorem.

After making the change of variable t = 1 — u, we
obtain

k};% = [3log(1 —t) (—logt) %  (23)

= [3(—logt) >, nldt.

e Again, since all terms of the series are posi-
tive, Lebesgue’'s monotone convergence theo-
rem permits us to interchange the order of sum-
mation and integration.

Thus, invoking (21) again, we obtain
> 5=
k2n

X 1 /1 1 X 1
> —/ (—logt)t" ~dt = ) —,
k>n>1 =171 7/0 n=1"
which is (2). ©

30



5.2. Single Integrals III

The Laplace transform

1 SIS Mo+ 1)
r—1, o T, O
/Oac (—logx) d:c—/o e "Htu? du = o1

(24)
for r > 0, 0 > —1 generalizes (21) and vyields the
representation

1 & I'(m+1) 1 & 1 r—1 m
C(m—l—l)—ﬁr_ I _HTZ:/O ' (—logx)"dx
(—=1)™ rllog"x
m! 0 1—=x
Interchange is valid it m > 0, sOo x +— 1 — x yields
_1)ym (1 d
C(m+1) = (=1) / |Ogm(1—x)—x, 1 <meZ.
m! 0 x
(25)

Farnum used (24) with clever changes of variable
and integration by parts, to prove the identity
as 1 1
k' C(k+2) = ) >, 5, 0ZkeZ
nj:]- niny:---nNg p=1+2 n; p

(26)
31



e Thecase k=1 of (26) is again (2). We give a
simpler proof of (26), dispensing with integra-
tion by parts.

From (24), k'((k+2) =

X1 r(k+1) _ C>O1 4 .
> ] / (—logz)"dx

r=1"

= /Ol(— logz)¥log(1 — a:)_l dz

T

1 d
=/ Iogk(l—:c)_l(—log:c)l v
_y 1 pnitnot:+ng

nino - - - Ny /O l—=x

1 1

> > / P~ (—log z) dx
ninz:- N p>n1—|—n2—|- sy’ 0

=Y ¥y >

— _2.

n1=1 no=1 nE=1 nin2- - ng p>n1—|—n2—|----—|-nkp

©

(—logx) dx

32



5.3. Double Integrals Il

Write
1
)k
k>0
. 1 Iog(l —:vy)
= _/O /O 1 oy dx dy.

Make the change of variable v = zy, v = x/y with
Jacobian 1/(2v), obtaining

1 /liog(l —w) fl/udv
D=7k "1 /u W
/1 (logu) IOg(l—u)d
—Jo 1l —wu ’

which is (22). Now continue as in §5.1. ©

33



5.4. Double Integrals III

Let € > 0. Expand the integrand as a geometric
series. One gets:

o 1 1 1 (zy)*
S = dz dy.
—1(n+e) 0Jo 1—uxy
Differentiate wrt € and let € = 0O:

1Iog(wy)
@ =1 [
1o fe)
_// gx + gydxdy
1l —xy
. / /1 Iogx
o 1 — :L‘y
by symmetry. Now integrate with respect to y to
get

C(3) = /Ol(log x)log(1 — w)df. (27)
Comparing (27) with (23) yields (2). ©

e | his was reconstructed from a conversation with
Krishna Alladi.

34



5.5. Integration by PartsI

Start with (27) and integrate by parts to obtain

2¢(3) = 2/01(Iog 2) log(1 — a;)df

11092z
0 1—=x
1 d
/ 092(1 — )&
0] x
1 -n+k—1
/ a dx
0 nk
1

on appealing to the first telescoping result of §2. ©

dx

n,k>0

E&C
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5.6. Triple Integrals II

Instead of (21) we use the identity

1 1 -1 Y1 k—n—1 Yo 1
m=/oy1 . Y2 " , Y3~ dy3 dyo dyi,

for kK > n > 0. This yields

Y1 Y2 _
/ /o (1—yo) ™t ‘ (1—y3) ! dyzdyody; .

(28)
The change of variables y; = 1—xz; (1 = 1,2,3) gives

1
/ (1 —x1)" 1/xl Lngldx3d$2dx1

T
::LL) t/ > _1 (1——x1)_ dr1 dro drs3.

Expand (1—w1) 1 and mterchange sum and integral:

1 T
2: Ei— /ﬁ /ﬁ3 _Jl/ N dxldwgdx3
n
> 1

k>n>0
:Z 3
n=17l

which is is (2) again. ©

k> >O

k> >O

e Additionally:
36



k
> Hn;sﬂ' (29)

ny>--->n; >0 j=1

H <y> —

where the integral is over the S|mplex
1>t s sl s s s s s o

C(s1,...,5k)

and is abbreviated by

1 k
/ et o=% b=-%_" (30)
0 in t 1—¢

Using t — 1 — t at each level switches the forms a
and b, vielding the duality formula

C(s1+2,{1}"1,...,sn +2,{1}'")
— C(rn+27{1}8n7"'7r1 +27{1}81)7 (31)
for all s;,7; € N. Then sy =0, r1 =1=mnis (2).

e More generally, (4) can be restated as

[ @y = [ @y

and (4) is recovered with s; =0,r; =1 in (31).
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FFor alternations we add the differential form
c:= —dt/(1+t) to obtain the generating function

0@

> Az 1) =

n=1
00

3 {Z6n—|—3 /c)l(aczabQ)na62+z6n+6 /C)l(aCQab2)6n+6}.

n=0

A lengthy calculation shows the only changes of
variables preserving [0, 1] and sending the non- com-
mutative polynomial ring Q{a, b) into Q{a, b, c) are

S(a,b) = S(a,b), t—t, (32)
S(a,b) = R(b,a), t—1—t,
(33)
S(a,b) = S(2a,b+ c), t—t2,  (34)
2t
S(a,b) = S(a+c,b—c), T+ 7
(35)
4t
S(a,b) = S(a+ 2¢,2b — 2¢), 1102
(36)

and compositions thereof, such as
t—1-2t/(L+¢t)=(1Q-t)/(1+1), etc.

38



e In (32)—(36), S(a,b) denotes a non-commutative
word on the alphabet {a,b} and R(b,a) denotes
the word formed by switching a and b and then
reversing the order of the letters.

Now view a, b and ¢ as indeterminates. In light of
the polynomial identity

ab® — 8ac?® = 2[ab® — 2a(b 4+ ¢)?]

+8lab” — (a + ) (b —¢)?]

+ [(a 4 2¢)(2b — 2¢)? — ab?]
in the non-commutative ring Z{a, b, c) and the trans-
formations (34), (35) and (36) above, each brack-
eted term vanishes after the identifications a = dt/t,
b=dt/(1—t), c= —dt/(1+t) and perform the reqg-
uisite iterated integrations.

Thus,

g(2,1)—8g(§,1)=/01ab2—8/01ac2=o

which in light of (2) proves (5). ©
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5.7. Triple Integrals III

By expanding the integrands in geometric series and
integrating term by term,

1d:r; T ydy [Y zdz

1—y2Jo 1—22
Now make the change of variable

¢(2,1) =8

rdxr du ydy dv zdz dw

1—:1r,*2_1—|—u7 1—y2_1—|—fu’ 1— 22 1+ w
to obtain the equivalent integral

¢(2,1)

. 8/00 du n du du /U dv /U dw
" Jo 2u 2(24+w) 14w/ Jo 14+wvJo 14w
The two inner integrals can be directly performed,
hence

< log?(u+ 1)
du
0 u(u4+1)(u—+2)
Finally, the substitution v+ 1 =1/4/1 — x yields

1 fllog?(1—=x) ,
(21 =3 [ =" dw=((3).
by (25). ©
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5.8. Complex Line Integrals II

Here we apply the Mellin inversion formula

1 fetico  dz Loy>1

—/ , y — = 40, y<l1

27T'L C—100 Z 1 .
\j? y_]'

which is valid for fixed ¢ > 0.

It follows that ife>0and s—1 >c¢>1—1t then the
Perron-type formula

CCs,t) + ¢ (s +1) (37)
- s _ ctioco (n)\“dz
-r e LT S
1 C-I-ZOO dz
=— [ -6+ (38

is valid.
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e We have not yet found a way to exploit (38) in
proving identities such as (2)

We do note that integrating around the rectangular
contour with corners (d+c £+ iM) and letting M —
400, establishes the stuffle formula in the form

CCsst) + G0 + 1) F ¢t 9) + ¢+ 5) = (D)

for s,t > 1 + c¢. The right hand side arises as the
residue contribution of the integrand at z = 0.

e One may also use (38) to establish

O

> [ +3GE+D]e = % v
= n>mso mn(n — )
1 X .
" 5nzzjl n(n — 37)7

but this is easy to prove directly.
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5.9. Complex Line Integrals III

Let A(s) :=>,~0Ann"° be a formal Dirichlet series
with real coefficients M\, and set s := o 4+ ¢+ 7 with
o = R(s) > 0. We consider the following integral:

NGES /"O‘MS)  dr = % /_O:O‘Ms)

0] S S

2
dr, (39)

as a function of .

A useful variant of the Mellin inversion formula is

/OO cos (at)

—%mt24—u2

dt = L e—au (40)
u

for u,a > 0, as follows by contour integration, from
a computer algebra system, or otherwise.

e [ his leads to:
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Theorem 4 ForA(s) =352, Apn~®ands=o+irt
with fixed o = R(s) > 0 such that the Dirichlet
series is absolutely convergent it is true that

2 2 2
1 A(s) T o= NN
A7) /O S " 20 =4 n20 (41)
where Nn := 37 _1 A\, and Ng := 0. More generally,

for absolutely convergent Dirichlet series a(s) =

Yo ann”®, B(s) =300 Bpn®

°a(s)p(s) _ m > AnBn—A
2/

1 B,
n—1LPn—1 (12)
oo(72+7' 2(7

20
n=1 n

e Note that the right side of (41) is always a gen-
eralized Euler sum.
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I. For the Riemann zeta function and for o > 1,
Theorem 4 applies and vyields

o 1

—1c(0) =¢(20 — 1) — = ((20),

78 2
as \p, = 1and A\, =n—1/2. By contrast it is known
that on the critical line

e f3) -1

e There are similar formulae for s — ((s—k) with k
integral. For instance, applying (41) with (7 :=
t— ((t+ 1) yields

1 oo |¢(3/2 4 iT)|? 1 1

- / dr = —L<1 (—)

w JO 1/4 + 72 s 2
2¢(2,1) +<¢(3)

3¢(3),

on using (2).
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Ii. For the alternating zeta function,
a:=s— (1-217%)¢(s), the same approach via (42)
produces
/OO a(3/2 4 1i1) oz(3/2 + 7,7')
1/4 4+ 72

2¢2,T) +¢(3) =3¢(2) 10g(2) ~ ¢(3),

and

i/oo oz(3/2—|—7,7')§'(3/2—|—m')
21 J—c0 1/4—|—7'

@D+ D +a@) =_2) 1032 ~ ~(3),

since as we have seen repeatedly ¢(2,1) = ¢((3)/8;
while one can show

(2,1) =¢(3) - 5 ¢(2) 10g(2)

and

(1) =2 ¢(2)10g(2) ~ > ¢(3)

e As in the previous subsection we have not been
able to directly obtain (5) or even (2), but we
have linked them to quite difficult line integrals.
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5.10. Contour Integrals and Residuesl

Let C, (n € Z+) be the square contour with vertices
(£xt1+i)(n+ 1/2). Using the asymptotic expansion

Y(z) ~ log Ly B larg z| <
zZ) r~ Z— — — ; z s
2z =1 Dy z2r
in terms of the Bernoulli numbers
t t > By »
=14+ — =", tl <2
1— et +2+7§1(2r)! 1l < 2m

and the identity
1
W(z) = Y(—2z) — — — wcotnz,
4
we can show that for each integer k£ > 2,

im [ z7Fy2(—2)dz = 0.

n—aoeo Cn

J&D
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Then by the Cauchy residue theorem, we obtain:

Theorem 5 For every integer k > 2,

(—7"’) — ke(k + 1) — 27¢(k)

k—1
- > CUXk—5+1),

=1
where v = 0.577215664 ... is Euler’'s constant.

In light of the identity

n—1
1

() +y=H,_ 1= -, neZt,
kzlk

Theorem 5 is equivalent to (3). The case kK = 2

thus gives (2).

e Flajolet and Salvy develop the residue approach
more systematically, and apply it to a number
of other Euler sum identities in addition to (3).
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6. Witten Zeta-functionsl

We recall that for r,s > 1/2:

W(rs,t) i= Z Zl n" ms (n + m)t

n=1m=

is a Witten (-function.* Ours are also called Torn-
heim double sums. There is a simple algebraic re-
lation

W(r,s,t) =W(r—-1,s,t+1)+W(r,s—1,t+1). (43)
This is based on writing

m -+ n . m n n
(m+n)t+l  (m4+n)tl " (m4n)ttl
Also
W(r,s,t) = W(s,r,t), (44)
and

W(r,s,0) = ((r) ((s) while W(r,0,t) = ((t,r). (45)

Hence, W(s,s,t) = 2W(s,s —1,t+ 1) and so
W(1,1,1) =2W(1,0,2) =2¢(2,1) = 2¢(3)

*Zagier describes the uses of more general Witten (-functions.
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Note the analogue to (43), viz.

((s,t) + ¢t ) = ¢(s) C(¢) — C(s + 1)

shows W(s,0,s) = 2((s,s) = ¢2(s) — ¢(2s). Thus,
W(2,0,2) =2¢(2,2) = 7%/36 — 14/90 = 74 /72.

e More generally, recursive use of (43) and (44),
along with initial conditions (45) shows that all
integer W(s,r,t) values are expressible in terms
of double (and single) Euler sums.

Again I(s)/(m4+n)t = [}(—logo)t~1 o™t ~1 4o gives

— 1o t—1
( g9) do.

W(r, s, t) = (t)/ Lir(o) Lis(o)

For example, we recover an analytic proof of

11n2(1 — o) do = 2¢(3)

20(2,1) = W(1,1,1) = /O

Indeed S in the telescoping proof of §2.1 is precisely
W(1,1,1). ©
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e \We may now discover many analytic as opposed
to algebraic relations.

For example, integration by parts vields

W(r,s+1,1) + W(r+1,s,1) (46)
= Li,41(1) Lisg41(1) + ¢(r+1)¢(s+1).

So, in particular, W(s + 1,s,1) = ¢2(s+ 1)/2.

Symbolically, Maple immediately evaluates

4

Ww(2,1,1) = —,
( ) =75

and while it fails directly with W(1,1,2), we know it
must be a multiple of =% or equivalently ¢(4); and
numerically obtain

W(1,1,2)

= .49999999999999999998.. ..
¢(4)
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6.1. The Hilbert Matrixl

Letting an := 1/n" and b, := 1/n®, inequality (7) of
Section 1.3 vyields

W(r,s,1) < wcsc( ) Yelor) Yclas).  (47)
Indeed, the constant in (7) is best possible. Set

W((p—1)s,s,1)
7 ((ps)

Rp(s) :=

and observe that with

ob(s) = Z (n/m)_(p_l)s/(n +m) — mcsc (g) :

m=1
we have
. = im —
b s—1/p pe nzl mzl n—+m
= lim (ps—1) Z —ap(s)
s—1/p
< {oh(s) - mcsc(n/q))]
- slrln/p (ps = 1) Z npPs

+ lim (23—1)C(p5)7rcsc< ) = 0 + mwCscC (z) .
s—1/p q q
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Setting r := (p — 1)s,s — 1/pT we check that

C(ps)MP¢(gr)M 1 = ¢(ps)
and hence the best constant in (47) is the one given.

e In terms of the celebrated infinite Hilbert matrix
Ho :={1/(m+n)}y =1

we have actually recovered:

Theorem 6 Let 1 < p,q < o have 1/p+1/q = 1.
The Hilbert matrix Hog determines a bounded linear
mapping on the sequence space ¢P with

W(S7 (p T 1)87 1) _

-
Hollpp = lim = 7 CSC (—)
IHoller = A ™ <o) ’

Proof. Appealing to the isometry between (#P)*
and ¢4, and the evaluation £, above, we compute
the operator norm of Hg as

[Hollpp = sup |IHozllp
lz[[p=1

= sup sup (Hoz,y) = mCSC <E> :
[yllg=1 ||lz[[p=1 p

©
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e A delightful operator-theoretic introduction to
the Hilbert matrix ‘Hp is given by Choi in a Chau-
venet prize winning article.

One may also study the corresponding behaviour of
Hardy’'s inequality (8).

For example, setting a, := 1/n in (8) and again
denoting Hn, = -7, 1/k yields

O H yo p p
> (M) < (—1> ().
n=1""T pP—=
Application of the integral test and the evaluation
o /logx\P M (1+p)
/ ( ) dr = T
1 T (p— 1)PF

for p > 1 easily shows the constant in (8) is again
best possible.
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7. A Stirling Number Generating FunctionI

e Following Butzer, we begin with integral (25).

In terms of (unsigned) Stirling numbers of the first
kind (also called Stirling cycle numbers)

(=1 )m log"(1—z) = ) u(n,m)i—?

n=0
for integer m > 0. This implies

{ > u(n, m)—n}— = Z U(n m)

|
n=1 n
for m > 0. Telescoping the known recurrence

uln,m)=un—1,m—-1)4+n—-—Duln—1,m), (48)
for 1 < m < n yields

u(n, m) —(n—l)'{ om,1 + Z U(J’ j!_l)}. (49)

j=1

«m+n=/1

0

Iterating this gives the representation

¢(m+1) =¢(2,{1}" 1)
for m > 1, the m = 2 case of which is (2). ©
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The alternating case begins by writing the recur-
rence (48) in the form

un+1,k)4+ (G —n)uln, k) =uln,k—1) 4+ juln, k).
Multiply both sides by (—1)ntk+1k—m—1,0;_ py
where 1 <n<j—1 and k,m € ZT, yielding

NE (=) lu(n+1,k) B (—1)"u(n, k) } 1
R e e Rl B E Y€
(=1)"

— T {( DY u(n, k —1)8m1 (—l)ku(n,kz)jk’_m}.

Now sumonl<k<mand1l<n<j 3—1, obtaining

k-l—]u —1)mHl {3
Z( 1) (] . j}n - ((jl—)l)! > (D" G=n=1)tu(n,m).

Finally, sum on j € ZT to obtain

k49 ”
c(m) = Z Z( 1) u(g, k)

k= 1; k ghgm=+

n—l—munm — (—1-n)!
Z( DTl 3 Gy
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Noting that
= (G—-1-n) & k!

2. 2.

e G- = (Rt n)!
1 1
= 52F1(171;n+ 1,1) = (n— 1) (n_1)°
we find that
(=1 TR u(j, k) (=1)" T u(n, m)
o) = kzljZ gtgm=F i Z (n—1!(n-1)

Now employ the recurrence (48) again to get

m—2 oo

Itk 4
c(m) = ZZ( 1) (J k)
k=1 7=k
— (= 1)J+m fu(j,m — 1) (=1)7F "™ u(j, m)
+j=m 1 gt _I_sz J*
= (=)t y(n—1,m
* Z( : (n—(l)' = (50
= (=) y(n—1,m—1)
D e P NGy
m—2 oo :
_ (—1)3+’“U(j,k) (=1)F" tu(j,m—1)
_,;Fk jlgm=+ szzl jlj '

57



Using (49) again, we find that the case m = 3 gives

(—=1)7 u(J,l) (—1) u(j,2)
3) = 2
¢(3) = 321 T2 T Z T
+1 j—1
_Z( 1)] _I_QZ( 1)( _1)|Zu(k7|1)
j= J'J =1 K
1)J+1 1) 751
_ Z (- > PSS <‘7 ) Z E
]: :
which easily rearranges to give (14), shown by tele-
scoping to be trivially equivalent to (5). ©

M&P
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8. Polylogarithim Identitiesl
8.1. Dilogarithm and Trilogarithml

Consider the power series

J(z) =6(2,1)= ), RoTR 0<z< 1.
n>k>0"

In light of (72), we have

Jﬁﬂ_ﬂfmﬁﬂ;l—u<31—v'"/xmg%1_t)

Maple readily evaluates

z10g2(1 — t)
J

0 2t

it = ((3) + 5 109%(1 ~ 2) log ()
(51)
+ log(1 — x)Lis(1 —z) — Lig(1 — x)

where Lis(x) := 302 ; 2™/n® is the classical polylog-
arithm.

e One can also verify (51) by differentiating both
sides by hand, and checking that (51) holds as
r — 0+4.
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Thus,

7(x) = ¢(3) + 5 109%(1 — z) log(x)
+ log(1 — x)Lis(1 —xz) — Lig(1 — x).
Letting x — 1— gives (2) again. ©

In Ramanujan’s Notebooks, we also find that
J(=z)+J(—1/z) = —% log32 — Lix(—2)logz
+Lis(—2) + <(3) (52)
and

J(l—z)=%|092zlog(z—1) — %Iog?’z
~Lix(1/2)log 2 — Liz(1/2z) + ¢(3). (53)

Putting z = 1 in (52) and employing the well-known
dilogarithm evaluation
= (=nr @
Lin(—1) = =
2(—1) z_: — 5
n=1
gives (5). ©
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Putting z = 2 in (53) and employing Euler’'s dilog-
arithm evaluation
(1 > 1 2 1
-2 (5) =2 2T 12 2 0g%2
along with Landen’s trilogarithm evaluation (see
Lewin)

1 1 7 72 1
Lis[ =) = = —((3) — —log2+ ~log32
3(2> nz=:1 —3on = g¢(8) — 51092+ —log
gives (5) again. ©

e | hese evaluations follow from

Lis>(z)+Lis(1—x)—log(x)log(l—z) = C = Lis(1)

and a similar trilogarithmic identity.
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Alternatively, differentiation shows that

J(—az)z—J(az)—I—%J(xQ)—l—J( 22 )—1J< ax )

z+1) 8 \(z+4 1)2
(54)
Putting = 1 gives 8J(—1) = J(1) immediately,
i.e. (5). ©

e Once the component functions in (54) are known,
the coefficients can be deduced by computing
each term to high precision with a common
transcendental value of x and employing a linear
relations finding algorithm.

We note next a harder (now guided) but more hu-
man method for arriving at (54). First, as in the
section on alternating iterated integrals one deter-
mines the fundamental transformations (32)—(36).
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This is not so difficult but is lengthy. Perform-
ing these transformations on the function J(x), one
finds that

J(x) :/OxabQ, J(li’;a) =/Ox(a—|—c)(b—c)2,
J(—x) =/Oma02, J(z?) =/m2a(b—|—c)2,

((11@2) / (a + 20)4(b — )2,

We seek rationals r1, ro, 73 and r4 such that

ac® = riab® + 2r>a(b+ )2 + r3(a + ¢) (b — ¢)?
+ ra(a =+ 20)4(b — ¢)?

is an identity in the non-commutative ring Q(a, b, c).

Finding such rationals reduces to solving a finite
set of linear equations: comparing coefficients of
ab? tells us that r{ 4 2ro 4+ r3 4+ 4r4 = 0.

Coefficients of other monomials give us additional

equations, and we readily find that r1 = -1, ro =
1/4, r3 = 1 and r4 = —1/8, thus proving (54) as
expected. ©
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8.2. Convolution of Polylogarithmsl

For real O < x < 1 and integers s and t, consider

T \(2) = i g tm _ ioj "t (m — n 4 n)
s,t : = ns mt(m_n) e~ ns mt—l—l(m_n)
o0 Lntm 00 Lntm
p— m’nzz ns mt—|—]_ T m’nZ:]_ ns mt—|—1(m n)

mz=n m#£En
0 n X M 2"
— Zl ns Z ( t+1 t—l—l) + Ts—1 t—l—l(w)
n=— m=

= Lis(z)Lizy1(2) — Liggeq1(x?) + To_1 441 ().

Telescoping this gives

To1(2) = To s4(2)—5 Ligpyp1(x)+ Y Lij(@)Lligpip1i(2)
=1

for s € N. With ¢t = 0, this becomes

Tso(x) = To s(z)—s Ligy1(z?)+ > Lij(x)Lizrq ().
=1
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But for any integers s and t, there holds

00 xn—l—m
T —
S’t(x) m,nzjzl nth(m — n)
m¥=En
00 wn—l—m
— — Z st — — S,t(w)'
mon=1 M (n —m)
m#=n
T herefore,
Tso(x) = Z Lij(z)Lisy1—j(z) — —L's+1(l’ ).
j 1
(55)
On the other hand,
O gt X2 ™
T = —
S,O(fc) nzzjl S mzzjl T — 1
mM=*="
00 2n 00 m—n 00 n n—1

[
(]
[]

|

—
"y
~
8
~—
.
l—l
~
8
N

|

e Comparing (56) with (55) gives
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le_s 1 m] B il—i8+1(=”172)

n= =
s—1

- [Lis@) — L)) Lin (@) = 5 3 Lij@)Liagr— (@),
j=2

(57)
where we now require s > 2 because the terms j =1

and j = s in (55) were separated, and assumed to
be distinct.

Now forn e NandO<x<1,1—z" = (1—x) Z?;émj
<(1—x)n. Thus, if2<seNand 0 <z <1, then

X (1 — ")

0 < |Lis(z) — Lis(z?)| Li(z) = Liz(z) Y}

n=1

nS

n

T < (1 —2)log?(1—x) — O,
ns—1

< (1 —-x)Lii(x) Z
n=1

as x — 1—, so the limit in (57) gives

s—2
(o) = S s¢(s+ 1)~ 5 Y G+ 1)~ ),
j=1
which is (3). ©
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9. Fourier Seriesl

The Fourier expansions

i sin(nt) _ T and i cos(nt)

n=1 n

are both valid in the open mterval 0 <t<2mr. Mul-
tiplying these together, simplifying, and using a par-
tial fraction decomposition gives

X sin(nt) "= 11 1 X sm(nt)” 1<1 1 )

> P

—log |2sin(t/2)|

=1 " p=1k 2 k=1 \k n—k

1 5 Sln(nt)
2 2 o k(n — k)

1 i sin(m + n)t

B 2 m,n=1 mn

. i sin(mt) cos(nt)
m,n=1 mn

= Wz_ log [2sin(t/2)| (58)

again for 0 < t < 2.

e Integrating (58) term by term yields
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00 n—1
S COi(QnQ) v E—C(Q 1)+ = / (r —t)log|2sin(t/2)|dt

n=1 k:=1

(59)
valid for 0 < 0 < 27w. Likewise for 0 < 60 < 2,

©@,

2.

n=1

cos(ne)

= ((3) —I—/ (6 —t)log|2sin(t/2)] dt.

(60)
Setting 8 = 7 in (59) and (60) produces

((2.1) — ¢(2,1) = _% /Oﬁ(w 1) log [2sin(t/2)] dt

_¢(3)—<¢(3)
5 :
In light of (2), this implies

3 3) 1 & 14(-1)"
¢(3)+<¢(3) _ Z+()

¢(2,1) =

2 Enzl n3
> 1 1
- mgl (2m)3 . éC(s)a

which is (5). ©
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e Much more follows. For example:

Applying Parseval's equation to (58) leads to the
integral evaluation

1 2 _ R H?%
ar o (- t)?log?(2sin(t/2)) dt :n; (n+1)2
= @),

e A reason for valuing such integral representa-
tions is that they are frequently easier to use
numerically than the corresponding sums.

L&F
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10. Further Generating Functionsl
10.1. Hypergeometric Functionsl

First, ¢(2,1) is the coefficient of zy? in

Glz,y): = > 3 amTlyntle(m 42, {117)
m=0 n=0
S amtly lkﬁl( ¥) (61)
m=0 k=1 F +2j=1 J
T hus,

J

y Pt v\ (g
p AL (” -) =k

where (y)r = y(y+1)---(y+ k — 1) is the rising
factorial. Substituting this into (61), interchang-
ing order of summation, and summing the resulting
geometric series yields the hypergeometric series

Glay) = kié (Z)'k (k f :1:)

_ v @) _ L (y, —
k;km o, T2




Now Gauss’s summation theorem for the hyperge-
ometric function and the series expansion for the
logarithmic derivative of the gamma function yield

Y, —x M(1—xz)l (1 —y)
2F7 1) =
1 -z r(l—2z—y)
e k
:exp{z<wk (fli-l-y))C(k)}
k=2
So, we obtain the generating function equality
©.@) ©.@)
S 3 @yt (m 4 2, {137) (62)
n=0m=0
e k
— 1—exp{ > ( + ¥ — (2 +y) )C( )}
k=2 k
Extracting coefficients of zy2 from both sides of (62)
yields (2). ©

Generalization (3) can be similarly derived: extract
the coefficient of 2™ 1y2 in (62). Also, the coeffi-
cients of :Cy2 in Kummer’'s summation theorem

2 T,y _q _Frl+z2/2)F (142 —y)
271+ —y T (4o +2/2—y)

yields (5). ©




10.2. A Generating Function for SumsI

Identity (2) also follows by setting x = 0 in the next
unlikely identity:

Theorem 7 If x is any complex nhumber not equal
to a positive integer, then

nzz:]_ n(n —x) mz=:1 m—z nzzzl n2(n —x)

Proof. Fix z € C\ZT. Let S; denote the left hand
side. By partial fractions,

S L)

n(n —m)(m — x) B n(n—m)(n—x)

n=1m=1
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Now for fixed m € Z7,

£ () £

n—m n

n=m-+1 n=m-1
O | m 1
= —— lim >
n—1 " N—>oon:1N—n—|—1
_y !
n=1"

since m is fixed. Therefore, we have
1

Sy = i il
mzl m(m — ) z_:l n z_:l n(n —x) mzz:l m

1 IR M) B S

m=1"T" m=1"" n=1
©

Theorem 7 is equivalent to the Ohno-Granville sum
formula

> ((a1+2,a0+1,...,ar+1) = ((r+s+1), (63)
> a;=s

CLZZO
valid for all integers s >0, r > 1.
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10.3. An Alternating Generating FunctionI

An alternating counterpart to Theorem 7 is:

Theorem 8 For all non-integer x

1 (—1)" n
= ) +)
2 _ .2 2
oo0dd®( T ) o (2 —a?)
_ N € > N 1
T Z 2 232 - Z o o\2°
e~0even (T2 —€2) >0 oddo(x 0%)

Setting x = 0 reproduces (5) in the form

> 1

¢(2,1) = > 2y

n>0
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We record that

> (-1 1 -
n§1 n2 —x2 " 222 2zsin(rz)’
while
Z ( 1)” Y(n) — w(w)_zCOt(ﬂ'x)—i
n= ln 2x
> 1) 2
=Z(2){Hn+z _2}
n=1" 2 n(n X )
_ — 1 oo n( 1)17,
_nzzzl (2n—1)((2n —1)2 — + Z 22)2°

D&R
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10.4. The Digamma Functionl

Define an auxiliary function A by
2A(z) = 5¢'(1 — ) — 5 ($(1 —2) +7)? - 3¢(2).
(64)

It is easy to verify that

O

Yv(l—z)+v= )

=1 n(r — n)’

w’<1—az>—<<2>=z( . —1> (65)

(z—n)2 " 02

T

X nx — 2
=)

=1 n2(n —x)?2’

and
00 00 n—1 1
d (n+2,1)z" = ) > —.
n=0 n= 1n(n_aj)m 1 m
Hence,
AR =Y 1 oy o1
n:1n2(n—:c) iy 1n(n—:1:) =y m(m —x)
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S S >
- 1n2(n—a:) n(n—a:)m ; m(m —x)
n—1 1

IS directly equivalent to Theorem 7, and we have
proven

Nz) = Z C(n+2,1)z",

n=0
so that comparing coefficients yields yet another
proof of Euler’s reduction (3).

In particular, setting x = 0 again produces (2). ©

K&K
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10.5. The Beta Functionl

The beta function is defined for positive real x and
y by

o 1 x—1 -1 . I‘(:c)l‘(y)
B(z,v) .—/Ot (L= e =

We begin with the following easily obtained gener-
ating function:

log(1l —t)
1 —t

©.@)
Y t"Hp = —
n=1

For m > 2, the Laplace integral (24) now gives

(=)™ llogm () log(1l —t)
Ctm 1) = =151 g 11 “
— (mQZni)—(I)l!) /01 10g™ (%) log?(1 — t)%
where in terms of (64)
82

= 2A\(—x).

b1(x) := 8—y2B(x’y) -
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x (@) =¥+ v))?+ ¢ () — (@ +y),

we derive

(@) =Y+ 1)+ (1) - (x+ 1)
bi(x) = " :

Now observe that from (66),
(=7 — (x4 1))?

((2.1) = %bl(o) — lim

x]0 2x
! 1) — /(1 1
x]0 2x 2
= ((3).
©
e (66) is well suited to symbolic computation
We also note the pleasing identity
' (x
W) =) 2 (67)
(x)

In some informal sense (67) generates (3), but we
have been unable to make this sense precise.
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Continuing, from the following two identities, cog-
nate to (65)

o0 2
(7= v+ 1P = ( 3 (-Dmcm+1)a")
m=1

00 m—1
=) (D)"Y ¢(k+1)¢(m—k+1)a™,

m=1 k=1

¢(2) =¥ (z4+1) =) (- (m +1)¢(m +2) 2™,

m=1

we get

by () = 2 Z (=1)"¢(m, 1) ™2
b(m 20 -
Z (m — 2)I Z( L

<(m + 1)¢(m+2) — Z C(k+1)¢(m — Kk + 1)) zm
k=1

from which Euler's reduction (3) follows—indeed
this is close to Euler’s original path.
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11. A Decomposition Formula of EulerI

For positive integers s and ¢t and distinct non-zero
real numbers o« and z, the partial fraction expansion

1 St 4r—1y 1
5(x — o)t (=1) TZO( t—1 >a:5_7’ozt‘|‘7" (68)

_I_Z (s—l—r—1> (—1)"

— s—1 a5t (x —a)t—"

implies Euler’s decomposition formula

s—2 r_
(o)=Y (T T e — et

"—0 t—1
=2 s+r—
+ > 0 )<<t—r><<s+r>
r=0
-~y ){<<s+t>+c<s+t—1 1)} (69)

The depth-2 sum formula (18) is obtained by setting
t=1in (69).

If we also set s = 2, the identity (2) results. ©
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To derive (69) from (68), separate the last terms
of sums on the right side of (68), obtaining

1 2 t4r—1 1
= (—1)¢
5(z — o)t (=1) 7“;0( t —1 )xs—fr'at-l—r

=2 s+4r—1 (—1)"
)

OAS+T(5B _ a)t—r

ps+T—2 1 1 1
_(_1)( s—1 )as‘H_l(:U—oz_;)

Now sum over all integers 0 < a < z < oo. ©

e Nielsen states (68) which Markett proves by in-
duction. One may directly expand the left side
into partial fractions using residue calculus.

Alternatively, apply the partial derivative operator

1 o\t 1 o\ 1
<s—1>!<_%> <t—1>!<_a_y>

to the identity
1 1 1

— + :
vy (z4+y)z  (z+y)y
and then set y = a — x to obtain (68).
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12. Equating Shuffles and Stufflesl

We begin with an informal argument. By the
stuffle multiplication rule (‘sum’)

¢(2)¢(1) =¢(2,1) +¢(1,2) + ¢(3). (70)
On the other hand, the shuffle multiplication rule
(‘integral’) gives ab.b = 2abb 4+ bab, whence

¢(2)¢C(1) = 2¢(2,1) 4+ ¢(1,2). (71)
The identity (2) now follows immediately on sub-
tracting (70) from (71). ©

e T his needs help—we cancelled divergent series.

To make the argument rigorous, we introduce
the multiple polylogarithm. For O < x < 1 and posi-
tive integers sq1,...,s, with £ = s = 1 excluded for
convergence, define

k .
Cx(S1,...,SK) Z ™ H nj_sj (72)

n1>--->nk>0 j=1

- (110505
. (7) tg‘;)
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where the integral is over the simplex

p>t > s tD s s s s S o

and is abbreviated by

z K dt dt
/ I[a% a=%2, b=-2" (73)
0 i t 1t
Then
. 1 ok
C(2)¢(1) = ) 3 > m
n>0 k>0
= T 2 T2 3
n>k>0 " k>n>0 M k>0
and

o (2)Cx(1) =/Omab/0mb=/0m (2abb + bab)

Subtracting the two equations gives

xk — pn

(D) -G@)]e) =B -G+ Y T

koo Tk
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We now take the |limit as ¢ — 1 — . Uniform con-
vergence implies the right hand side tends to ((3) —
¢(2,1). That the left hand side tends to zero follows
immediately from the inequalities

0 < 2|¢(2) = ¢(2)]¢(1)
1 dt
— a;/x l0g(1 — 1) log(1 —2)~
< /1 l0g2(1 — t) dt
= (1-2) {1+ (1-log(1—x))?}.
©

The alternating case (5) is actually easier in this
approach, since the divergent sum ((1) is replaced

by the conditionally convergent sum ((1) = —log 2.
By the stuffle multiplication rule,
¢(2)¢(1) =¢(2,1) +¢(1,2) + ¢(3), (74)

C(2)¢(1) = ¢(2,1) +¢(1,2) 4+ ¢(3). (75)
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On the other hand, the shuffle multiplication rule
gives acwc = Dac? ~+ cac and ab.c = abc + acb + cab,
whence

¢(2)¢(1) = 2¢(2,1) +¢(1,2), (76)
¢(2)¢(1) =¢(2,1) +¢(2,1) +¢(1,2). (77)
Comparing (74) with (76) and (75) with (77) yields
the two equations
Subtracting the latter two equations vields
2¢(2,1) =¢(3) +<(3),

i.e. (14), which was shown to be trivially equivalent
to (5) in by telescoping. ©
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13. Conclusion |

There are doubtless other roads to Rome, and as
indicated in the introduction we should like to learn
of them.

We finish with the three open questions we are most
desirous of answers to.

e A truly combinatorial proof of ((2,1) = ((3).

e A direct proof that the appropriate line integrals
in Sections 5.8 and 5.9 evaluate to the appro-
priate multiples of {(3).

e A proof of (6), or at least some additional cases
of it, say n = 2,3 of:

8"¢({2,1}") = ¢({3}"), nezt.  (78)
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