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ABSTRACT

Jonathan M. Borwein

Director

Newcastle Centre for

Computer Assisted Research Mathematics 
and its Applications (CARMA)

"The object of mathematical rigor is to sanction and legitimize the conquests of 
intuition, and there was never any other object for it." – Jacques Hadamard

We are all familiar with the uses and misuses of calculators in the 
classroom and may take it for granted that they require mathematics 
as input and typically give numbers as output. I wish to show the 
power of calculators that invert this process: numbers go in and 
mathematics comes out.  I shall demonstrate the Inverse Symbolic 
Calculator, at http://ddrive.cs.dal.ca/~isc, and its implementation 
inside Maple as the identify function and will illustrate their use in 
teaching and research as tools of discovery.

http://ddrive.cs.dal.ca/~isc


“The Crucible” An advert



Francois Vieta (1540-1603)

Arithmetic is absolutely as much science as geometry [is]. Rational 
magnitudes are conveniently designated by numbers and irrational 
[magnitudes by irrational [numbers]. If someone measures 
magnitudes with numbers and by his calculation get them different 
from what they really are, it is not the reckoning's fault but the 
reckoner's.

Rather, says Proclus, ARITHMETIC IS MORE EXACT THAN GEOMETRY.  
To an accurate calculator, if the diameter is set to one unit, the 
circumference of the inscribed dodecagon will be the side of the 
binomial [i.e. square root of the difference                        Whoever 
declares any other result, will be mistaken, either the geometer in 
his measurements or the calculator in his numbers.

• The inventor of 'x' and 'y'



OUTLINE
• Background and History

Part I. ISC1.0 and Colour Calculator in Action

– Examples of Identify in action

Part II. Integer Relations 

– What they are

– What they do

• Elementary examples

• Advanced examples

“The new availability of huge amounts of data, along with the statistical tools 

to crunch these numbers, offers a whole new way of understanding the 

world. Correlation supersedes causation, and science can advance even 

without coherent models, unified theories, or really any mechanistic 

explanation at all. There's no reason to cling to our old ways. It's time to ask: 

What can science learn from Google?” - Wired, 2008

A Scatterplot Discovery



BACKGROUND
• Knowing the answer is more-than-half the battle

– Archimedes, Gauss, Hadamard, Russell,  etc... all agree

"And yet since truth will sooner come out of error than from confusion."
- Francis Bacon, 1561-1626



CHRONLOGY of ISC and FRIENDS

1973 Sloane’s Handbook of Integer Sequences
1978 Ferguson finds PSLQ Integer Relation Algorithm
1985 Sloane’s Encyclopaedia of Integer Sequences

– with Plouffe (5,000 entries)

1990 Handbook of Real Numbers (100,000:16Mb)
1995 The Inverse Symbolic Calculator (ISC)

– binscripts/JAVA (10Gb: wanted by GNU)

1995 The Colour Calculator
1996 Sloane’s Online Encyclopaedia (OEIS) (150,000)
1999 “Identify” added to Maple
2007 ISC2.0 (Python + Cherry Pie) multi-threaded

– less lookup, more preprocessing and computing



1988-90 A DICTIONARY of REAL NUMBERS
8 pages of preface and 424 of numbers in [0,1]

Very dense! 

1989 It took Dalhousie 

University‟s central DEC an 

afternoon to compress it to 16Mb



1988-90 A DICTIONARY of REAL NUMBERS
8 pages of preface and 424 of numbers in [0,1]

8 digits after the decimal point: 1+ tanh
¡p

5¼
¢
= 1:9999984175



COLOR and INVERSE 

CALCULATORS (1995)

Inverse Symbolic Computation

3.14626437

Inferring mathematical structure from numerical data
 Mixes large table lookup, integer relation methods and 

intelligent preprocessing – needs micro-parallelism

 It faces the “curse of exponentiality”

 Implemented as identify in Maple



MATHEMATICS and BEAUTY   2006



ENTERING

„Simple Lookup‟ fails. 

„Smart Lookup‟  gives:

evalf(Sum(k^k/k!/exp(k)-1/sqrt(2*Pi*k),k=1..infinity),16)

= K

Knuthasked :
P1

k=1

n
kk

k! ek
¡ 1p

2¼k

o
=?



• ISC+ runs on Glooscap

• Less lookup & more 

algorithms than 1995

The ISC in Action



IDENTIFY and ISC IN ACTION
ISC does more for a naive user

identify does more for an experienced user

19.999099979

1Y

n=2

n2 ¡ 1

n2 + 1
= 0:2720290549821332:::

1Y

n=2

n3 ¡ 1

n3 + 1
= 0:6666666666666667

Z 1

0

¯̄
ei¼ x + 1

¯̄
dx = 1:273239544735163

4.599873743272336

> identify(1:273239544735163) = 4
¼

> identify(3:140845070422535) = 223
71



A HOMEWORK CHALLENGE
What are

lim
n=1

1

n

nX

k=1

nn
k

o2
= 0:26066140150781262295414:::;

and
1X

k=1

1

2nn2
= 0:5822405264650125059::: ?

The answers are

log(2¼)¡ 1¡ °

and
¼2

12
¡ 1

2
log(2)2:

Here

° := lim

nX

k=1

1

k
¡ logn = 0:5772156649015328:::

is Euler's mysterious (irrational?) constant.

How about 0:438017879485942412114 : : : ?

Hint : ¯rst ¯nd 0:63092975357145743710::: (Answer by email)



OEIS in ACTION

http://www.research.att.com/~njas/sequences/Seis.html


“Nature laughs at the difficulty of Integration” - Lagrange

"A heavy warning used to be given [by lecturers] that pictures are not rigorous; this 

has never had its bluff called and has permanently frightened its victims into playing 

for safety. Some pictures, of course, are not rigorous, but I should say most are (and I 

use them whenever possible myself).” - J. E. Littlewood, 1885-1977



End of Part I

Part II on Integer Relation Methods is at
www.carma.newcastle.edu.au /~jb616/papers.html#TALKS

http://www.carma.newcastle.edu.au/


Let (xn) be a vector of real numbers.  An integer relation 
algorithm finds integers (an) such that 

or provides an exclusion bound

– i.e., testing linear independence  over Q

• At present, the PSLQ algorithm of mathematician-
sculptor Helaman Ferguson is the best known integer 
relation algorithm.

• High precision arithmetic software is required:  at least    
d £ n digits, where d is the size (in digits) of the largest of 
the integers ak.

PSLQ: INTEGER RELATION ALGORITHMS: 
WHAT THEY ARE



Let (xn) be a vector of real numbers.  An integer relation 
algorithm finds integers (an) such that 

or provides an exclusion bound.

INTEGER RELATION ALGORITHMS: 
HOW THEY WORK



INTEGER RELATION ALGORITHMS: 
HOW THEY WORK

PSLQ is a combinatorial optimization algorithm designed 
for (pure) mathematics

The method is “self-diagnosing”---- the error drops 
precipitously when an identity is found. And basis 
coefficients are “small”.



TOP TEN ALGORITHMS

• integer relation detection (PSLQ, 1997) was the most 
recent of the top ten



HELAMAN FERGUSON
SCULPTOR and MATHEMATICIAN



Ferguson’s Sculpture



MADELUNG’s CONSTANT
David Borwein CMS Career Award

This polished solid silicon bronze sculpture is inspired by the work of David
Borwein, his sons and colleagues, on the conditional series above for salt,
Madelung's constant. This series can be summed to uncountably many
constants; one is Madelung's constant for electro-chemical stability of
sodium chloride.

This constant is a period of an elliptic curve, a real surface in four dimensions.
There are uncountably many ways to imagine that surface in three
dimensions; one has negative gaussian curvature and is the tangible form of
this sculpture. (As described by the artist.)

../My Documents/JB616/My Documents/My Pictures/Family Canada Oz/Family/Parents/borweinSculptureLrg.jpg


Cartoon



INTEGER RELATION ALGORITHMS: 
WHAT THEY DO: ELEMENTARY EXAMPLES

An application was to determine explicitly 
the 4th and 5th bifurcation points of the 

logistics curve have  degrees 256.



FINALIZING FORMULAE

If we try with arctan(1/238) we obtain huge integers

In his head



INTEGER RELATIONS in MAPLE

• Maple also implements the Wilf-Zeilberger algorithm
• Mathematica can only recognize algebraic numbers



INTEGER RELATION ALGORITHMS: 
WHAT THEY DO: ADVANCED EXAMPLES

• THE BBP FORMULA FOR PI

• PHYSICAL INTEGRALS

–ISING AND QUANTUM FIELD THEORY

• APERY SUMS 

–AND GENERATING FUNCTIONS

• RAMANUJAN SERIES FOR 1/¼N



The BBP FORMULA for Pi

In 1996 Bailey, P. Borwein and Plouffe, using PSLQ for 
months, discovered this formula for :  

Indeed, this formula permits one to directly calculate 
binary or hexadecimal (base-16) digits of  beginning at 
an arbitrary starting position n, without needing to 
calculate any of the first n-1 digits.

A finalist for the Edge of Computation Prize, it has been 
used in compilers, in a record web computation, and in 
a trillion-digit computation of Pi.



PHYSICAL INTEGRALS (2006-2008)
The following integrals arise independently in mathematical 
physics in Quantum Field Theory and in Ising Theory:

where K0 is a modified Bessel function.  We then (with care) computed 400-
digit numerical values (over-kill but who knew), from which we found with 
PSLQ these (now proven) arithmetic results:

We first showed that this can be transformed to a 1-D integral:



IDENTIFYING THE LIMIT WITH THE ISC (2.0)

We discovered the limit result as follows:  We first calculated:

We then used the Inverse Symbolic Calculator, the online numerical constant 
recognition facility available at:
http://ddrive.cs.dal.ca/~isc/portal
Output: Mixed constants, 2 with elementary transforms. 

.6304735033743867 = sr(2)^2/exp(gamma)^2 

In other words,

References. Bailey, Borwein and Crandall, “Integrals of the Ising Class," J. Phys. A., 
39 (2006) 
Bailey, Borwein, Broadhurst and Glasser, “Elliptic integral representation of Bessel 
moments," J. Phys. A, 41 (2008) [IoP Select]

http://ddrive.cs.dal.ca/~isc/portal


APERY-LIKE SUMMATIONS
The following formulas for (s) have been known for many decades:

These results have led many to speculate that

might be some nice rational or algebraic value.

Sadly (?), PSLQ calculations have established that if Q5 satisfies a polynomial with 
degree at most 25, then at least one coefficient has 380 digits. But positive results 
exist.

The RH in Maple



3. was easily computer proven (Wilf-
Zeilberger) (now 2 human proofs)

2

Riemann (1826-
66)

Euler 
(1707-73)

1

2005 Bailey, Bradley  & 
JMB discovered and proved
- in 3Ms - three equivalent

binomial identities

2. reduced as
hoped

APERY OGF’S

1. via PSLQ to    
5,000 digits
(120 terms)

3



NEW RAMANUJAN-LIKE IDENTITIES
Guillera (around 2003)  found Ramanujan-like identities, including:

where

Guillera proved the first two using the Wilf-Zeilberger algorithm.  He 
ascribed the third to Gourevich, who found it using integer relation 
methods. It is true but has no hint of a proof…

As far as we can tell there are no higher-order analogues! 



REFERENCES

• www.experimentalmath.info is our website

http://www.experimentalmath.info/

