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Abstract. We explore a variety of pleasing con-

nections between analysis, number theory and op-
erator theory, while exposing a number of beautiful
inequalities originating with Hilbert. We shall first
establish the afore-mentioned inequality [10,11,14]
and then apply it to various multiple zeta values.
In consequence we obtain the norm of Hilbert's
matrix.

1. Hilbert’s (easier) Inequalityl

A useful preparatory lemma is

Lemma 1l ForO<a<1landn=1,2,...

s 1 00 1
X Grmmy < aFoe®
_ (1/n)1_a 00 1

1—a * mzzjl (n 4+ m)(m/n)e’

and

dr =mcsc(am).
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Proof. The inequalities comes from: standard
rectangular upper and lower approximations to a
monotonic integrand; and overestimating the inte-
gral from 0 to 1/n:

t 1 tl—a
O</ dr <
0 (1+x)z2 1—a




The evaluation is in tables and is known to Maple
or Mathematica. We offer two other proofs: (i)

dx

1 =04 xa—l
/O I

- nio(_l)n{n—l—?l—a—l_nia}

- nijl(_l)n{nj—a_ : }_I_%
1 X (=1)"2aq

a — CL2 — 7’L2
n=1
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= mwcsC(am)

I
i
]

since the last equality is the classical partial frac-
tion identity for wcsc (aw).

(ii) Alternatively, we begin by letting 1 4+ = := 1/y,

/OO x4 ] /1 a—1 (1 )_ad
r = —
o 1+« 0 J J J

= B(a,1 —a)

T

sin (am)

M(a) (1 —a) =




Combining the arguments in (i) and (ii) above ac-
tually derives the sine identity
-

sin (am)’
from the partial fraction for cosec or vice versa

M(a) (1 —a) =

e Especially if we appeal to the result below to
establish B(a,1 —a) =T (a) (1 —a)

Theorem 1 (Bohr-Mollerup, [1]) The -function
is uniquely determined on (0,00) by

1. G(1)=1
| 2. G(x4+1)=xG(x)
“ 3. log G is convex

051 15 2 25 3 35 4

e So IN'(z) = [§Pt* Lexp(—t)dt (use Holder for 3.)



Theorem 2 (Hilbert Inequality)

For non-negative sequences (an) and (by), not both

zero, and for 1 < p,q < oo with 1/p+ 1/q =1 one
has

XX anb T
> > = < resc (;) lan||p [|bn]lq-

n=1m=1 n -+ m

Proof. Fix A > 0. We apply Holder's inequality
with ‘compensating difficulties’ to obtain

oo

Z an bm

n,m:ln_l_m
00 o bm
B n%; (n 4+ m)te(m/n) e (n +m)l/a(n/m)Mr (1)
1/p 1/q
- P — (m/n)~ - q = (n/m) /P
- (nz=:1| g mzzzl (n—l—m)> <mz=:l|bm| nzzjl (n+m) >
< lesc (mA)|M? esc ((g — 1)m A)|Me anllp 16w llo: (2)

so that the left hand side of (1) is no greater than

Zi

7 CSC (5> |lan||p ||brn]lq ON setting A = 1/q and appeal-

ing to symmetry in p,q. H



e The integral analogue of (2) may likewise be
established. There are numerous extensions.

One of interest for us later is

X = an bm, m(g—1)\)"
>, 3 pmin <frese (D) faulp loal - (3

n=1m=1

valid for p,q > 1,7>0,1/p+1/g > 1 and

T4+ 1/p+1/g=2.

e [ he best constant

C(p,q,7) < {mcsc(m(q—1)/(rq))}’

is called a Hilbert constant [9]

For p = 2, (2) becomes Hilbert's original inequality:

> 2 Z”jfﬁ; S”J > 'a“'QJ > [bal® (%)
n=1 n=1

though Hilbert only obtained the constant 2x, [10].




Fourier Series (Toeplitz)I

A fine direct Fourier analysis proof starts from

1 27 : 1

—/ (r —t)e™dt ==

2m1 JO n
forn=1,2..., and deduces

N N 2 N - N _
Z Z an Gm i / 4 (7‘{' _ t) Z a e’th Z bk ezktdt
k=1 k=1

1=l T m - 27 Jo
(5)

We recover (4) by applying the integral form of
the Cauchy-Schwarz inequality to the integral side
of the representation (5).

Example 1 Likewise

NN an G 1 2m mt 1) « o
ntm ¢(2) -+ —) ap ey bye
Z Z (n+m)2 2« /o ( 2 4 kzgl kz=:1

n=1m=1

and more generally

v an Q 1 /27T t al al
S o= [ (o) S ae Y et
(n+m) 27i% Jo 27 ) —~ =

n=1m=1

where

00 oy > sin(2k
bon(@) = 3° coslgznwx)7 omia(2) = 3 S|r;(2n+7rla:)

k=1 k=1




The ys(x) are related to Bernoulli polynomials:

(2m)°
Dol

Yo (z) = (—1)1 AT /2I B (4)

for 0 < x < 1.

e It follows that

5 Z o a”"’)a < el 1) lall2 1bll2,

n=1m= 1
where for n > 0 we compute

— |I¥2nllj0,.1] = ¥2n(0) = ¢(2n)
— [[Y2n+1ll0,1] = ¥Y2n+1(1/4) = B8(2n 4 1).

— Hence, there is no known closed-form for

¢(3).



Godfrey Harold Hardyl

This and much more of the early
20th century history, and philos-
ophy, of the * ‘bright’ and amus-
Ing” subject of inequalities charm-
ingly discussed in Hardy’'s retire-
ment lecture as London Math-
ematical Society Secretary, [10].
GHH comments (p. 474) that:

Harald Bohr is reported to have remarked ‘“Most
analysts spend half their time hunting through the
literature for inequalities they want to use, but can-
not prove.”

This remains true, though more recent inequalities
often involve less linear objects such as entropies
and log-barrier functions [1,5] like the divergence
estimate [4, p. 63]:

2
N N
P 1
5:2%"09( Z) 22(}: |pi_%|) ,

n—1 ¢ n=1

for positive sequences with SN ; p; =3V 1 ¢ = 1.



» T wo other high-spots in Hardy’'s essay are:

Carleman’s inequality

0 ©.@)
> (al-ag-...-an)l/nge > an,
n=1

n=1

see also [2, p. 284],
and

Hardy’'s inequality
o0 p p
Z<a,1-|-a2—|- —I—an) §<L> S a?, (6)
n=1 n p—1
for p > 1.

Hardy remarks [10, p. 485] that

[his] “own theorem was discovered as a by-
product of my own attempt to find a really
simple and elementary proof of Hilbert's.”



» For p = 2, Hardy offers Elliott’'s proof of (7),
writing “it can hardly be possible to find a proof
more concise or elegant’ .

Theorem 3 (Hardy) For all positive sequences

X (a1 +ax+ -+ an\? = 2
< 4 7
nzzjl( ) B nzzjlan ()

n

Proof. Set A, :=a1+a>»+ -+ an and write

2a, A, A\ 2 A2 A2 A, A,_1\?
nho(B) = Sergre-n (o)

n n n n—1 n—l
2

n n—1
- something easy to check symbolically, and sum
to obtain

S (&) capomtcn a5 (4)

which proves (7) for p = 2. |

» T his easily adapts to the general case



Finally we record the (harder) Hilbert inequality:

Z an bm < ﬂ_\l Z |an|2\] Z |bn|2 (8)

nF=mer n—m n=1 n=1

e The best constant = is due to Schur in (1911),
[13]. There are many extensions—with appli-
cations to prime number theory, [13].

2. Witten C—functionsl

Let us recall that initially for r,s > 1/2:

@) o0 1
W(r,s,t) .=
(80 2 s
is a Witten (-function, [15,8,7]. We refer to [15]
for a description of the uses of more general Witten
(-functions. Ours are also called Tornheim double
sums, [8]. Correspondingly

1
((ts) =Y Zlms(n+m)t X m

n=1m= n>m>

isan Euler double sum or a multi zeta-value (MZV),
[1,2, 7,15].




Algebraic Relationsl

There is a simple algebraic relation

W(r,s,t) =W(r —-1,s,t+1)+W(r,s—1,t+1) (9)

This is based on writing

m -+ n . m n n
(m+n)t+l  (m4+n)ttl " (m+n)tt+l
Also W(r,s,t) = W(s,r,t), (10)

and

W(r,s,0) = ((r) ((s) while W(r,0,t) = ((r,t) (11)

e Hence, W(s,s,t) =2W(s,s—1,t+ 1) and so
W(1,1,1) =2W(1,0,2) =2((2,1) = 2((3).

e Reference [3] has many instructive proofs of
basic identity

(21):=3 =143

|
i



The reflection formula analogue to (9),

((s,t) + ¢t 5) = C(s) ((2) — C(s +1),

shows W(s, 0,s) = 2¢(s,s) = ¢2(s) — ((29).

‘“Lisez Euler,
tous.”

4 4

e SOW(2,0,2) =2¢(2,2) =2 -3, =T

(@)
N

Goldbach precisely formulates the series which

sparked Euler’s investigations into what would be-
come known as the Zeta-function.
Goldbach’s evaluation ¢(3,1)4+¢((4) =

all due to serendipitous mistake:

When I recently considered further the in-
dicated sums of the last two series in my
previous letter, I realized immediately that
the same series arose due to a mere writing
error, from which indeed the saying goes,
“Had one not erred, one would have achieved
less.” (Si non errasset, fecerat ille minus).

lisez Euler, c’est notre maitre a
(Bill Dunham) A letter follows in which

He4confirmed
o .
75 This was



Example 2 Let an = 1/n", by, := 1/n°. Then
inequality (4) becomes

W(r,s,1) < m4/¢(2r) /¢(25), (12)

Similarly, the inequality (1) becomes

W(r,s,1) < mwcsc (g) {/C(pr) \Q/C(qs). (13)

Also (3) allows estimates of W(r,s,7) for some

T # 1.
e Note (12) implies ¢(3) < 73/3, on using (16).

More generally, recursive use of (9) and (10), along
with initial conditions (11) shows that all integer
W(s,r,t) values are expressible in terms of double
(and single) Euler sums (are reducible).

As we shall see in (18) representations are neces-
sarily homogeneous polynomials of weight r+ s—t.

e All double sums of weight less than 8 and all
those of odd weight reduce to sums of prod-
ucts of single variable zeta values. The first
irreducibles are ((6,2),(5,3), [2].



Analytic Relationsl

In terms of the polylogarithm Lis(t) := Y ,>qt"/n®
for real s, representation (5) yields

W s.1) = [T o Lin(—e) Lis(—ei%) do. (14)

27TZ —1Tr

This representation is not numerically effective. It
IS better to start with

F(s)/(m4+n)t= /01(— logo)i—lomTn—1 45

and so to obtain

(—logo)it

W(r, s, t) = / Lir (o) Lis(o) do (15)

(t)

e This real variable analogue of (14) is somewhat
more satisfactory computationally: we recover
an analytic proof of

2¢(2.1) = W(1,1,1) /1|n2(1—a) do

o

0
2¢(3) (16)



e Integration by parts yields

W(r,s+1,1)
= Li,41(1) Lig41(1)

W(r+1,s,1) (17)
C(r+1)¢(s+1)

So, in particular, W(s 4+ 1,s,1) = ¢?(s+ 1)/2.

e Symbolically, Maple immediately evaluates
W(2,1,1) = x%/72.

e It fails directly with W(1,1,2), but we know it
must be a multiple of ©#* or equivalently ¢(4):
and numerically obtain

W(1,1,2)/¢(4) = .49999999999999999998 . . . .

Continuing, for r+ s+t = 5 the only base terms
to consider are ((5),((2)¢(3), and PSLQ yields the
weight five relations (as predicted):

1Lis ()2 p

W(2,2,1) :/

0

x=2¢(3)¢(2) —3¢(5)



W(2,1,2) = / L2 () 10g(L = 2)109(2) ¢ 3y ()2 ¢ (5)
0 €T
110a2( 1 201 _ o

W(1,1,3) =/O 109°( )fi A2 4 — —20(3)c(2)+4¢ (5)

W(3,1,1) = /1“3 (@109 =2) 4 — _¢(3)¢(2) +3¢(5).
0 €T

Likewise, for r 4+ s+t = 6 the only terms we need
to consider are ((6), ¢2(3) since ¢(6), ((4) ¢(2) and
¢3(2) are all rational multiples of =°.

e \We recover identities like

W(3,2,1) = /01 Lis (w)xLiQ (z)

consistent with the equation below (17).

dr =3¢ (3),



The general form of the reduction, for integer r,s

and t, is due to Tornheim and expresses W(r,s,t)

in terms of ((a,b) with weight a+b = N := r+s-+t:
W(r, s, t) =

rVs

DR (A [ TR
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David Bailey

e T his and various other general formulas for

classes of sums such as W(2n+1,2n+1,2n+1)
and W(2n,2n,2n) are given in [8]



The Best Constant |

The constant w in Theorem 2 is best possible, [10].

Example 3 Let us numerically explore the ratio,
ass— 1/2%, of

_ W(s;s,1)

w((2s)
Note that R(1) = 12¢(3)/n3 ~ 0.4652181552. .. .

R(s) :

Initially, we may directly sum as follows:

Spy—S

S m °n
W(s,s,1) = ;Tnzz:lm+n

n—1

B =1 1/n ¢(2s+1)
= ° n;l n=s £~ (m/n)*(m/n+ 1) + 2

1 —s
2¢(25) / T g4 S22 D
0 €T

IN

1+ 2
1 = 1/n ¢(25s+1)
QZ n2s Z (m/n)s(m/n+ 1) t 2

n=1 m=1

=N e 1/n 3¢(2s 4+ 1)
- 22 n2s Z (m/n)s(m/n+ 1) + 2

n=1 m=1

IA

0 S —g

> Z_fn 425+ 1).

n=1m=1




We deduce that

R(s) ~ZI(s): .= % /01 % /(14 x)dx

as s — 1/2.
Further numerical explorations seem in order.

e For 1/2 < s < 1, (15) is hard to use numeri-
cally and led us to look for a more sophisticated
attack like the Hurwitz-zeta and Bernoulli poly-
nomial integrals used in [8]. More fruitful were
the expansions in [7, (2.6) and (2.9)]:

1 -
W(r, s, t) = / E(r.z)E(s,z)E(t.z)de  (18)
0
where E(s,z) 1= > 72 4 e2TINT =S — | j, (eme>, via

B =Y s-m) E r () (2miny !

m=0
for || < 1 and with n(s) = (1 — 2179%)¢(s) for
O<e <l

E(s,z) = — i n(s —m)

m=0

(2x — 1) (7)™

m!




Indeed, carefully expanding (18) with a free pa-
rameter 6 € (0,1), leads to the following efficient
formula when neither r nor s is an integer:

_ (t,(m +n)o)
FOW(r,s,t) = m,%:zl m™ns(m —+ n)t
. u—|—vC(T — ’U,)C(S — v)9u+v+t
+ uﬂ%o( 2 wol(u+v+1t)

UC(S _ ,U)Qr—l—v—l—t—l
* I_(l—r)vzzjo(—l) vl(r4+v4+t—1)

B B uc(r_u)es—ku—l-t—l
+ S>u§O( L) ul(s+u+t—1)

(1 gr+s+it—2
+ A=A - e (19)

When one or both of r,s is an integer, a limit for-
mula with a few more terms results.

We can now accurately plot R and Z on [1/3,2/3],
as shown in Figure 1, and so are lead to:

Conjecture. limg_ 1o R(s) = 1.



Proof. To establish this, we denote

on(s) := Y n°m™%/(n+ m)

and appeal to Lemn:%a:i to write
£r= 0t nzlmzl .
= s£r1n/2(28_ 1) Z —Un(s)
= lim (2s-1) ] Z {on(s) —nwzgscws)}
+ Sﬂfln/zﬂ (2s — 1)§(25) csc(ms) =0+,

since, by another appeal to Lemma 1, the paren-
thetic term is O(n5~1) while in the second ¢(2s) ~
1/(2s—1) as s — 1/27T.

In consequence, we see that £ = lim,_,,R(s) =
1, and—at least to first-order—inequality (4) is
best possible, see also [12]. |
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R(Ieft; and Z (right) on [1;3,2/3]

Likewise, the constant in (2) is best possible. Mo-
tivated by above argument we consider

and observe that with

o (s) 1= i (n/m)~ P~ /(n 4+ m) — 7 csc <3> ,

m=1 q
we have:



m—(p—1)s

Ly = dim s—1) Y S "

s—1/p n=1m=1

1
— 1 — _— 5P
lim (ps—1) nzz:l s ob(s)

s—1/p
| < {oh(s) —mesc(n/q))}
=t Go- b ¥
+lim (2s — 1)¢(ps) 7 csSC <E>
s—1/p q
— 0O+ wcsc (f) .
q

Setting
ri=(p—1)s,s — 1/pT

we check that ¢(ps)1/P¢(qr)1/4 = ¢(ps) and hence
the best constant in (13) is the one given. H



To recapitulate in terms of the celebrated infinite
Hilbert matrices (see [2, pp. 250—252])

1 o0 1 o0
Ho = { } , Hy i= { }
0 m_l_n m,n:]_ m_l_n_ 1 m,n=1

we have actually proven:

Theorem 4 For 1 <p,gq<oo with1l/p+1/qg=1,
the Hilbert matrices Hg and 'Hq determine
bounded linear mappings from ¢P to itself such that

- W(s, (p—1)s,1)
Hl , — HO ) — llm
IHallpp = Hollp.p = NI —— "5

7
= 7 CSC <—> .
p

Proof. Appealing to the isometry between (#P)*
and ¢4, we directly compute the operator norm of
Ho as

| Hollp,p sup |[Hozx||p

z|lp=1
= sup sup (Hox,y)
lyllg=1 ||lz[[p=1

= mwCSC|—].
p



Now clearly ||Hollp,p < || H1llp,p- FOr n > 2 we have

o0 1 00 1
2 G Dy~ 2 (= 1 m) (/G D)

< mcsc(mwa)

an appeal to Lemma 1 and Theorem 2 shows
| Hollp,p = [ H1llp,p- u

e A delightful operator-theoretic introduction to
the Hilbert matrix Hg is given by Choi in his
Chauvenet prize winning article [6] while there
is a nice recent set of notes by G.J. O. Jame-
son, see [12].

e In the case of (3), Finch (]9, §4.3]) comments
that the issue of best constants is unclear in
the literature. He remarks that even the case
p=q=4/3,7=1/2 appears to be open.



It seems improbable that the techniques of this
note can be used to resolve the question.

Indeed, consider Rl/Q(s,a) = W¢(s,s,1/2)/¢(4s/3)%,
with the critical point in this case being s = 3/4.
Numerically, using (19) we discover that

log(W(s,s,1/2))/10og(¢(4s/3)) — O.

Hence, for any a > 0, limy_,3/4Rq/o(s,) = 0,
which is certainly not the norm.

e \We are exhibiting that the subset of sequences
(an) = (n=9%) for s > 0 is norming in P for r =1
but not apparently for general = > 0.



The corresponding behaviour of Hardy’s in-
equality. Setting ayn := 1/n in (7) and notating
Hp :=37}_1 1/k yields
@) H P p p
> (M) < (o 25) e,
n=1>"T p—1
Application of the integral test and the evaluation
oo /logx\P (14 p)
/ ( ) dr = T
1 z (p— 1)PF
for p > 1 shows the constant is best possible. N

Coxeter’s favourite 4-D polytope
(with 120 dodecahedronal faces)



References |

1. Borwein, J.M. and Bailey, D.H. Mathematics by Experi-
ment A.K. Peters Ltd, 2004.

2. Borwein, J.M., Bailey D.H. and Girgensohn R., Experi-
mentation in Mathematics, A.K. Peters Ltd, 2004.

3. Borwein, J. M. and Bradley, D. A, “On Two Fundamen-
tal Identities for Euler Sums,” preprint, February 2005.
http://arxiv.org/abs/math.NT/0502034.

4. Borwein, J. M. and Lewis, A. S., Convex Analysis &
Nonlinear Optimization, CMS Books, Springer-Verlag,
2000.

5. Borwein, J. M. and Zhu, Q. J., Techniques of Variational
Analysis, CMS Books, Springer-Verlag, 2005.

6. Choi, Man-Duen, “Tricks or Treats with the Hilbert Ma-
trix," MAA Monthly, 90, (1983), 301-312.

7. Crandall, R.E, and Buhler, J.P. “On the evaluation of
Euler Sums,” Experimental Math, 3 (1994), 275—-284.

8. Espinosa, O. and Moll, V., “The evaluation of Tornheim
double sums. Part 1,” J. Number Theory, in press, 2005.
Available at http://math.tulane.edu/~vhm/pap22.html.

9. Finch, S. R., Mathematical Constants, Cambridge Uni-
versity Press, 2003.



10.

11.

12,

13.

14.

15.

Hardy, G. H., "Prolegomena to a Chapter on Inequali-
ties,” vol. 2, pp 471-489, in Collected Papers, Oxford
University Press, 1967.

Hardy, G. H., Littlewood, J. E., and Pdlya, G., “Hilbert’s
Double Series Theorem’” and “On Hilbert's Inequality.”
§9.1 and Appendix IIl in Inequalities, 2nd ed., Cambridge
University Press, 226—227 and 308—309, 1988.

Jameson, G.J.O., Hilbert’s inequality on ¢?, Lecture Notes,
available at www.maths.lancs.ac.uk/ jameson/hilbert/.

Montgomery, H. L., Ten Lectures on the Interface be-
tween Analytic Number Theory and Harmonic Analysis,
CBMS 84, AMS Publications, 1990.

Steele, J. Michael, The Cauchy-Schwarz Master Class,
MAA Problem Books Series, MAA, 2004.

Zagier, D., "“Values of Zeta Function and Their Applica-
tions,” Proceedings of the First European Congress of
Mathematics, 2 (1994), 497-512.




