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1 Introduction

Monotone operators have frequently proven to be a key class of objects in both
modern Optimization and Analysis; see, e.g., [1-3], the books [4-14] and the
references given therein.

In this paper, we consider the structure of maximally monotone operators
in Banach space whose domains have nonempty interior—which as we shall
see implies the existence of points with various continuity properties—and we
present new and explicit structure formulas for such operators. Along the way,
we give new proofs of several of Voisei’s recent results: norm-to-weak* closedness
and property (Q) for these operators. We also revisit one more-classical result
due to Auslender. Various applications and limiting examples are given.

The remainder of this paper is organized as follows. In Section 2, we intro-
duce some basic notations and background in Monotone Operator Theory. In
Section 3, we collect preliminary results for future reference and the reader’s
convenience. In Section 4, we study local boundedness properties of monotone
operators and also give a somewhat simpler proof of a recent result of Voisei [15].
The main result (Theorem 5.2) is proved in Section 5, and we also present a new
proof of a result of Auslender (Theorem 5.1). A second structure theorem —

which yields a strong version of property (Q) for maximally monotone operators



(Theorem 5.3) — is also provided. In Section 6 we present a few extra illustra-
tive examples. Finally, we list some open questions raised from our paper and

the two most central open problems in Monotone Operator Theory in Section 7.

2 Preliminaries

We assume throughout that X is a real Banach space with norm || - ||, that X*
is the continuous dual of X, and that X and X* are paired by (-,-). The closed
unit ball in X is denoted by By := {z € X | ||lz|| <1}, Bs(z) := = + 6Bx
(where 6 > 0 and x € X) and N={1,2,3,...}.

Let A: X = X* be a set-valued operator (also known as a relation, point-to-
set mapping or multifunction) from X to X*, i.e., for every x € X, Az C X*,
and let gra A := {(z,2*) € X x X* | 2* € Az} be the graph of A. The domain
of Ais dom A :={z € X | Az # @} and ran A := A(X) is the range of A.

Recall that A is monotone iff
(x —y, " —y*) >0, V(z,z")€graAV(y,y*) € grai, (1)

and mazimally monotone iff A is monotone and A has no proper monotone
extension (in the sense of graph inclusion). Let A : X = X* be monotone and

(z,2*) € X x X*. We say (z,x*) is monotonically related to gra A iff
(r—y,a" —y") 20, Y(y,y") € graA.

As much as possible we adopt standard convex analysis notation. Given a

subset C' of X, int C is the interior of C and C is the norm closure of C. For



the set D C X*, D" is the weak* closure of D, and the norm x weak™* closure
of C x Dis C x DH‘HXW . The indicator function of C, written as ¢, is defined

at z € X by

0, if x € C
o(z) = (2)

+o00, otherwise.

For every x € X, the normal cone operator of C' at x is defined by
Ne(z) == {z* € X* | supeclc—,2%) <0}, if z € C; and Ne(z) == @, if
x ¢ C; the tangent cone operator of C' at x is defined by
Te(z) :={ye X | SUPg+ e N (2) (U, T7) < 0},ifz € C; and Te(z) := @, ifz ¢ C.
The hypertangent cone of C at x, Ho(x), coincides with the interior of T (x)
(see [16,17]).

Let f: X — ]—00,+0c0]. Then dom f := f~(R) is the domain of f. We say
f is proper iff dom f # &. Let f be proper. The subdifferential of f is defined

by
Of 1 X=Xz {rreX " |(WeX){y—z,2%) + f(z) < f(y)}

Let g: X — ]—o00,400]. Then the inf-convolution fOg is the function defined

on X by

fOg: z yig)f( [f(y) +g(z—y))].

We say a net (aq)acr in X is eventually bounded iff there exist ap € T and

M > 0 such that

laall < M, Va =r ag.



We denote by — and —,+ respectively, the norm convergence and weak*
convergence of nets.
Let A: X = X™* be monotone with dom A # @ and consider a set

S Cdom A. We define Ag : X = X* by

Il > w*

graAg =gra AN (S x X*)
= {(z,2*) | Ja net (za,2},)acrin gra AN (S x X*)such that z, — z,

Tl 2} (3)

If int dom A # &, we denote by Ayt = Aintdom A- We note that
gra AqomA = grﬂ“iuxw* D gra A while graAg C gra Ay for S C T.

Let A: X = X*. Following [18], we say A has the upper-semicontinuity
property property (Q) iff for every net (z4)aes in X such that z, — z, we

have

m conv U A(xg) C Ax. (4)

aeJ B a

3 Preliminary Results

We start with a classic compactness theorem.

Fact 3.1 [Banach—Alaoglu](See [19, Theorem 2.6.18] or [20, Theorem 3.15].)
The closed unit ball Bx+ in X* is weak* compact.

Fact 3.2 [Rockafellar](See [21, Theorem A], [12, Theorem 3.2.8], [11, The-
orem 18.7] or [5, Theorem 9.2.1].) Let f : X — ]—o00,+0o0] be a proper lower

semicontinuous convex function. Then Jf is maximally monotone.



The prior result can fail in both incomplete normed spaces and in complete
metrizable locally convex spaces [5]. The next two important central results
now has many proofs (see also [5, Ch. §]).

Fact 3.3 [Rockafellar](See [22, Theorem 1] or [7, Theorem 2.28].) Let
A: X = X* be monotone with int dom A # &. Then A is locally bounded at

x € intdom A, i.e., there exist 4 > 0 and K > 0 such that

sup ||y*|| < K, Vyé€ (z+5Bx)NdomA.
y*€Ay

Fact 3.4 [Rockafellar] (See [22, Theorem 1] or [11, Theorem 27.1 and Theo-

rem 27.3].) Let A: X = X* be maximal monotone with int dom A # &. Then

int dom A = int dom A and dom A is convex.

The final two results we give are elementary.

Fact 3.5 ( [23, Section 2, page 539].) Let A : X = X* be maximally
monotone and a net (aq, a%)aer in gra A. Assume that (aq,a’)aer
norm X weak* converges to (z,z*) and (a})qer is eventually bounded. Then
(z,2*) € gra A.

Fact 3.6 (See [24, Proposition 4.1.7].) Let C be a convex subset of X with

int C' # @. Then for every z € C, int To () = Jys A [int C — z].

4 Local Boundedness Properties

The following result is extracted from part of the proof of [25, Proposition 3.1].

For the reader’s convenience, we repeat the proof here.



Fact 4.1 [Boundedness below] Let A : X = X* be monotone and
z € intdom A. Then there exist 6 > 0 and M > 0 such that x + éBx C dom A
and sUp,e,. 55, [[Aall < M. Assume that (z,2*) is monotonically related to

gra A. Then

(z —2,2") 20|27 = (|lz — =l + 6) M. (5)

Proof. Since x € intdom A, using Fact 3.3, there exist § > 0 and M > 0 such

that

Aa# @ and sup |a*]| <M, Vaé€ (x+dBx). (6)
a*€Aa

Then we have

(z—x—0,2"=b") >0, VbedBx,b" € A(x+b)

= (z—x,2") = (b,z") +{(z—x —b,—b*) >0, VbeIBx,b* € A(x+1D)
= (z—x,2") = (b,z*) > (z —x —b,b"), Vb€ IBx,b" € A(x+b)

= (z—x,2") = (b,z2*) > —(|]z — z|| + )M, VbedBx (by (6))

= (z—x,2") > (b,z") — (|z — z|| + 0)M, Vbec iBx. (7)

Hence we have (z — x, 2*) > d0||z*|| — (||z — =] + ) M. O
Fact 4.1 leads naturally to the following result which has many precursors
[11,15].
Lemma 4.1 [Strong directional boundedness] Let A : X = X* be monotone
and z € intdom A. Then there exist § > 0 and M > 0 such that

x +20Bx C dom A and sup,¢, 955, [[Aal < M. Assume also that (zg,zg) is



monotonically related to gra A. Then

s < L .
sup ™[l < 5 (lzo — @[l + 1) (llagl + 2M),
a€lz+dBx, xzo[, a*EAa

where [z + 6Bx, zo[:= {(1 —t)y +tzo |0<t <1,y € x+Bx}.
Proof. Since z € intdom A, by Fact 3.3, there exist 6 > 0 and M > 0 such

that

x+20Bx CdomA and sup |a|| <M, Vacé€ (x+ 20Bx). (8)

a*€Aa
Let y € x + 0Bx. Then by (8),
y+0Bx CdomA and sup |¢*]| <M, Vaé€ (y+0Bx). (9)
a*€Aa

Let ¢t € [0,1] and a* € A((1 — t)y + txo). By the assumption that (xo,z) is

monotonically related to gra A, we have
(a* — x5, (1= t)(y — x0)) = (a* — x, (1 — t)y + tzg — mo) > 0.
Thus
(a*, 20 —y) < (20 — ¥, 20)- (10)
By Fact 4.1 and (9),

Slla*|| < ((1 —t)y + two —y,a™) + ([|(1 — t)y + tao — y|| + ) M
< (t(wo —y),a*) + ([lwo —yl| +6) M

< (two —y),a*) + (|lwo — x| +26)M (since y € x4+ 0Bx).  (11)



Then by (11) and (10),

. 1 . M 1 . M
la*]) < 5#0 — y,26) + - lleo — 2| + 2 < sllwo =yl - 5]l + 5 llz0 — x| + 2
1 N M .
< S(on —z| +6)||x]| + TH% —x||+2M (since y € z + §Bx)
1 N N M
< 5llwo =l - llzgll + 2ol + 5 llwo -« +2M
1 " «
= 5llzo — =l (gl + M) + [lag|l +2M
1 *
< 5(||x0 —z| + 1) (a5 +2M).
Hence
* 1 *
sup la™|l < 5 (lzo — 2l + 1) (llg ]| +2M).
a€lz+dBx, xo[, a*EAa
We now have the required estimate. O

The following result — originally conjectured by the first author in [26] —
was established by Voisei in [15, Theorem 37] as part of a more complex set of
results (See [15] for more general results.). We next give a somewhat simpler
proof by applying a similar technique to that used in the proof of [25, Prop 3.1,
subcase 2].

Theorem 4.1 [Eventual boundedness] Let A : X = X* be monotone such
that intdom A # &. Then every norm x weak® convergent net in gra A is
eventually bounded.

Proof. As the result and hypotheses are again invariant under translation, we

can and do suppose that 0 € int dom A. Let (aq,a’)aer in gra A be such that

(an,al) norm x weak™ converges to (z,z"). (12)



Clearly, it suffices to show that (a})aer is eventually bounded. Suppose to the
contrary that (a)qcr is not eventually bounded. Then there exists a subnet of

(al)aer, for convenience, still denoted by (af,)qcr, such that
lim [|a} || = +o0. (13)

We can and do suppose that a¥, # 0,Va € I'. By Fact 4.1, there exist § > 0 and

M > 0 such that

(arat) > 8at]| — (laall + )M, Va e, (14)
Then we have
a; (laa]l + )M
g, —a ) > 5 Wl TOW —y o, 15
(0 Tau laz] (15)

By Fact 3.1, there exists a weak™® convergent subnet (aj)ger of (a})aer, say

a

o *

Tl € X7, (16)

lla

w

Then taking the limit along the subnet in (15), by (12) and (13), we have

(x,al,) > 0. (17)

? oo

On the other hand, by (12), we have

(x,a}) — (z,z"). (18)

biade%

Dividing by ||aX || in both sides of (18), then by (13) and (16) we take the limit

along the subnet again to get

(x,ak) = 0. (19)

o0

10



The above inequality contradicts (17). Hence we have (aq,a)qcr is eventually
bounded. O
Corollary 4.1 [Norm-weak* closed graph] Let A : X = X* be maximally
monotone such that int dom A # @. Then gra A is norm x weak* closed.
Proof. Apply Fact 3.5 and Theorem 4.1. O
Example 4.1 [Failure of graph to be norm-weak* closed] In [23], the authors
showed that the statement of Corollary 4.1 cannot hold without the assumption
of the nonempty interior domain even for the subdifferential operators — actu-
ally it fails in the bw* topology. More precisely (see [23] or [4, Example 21.5]):

Let f: (?(N) — ]—00, +00] be defined by

z — max {1+ (z,e1), sup (z,v/ne,)}, (20)
2<neN

where e, := (0,...,0,1,0,---,0) : the nth entry is 1 and the others are 0. Then
f is proper lower semicontinuous and convex, but Jf is not norm x weak*
closed. A more general construction in an infinite-dimensional Banach space F
is also given in [23, Section 3|. It is as follows:

Let Y be an infinite dimensional separable subspace of F, and (v, )nen be
a normalized Markushevich basis of Y with the dual coefficients (v}),en. We

defined v, ,, and v;m by
1 * * * . .
Vpom 1= E(Up +vpm) and vy, :=wv; + (p—1Lvym, m €N, pis prime.
Let f: E — ]—o00,+00] be defined by

z = vy (z) + max {1 + (z,v]), sup (z, 05 ) }- (21)
2<meN, pis prime

11



Then f is proper lower semicontinuous and convex. We have that df is not

norm x bw* closed and hence df is not norm x weak* closed. O

Corollary 4.2 Let A: X = X* be maximally monotone with

intdom A # &. Assume that S C dom A. Then gra Ag C gra A and in conse-
quence mw* C Az,Vx € dom A. Moreover, Ax = Ag(x),Vx € S and
hence Az = Ajy(x), Vo € int dom A.

Proof. By (3) and Corollary 4.1, graAg C graA. Since A is maximally
monotone, (for every z € domA), Az is convex and weak* closed. Thus
mw* C Az,Vx € dom A. Let z € S. Then by (3) again, Az C Ag(z)
and hence Az = Ag(z). Thus we have A = Ay on int dom A. O

We now turn to consequences of these boundedness results.

5 Structure of Maximally Monotone Operators

A useful consequence of the Hahn-Banach separation principle [5] is:
Proposition 5.1 Let D, F' be nonempty subsets of X*, and C be a convex

set of X with int C' # @. Assume that « € C' and that for every v € int To (),

sup(D,v) < sup(F,v) < +o0.

Then
D Cconv F + Nc(x)w* (22)
Proof. The separation principle ensures that suffices to show
sup (D, h) < sup(N¢(z) + F,h), VheX. (23)

12



We consider two cases.
Case 1: h ¢ Te(x). We have sup (N¢(z) + F, h) = +o0 since
sup (Nc(z), h) = +00. Hence (23) holds.
Case 2: h € Te(x). Let v € int Te(x). Then (for every t > 0)
h+tv € int Te(x) by [27, Fact 2.2(ii)]. Now z — sup (D, z) is lower semicon-

tinuous, and so by the assumption, we have

sup <D7 h> < lim inf sup <D, h+ tv> < litrg(i)rlf sup <F, h+ tv>

t—0t+
< sup <F, h> + lirgéalftsup <F, v>
= sup <F, h> ( since sup <F, v> is finite)

<sup(Nc(z) + F, h).

Hence (23) holds and we have (22) holds. O

The proof of Proposition 5.1 was inspired partially by that of [27, Theo-
rem 4.5].

Remark 5.1 Dr. Robert Csetnek kindly communicated to us the following
alternative proof of Proposition 5.1:

Let op be the support function of the set D, i.e., op(2) := supg.cp(z,d*),
Vz € X. The hypotheses imply 0p < 0F +tint 7 (2), hence taking the conjugates

we have ¢ x> (O’F + Lint Tc(x))*? since int Te(2) € domop, we can apply

———w
conv D

[12, Theorem 2.8.7 (iii)] and obtain

* 2> U;D[’i*ntTc(z) = *DUTC(I) = l’iFW*D[’NC(I) =

Lconv DY Lconv FY conv Lconv FW*+Nc (x)"

13



Thus,

*
W

o D" Coom B + Ne(x) C conv F + Ne(x) (24)

We can now provide our final technical proposition.
Proposition 5.2 Let A: X = X* be maximally monotone with
S C intdom A # @ such that S is dense in int dom A. Assume that z € dom A

and v € Hy;—(x) = int T (x). Then there exists xj € Ag(x) such that
sup (Ag(z),v) = (xf,v) = sup (Az,v). (25)

In particular, dom As = dom A.

Proof. By Corollary 4.2, gra Ag C gra A and hence

sup <As(x), v> < sup <Agv7 v>. (26)
Now we show that

sup (Ag(xz),v) > sup (Az,v). (27)

Appealing now to Fact 3.6, we can and do suppose that v = x¢y — x, where
xg € intdom A = int dom A by Fact 3.4. Using Lemma 4.1 select M,§ > 0 such
that 2o + 20Bx C dom A and
sup la*|| < M < +o0. (28)
a€lzog+0Bx, z[,a*€EAa

Let ¢ € ]0,1[. Then by Fact 3.4 again,

x +1tBs(v) = (1 —t)x + tzg + t6Bx C int dom A = int dom A. (29)

14



Then by the monotonicity of A (for every a* € A(x + tw), x* € Az, w € Bs(v))

tla* —a*,w) =(a" — 2%,z +tw—1x) > 0.

(30)
There exists a sequence (z7 )pen in Az such that
(x,v) — sup(Az,v). (31)
Combining (31) and (30), we have
(@ —xy,v+w—v) >0, Va"e€ A(x+tw), w € Bs(v), n € N. (32)
Fix 1 < n € N. Thus, appealing to (28) and (32) yields,
(a*,v) > (z},v) — (a* — 2}, w—v)
> {arv) — (M +||z}]]) - Jlw—v|] Va* € A(x 4 tw), w € Bs(v), n € N. (33)

Take ¢, := min{mﬁ} and t,, :== 1.

Since S is dense in intdom A and = + ¢, B, (v) C intdom A by (29),

SN[z+t,Be, (v)] # @. Then there exists w, € X such that

wy, € Be, (v), T +toaw, €S andthen z+t,w, — z. (34)
Hence, by (33),
* * 1 *
(a*, vy > (z),v) — e Va* € A(x + tywy,). (35)
Let af € A(xz + t,wy). Then by (35),
* * 1
(a5,0) 2 (a5 0) — 1 (36)

15



By (28) and (29), (a)nen is bounded. Then by Fact 3.1, there exists a weak*

convergent subnet of (a%)aer of (a))nen such that
a1 € X*. (37)
Then by (34), z§ € Ag(z) and thus by (36), (37) and (31)
sup <As(x),v> > <x3,v> > sup <A:U,v>.

Hence (27) holds and so does (25) by (26). The last conclusion then follows

from Corollary 4.2 directly. O
An easy consequence is the reconstruction of A on the interior of its domain.

In the language of [5,7,28-30] this is asserting the minimality of A as a w*-cusco.
Corollary 5.1 Let A: X = X™* be maximally monotone with

S Cintdom A # &. For any S dense in int dom A, we have

mw* = Az = At (x),Vz € int dom A.

Proof. Corollary 4.2 shows gra Ag C gra A. Thus Ag is monotone. By Proposi-

tion 5.2, Ag(z) # & on dom A. Then apply [7, Theorem 7.13 and Corollary 7.8]

and Corollary 4.2 to obtain

W*

conv [As(z)] = Ax = Ajn(z), Vz €intdom A,

as required. O
There are many possible extensions of this sort of result along the lines
studied in [28]. Applying Proposition 5.2 and Lemma 4.1, we can also quickly
recapture [31, Theorem 2.1].
Theorem 5.1 [Directional boundedness in Euclidean space] Suppose that X

is finite-dimensional. Let A : X = X* be maximally monotone and z € dom A.

16



Assume that there exist d € X and g > 0 such that = + ¢od € int dom A. Then
[Az], = {z* € Az | (2*,d) = sup(Az,d)}

is nonempty and compact. Moreover, if a sequence (z,)nen in dom A is such
that x,, — 2 and

. Ty, —
lim — =
[@n — ]

d, (38)
then for every e > 0, there exists N € N such that
A(zxy,) C [Az],;+eBx-, Vn > N. (39)

Proof. By Fact 3.6, we have
d = %(:c +eod — ) € % [int dom A — 2] C int T—(x). Then by Proposi-

tion 5.2 and Corollary 4.2, there exists v* € Az such that
sup(Az, d) = (v*,d). (40)

Hence v* € [Az], and thus [Az], # @.

We next show that [Ax], is compact. Let z* € [Az],. By Fact 4.1, there
exist 6 > 0 and M > 0 such that
—eo{d,z*) = (x — (xz + eod),xz*) > O|lz*|| — (Jleod|| + 6)M. Then by (40),
Olz*|| < (|leod]] + )M — eo{d, z*) = (|leod|| + 0)M — eo(d,v*) < +oo. Hence
[Az], is bounded. Clearly, [Ax], is closed and so [Az], is compact.

Finally, we show that (39) holds. By Lemma 4.1 and = + od € int dom A,

there exists §; > 0 such that

sup la*| < 4o0. (41)
a€lz+eod+61Bx, z[,a*EAa

17



By (38), we have ||d|| = 1 and there exists N € N such that for every n > N,
0<||zn—z| <eo and x,€ x+||x”—x||d—|—Hxn—a:Hg—éBX C [z +eod+ 61 Bx, z[.

Then by (41),

sup la*]| < 4o0. (42)
a*€A(zy),n>N

Suppose to the contrary that (39) does not holds. Then there exists £; > 0 and

a subsequence (zn,k)ken Of (Tn)nen and a7, ; € A(zy k) such that
T, ¢ [Ax]; +e1Bx-, VkeN. (43)

By (42), there exists a convergent subsequence of (z7, ; )ken, for convenience,

still denoted by (7, ;)ken such that

Ty — Tho (44)
Since x,, ; —> , by (44),
(z,z%,) € gra A. (45)
We claim that
xL, € [Ax], . (46)

By the monotonicity of A, recalling (40), we have (x} , —v*,Znk — ) > 0,

Vk € N. Hence
Ink — T
xy—v, ————) >0, VkeN. 47
R o

Combining (44), (38) and (47),

(xl, —v*,d) > 0. (48)

18



By (40), (48) and (45), =%, € [Az], and hence (46) holds. Then
xi, +e1Bx C [Ax], +e1Bx and x5 + 1 Bx contains infinitely many terms of
(2}, 1.)ken, which contradicts (43). Hence, (39) holds as asserted. O

Remark 5.2 In the statement of [31, Theorem 2.1], the “x —z,” in Eq (2.0)

”

should be read as “x, — x”. In his proof, the author considered it as “z,, — z”.

O

We next recall an alternate and well-known recession cone description of
Ngom a- (We give the proof for completeness and because it is often done in

restricted settings.) Consider

rec A(x)

= {x* € X* | 3t, = 07, (an,a’) € gra Asuch thata,, — z, t,a —x x*}
(49)
Proposition 5.3 [Recession cone] Let A : X = X* be maximally monotone.

Then for every x € dom A one has
Nigm7(x) = rec A(x).
Proof. Let € dom A. We first show that
rec A(x) € Ny (). (50)
Let z* € rec A(x). There are (t,)nen in R and (an, a)nen in gra A such that
th — 0, a, — . and  t,a) —yr 2", (51)
By [19, Corollary 2.6.10], (¢,a)nen is bounded. By the monotonicity of A,

(an —a,a)) > (an —a,a”), V(a,a*) € gra A.

19



Therefore,
(ap, — a,tpar) > tplan —a,a”), V(a,a™) € gra A. (52)

Taking the limit in (52), by (51), we have (x —a,2*) >0, Va € dom A. Thus,
x* € Ny—(x). Hence (50) holds.

om A

It remains to show that
NdorrlA(m) g rec A(SL’) (53)

Let y* € Ny5(«) and n € N. Take v* € Ax. Since A = Nq5—5 + A, we have

om A

ny* +v* € Az. Set a, := x,a) :=ny* +v* and ¢, := % Then we have
+ * * 1 * *
an — T, tp, — 07 and tpa, =y"+ —v"F —y".
n

Hence y* € recA(x) and then (53) holds. Combining (50) and (53), we have
Nygoz(z) =rec A(x). O
We are now ready for our main result, Theorem 5.2, the proof of which was
inspired partially by that of [32, Theorem 3.1].
Theorem 5.2 [Reconstruction of A, I] Let A : X = X* be maximally

monotone with S C int dom A # @ and with S dense in int dom A. Then

* *

Az = Nyg—(x) + conv [As(z)] =rec A(z) + conv [Ag(x)] , Vz e X,

(54)
where rec A(z) is as in (49).
Proof. We first show that
Ax = Nyg—(z) + conv [Ag(z)] , VoeX. (55)
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By Corollary 4.2, we have conv [Ag(z)] C Az, Vz € X. Since likewise

A=A+ N —

om A?

Naoma@) + cowv [As(@)]" C Az, VreX. (56)

It remains show that

*

Az C Ny (2) + conv [Ag(z)] ., Va € dom A. (57)

Let x € dom A. By the maximal monotonicity of A and Proposition 5.2, both
Az and Ag(x) are nonempty sets. Then applying Proposition 5.1 and Proposi-
tion 5.2 directly, we have (57) holds and hence (55) holds.

‘We must still show

*

Azr = Nyg—~(x) + conv [As(z)] ., VxeX. (58)

Now, for every two sets C, D C X*, we have C' + ﬁw* CC+ DW*. Then by
(55), it suffices to show that

* *

Ni—(2) + conv [Ag(x)] € Ngo—(2) + conv [Ag(x)]w , VzedomA.

(59)
We again can and do suppose that 0 € int dom A and (0,0) € gra A. Let
z € domA and z* € Ng—(z) + conv[Ag(z)] . Then there exists nets
(})acr in Nyg——(x) and (y)aer in conv [Ag(z)] such that
Th Fyn ez (60)
Now we claim that
(x})acr is eventually bounded. (61)
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Suppose to the contrary that (z¥)ses is not eventually bounded. Then there

exists a subnet of (z)qcr, for convenience, still denoted by (z%)aer, such that
li(rln |z}, || = +o0. (62)

We can and do suppose that =}, # 0,Va € I. By 0 € intdom A and

x}, € Nyg—(x) (for every o € I), there exists 6 > 0 such that 6Bx C dom A

and hence we have

(z,25) 2 sup (z,60) = 6z, |- (63)
beBx
Thence, we have
I*
(T, 757) 2 (64)
(B

By Fact 3.1, there exists a weak* convergent subnet (z7)ger of (z,)acr, say

*
T

5

Taking the limit along the subnet in (64), by (65), we have

(x,25)) > 4. (66)
By (60) and (62), we have
T* y*
S T —) (67)
[E I
And so by (65),
Ys —y (68)

Y8
lzsll
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By Corollary 4.2, conv [Ag(x)] € Az, and hence (y%)qer is in Az. Since

(0,0) € gra A, we have (y%,z) > 0 and so

Ys
<”x;§” ,x) > 0. (69)

Using (68) and taking the limit along the subnet in (69) we get

(—ai,z) >0, (70)

which contradicts (66). Hence, (2 )qes is eventually bounded and thus (61)
holds.
Then by Fact 3.1 again, there exists a weak® convergent subset of (z¥)aer,

for convenience, still denoted by (z%)aer which lies in the normal cone, such that

W*

% —wr w* € X*. Hence w* € Ny () and ¢, —+ 2% — w* € conv [Ag(z)]
by (60). Hence 2* € Nys—~(x) +mw* so that (59) holds. Then we
apply Proposition 5.3 to get (54) directly. O

Remark 5.3 Using (24), Dr. Robert Csetnek kindly showed us an elegant

proof of Theorem 5.2:

Indeed, (by Proposition 5.2) we have now

* *

Az C Ng—(2) 4+ conv [Ag(z)] € Ngo—(z) + conv [As(z)] < Az,

where the last inclusion follows from (56); hence (58) holds.

Remark 5.4 If X is a weak Asplund space (as holds if X has a Gateaux
smooth equivalent norm, see [7,28,30]), the nets defined in Ag in Proposition 5.2
and Theorem 5.2 can be replaced by sequences. By [33, Chap. XIII, Notes and
Remarks, page 239], Bx« is weak* sequentially compact. In fact, see [5, Chpt.

9], this holds somewhat more generally.
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Hence, throughout the proof of Proposition 5.2, we can obtain weak* con-
vergent subsequences instead of subnets. The rest of each subsequent argument

is unchanged. O

In various classes of Banach space we can choose useful structure for S € S4,

where
Sy = {S Cintdom A | S is dense in intdomA}.

Corollary 5.2 [Specification of S4] Let A : X = X* be maximally mono-

tone with int dom A # &. We may choose the dense set S € S4 to be as follows:

1. In a Gateaux smooth space, entirely within the residual set of non-o porous

points of dom A,

2. In an Asplund space, to include only a subset of the generic set points of

single-valuedness and norm to norm continuity of A,

3. In a separable Asplund space, to hold only countably many angle-bounded

points of A,

4. In a weak Asplund space, to include only a subset of the generic set of

points of single-valuedness (and norm to weak* continuity) of A,

5. In a separable space, to include only points of single-valuedness (and norm
to weak® continuity) of A whose complement is covered by a countable

union of Lipschitz surfaces.

6. In finite dimensions, to include only points of differentiability of A which

are of full measure.
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Proof. It suffices to determine in each case that the points of the given kind
are dense. 1: See [34, Theorem 5.1]. 2: See [7, Lemma 2.18 and Theorem 2.30].
3: See [7, Theorem 2.19 and Theorem 2.11]. 4: See [30, Proposition 1.1(iii)
and Theorem 1.6] or [7, Theorem 4.31 and Example 7.2]. 5: See [35,36]. 6:
See [9, Corollary 12.66(a)] or [5, Exercise 9.1.1(2), page 412]. O

These classes are sufficient but not necessary: for example, there are Asplund
spaces with no equivalent Géateaux smooth renorm [5]. Note also that in 5 and
6 we also know that AN\.S is a null set in the senses discussed [37].

We now restrict attention to convex functions.

Corollary 5.3 [Convex subgradients] Let f : X — ]—o0,+0o0] be proper
lower semicontinuous and convex with intdom f # @. Let S C intdom f be
given with S dense in dom f. Then (for every z € X)

* W*

Of (x) = Nagarp(@) + conv [(0f)g(2)] = Naom (x) + conv [(0f) s ()]

Proof. By [7, Proposition 3.3 and Proposition 1.11], intdom df # &. By the

Brgndsted-Rockafellar Theorem (see [7, Theorem 3.17] or [12, Theorem 3.1.2]),

domdf = dom f. Then we may apply Fact 3.2 and Theorem 5.2 to get (for

every z € X) 0f () = Nggr(z) + WW*. We have

Nigm7(@) = Naom f(2),Vz € domdf. Hence we have

0f(2) = Naom 4 (z) + comv [(0)s(@)] ,Vz € X. O
In this case Corollary 5.2 specifies settings in which only points of differen-

tiability need be used (in 6 we recover Alexandroff’s theorem on twice differen-

tiability of convex functions), see [5] for more details.

Remark 5.5 Results closely related to Corollary 5.3 have been obtained

25



in [8,27,38,39] and elsewhere. Interestingly, in the convex case we have obtained
as much information more easily than by the direct convex analysis approach

of [27]. O

We finish this section by refining Corollary 5.1 and Theorem 5.2.

Let A: X = X*. We define A: X = X* by

grad:= {(z,2") € X x X* |a* € (Ncow[A@@+2Bx)]" }.  (71)
e>0

o~

Clearly, we have gra AH‘HXW* CgraA.
Theorem 5.3 [Reconstruction of A, II] Let A : X = X* be maximally

monotone with int dom A # @.

1. Then A = A.

In particular, A has property (Q); and so has a norm x weak* closed

graph.

2. Moreover, if S C intdom A is dense in int dom A then (for every z € X)

Zg(.’b) D= ﬂ conv [A(S N (z + EBX))]W* D conv [As(l')]w*. (72)
e>0

Thence

Az = //1,\5(56) +recA(z), VxeX. (73)

Proof. Part 1. We first show that grazzl\ CgraA. Let (z,z*) € gra A. Now we

show that z € dom A. We suppose that 0 € int dom A. Since
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a* € conv [A(z + LBx)] (for all n € N),

inf (A(z + 1 Bx),z) = inf (conv [A(z + 1 Bx)] , z)

*
W

=inf (conv [A(z 4+ 1Bx)] ,z) < (z,2") + 1.

Then there exists z) € A(z,) such that
(zr,x) < (z",x) + 1, (74)
where z,, € x + %BX. By Fact 4.1, there exist §o > 0 and My > 0 such that
dollznll < (zn, 2) + (lznll + 6) Mo = (zn — 2, z5) + (@, 23) + (|2nll + 0) Mo
< %HZZH + o)+ 1+ (o] +1+8)Mo, VneN (by (74)).

Hence (2;)nen is bounded. By Fact 3.1, there exists a weak* convergent limit
2%, of a subnet of (z))nen. Then z, — = and the maximal monotonicity of A,
imply that (z,z%,) € gra A and so z € dom A.

Now let v € int Tq— (). We claim that
sup <A\(x), v) < sup (Az,v). (75)

By Fact 3.6, we can and do suppose that v = x¢ — z,
where z¢ € int dom A = int dom A by Fact 3.4. There exists a sequence (¥} )nen

in Az such that

(yr,v) — sup(/Alx, v). (76)

Using Lemma 4.1 select M, > 0 such that zg + 26Bx C dom A and

sup la*|| < M < 4o0. (77)
a€lzo+0Bx, z[,a*EAa
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Then by Fact 3.4 again,

[xo + dBx, z[ C intdom A = int dom A. (78)

Fix 1 <n € N. Since y € conv [A(z + 1Bx)] | then
(yi,v)y <sup(A(z + £ Bx),v). Then there exist z,, € (z + 2By) and
x) € A(xy) such that

(wn,v) 2 (Y, 0) = (79)

Set t,, := ﬁ. Then,

Ty — T

an;:xn+tnv:xn—x+m+tn(wo—x)Ztn(330‘1' >+(1—tn)x

n

€ tn(xg +0Bx) + (1 — t,)x. (80)

Select a € A(ay,) by (78). Then by the monotonicity of A,

*
n

tola) — ak,v) = {a} — xk,an, —x,) > 0. Hence (a},v) > (z},v). Using (79),

- =

we have
" . 1 1
(a,0) = (yn,v) =~ V5 <meN (81)

Thus, appealing to (77) and (80) shows that (a}),ey is bounded. Fact 3.1, now

yields a weak™ convergent subnet of (a%)aes of (af)nen such that
ay —uxxh € X (82)

By Corollary 4.1 and a,, — x, we have 2, € Axz. Combining (81), (82) and

(76), we obtain

sup <Ax,v> > <.T8,U> > sup <gx, v>.
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Hence (75) holds. Now applying Proposition 5.1 and Proposition 5.2, we have

*

Az C Az + N (x) = Az. Hence gra A C gra A.

om A

Since gra A C gra //1\, we have A = A. It is immediate A has property (Q) so
has a norm x weak* closed graph.

Part 2. Tt only remains to prove (72). We first show that
Ag(z) C Ag(z), Yz e X. (83)

By Proposition 5.2, dom Ag = dom A. Let w € X. If w ¢ dom A, then clearly,
Ag(w) C Iltg(w) Assume that w € dom A and w* € Ag(w). Then by (3), there
exist a net (wq, w))aer in gra AN (S x X*) such that w, — w and w} — w*.
The for every € > 0, there exists ag € I such that w, € w+eBx, Va =i ag.

Thus

wo € SN (w+eBx) andthen w} € A(SN(w+eBx)), Ya=ap.

* *

Hence w* € A(SN (w+ EBx))W C conv [A(S N (w +eBx))] " and thus (83)

holds.

By (83), we have

W

conv [Ag(z)] ) C ;L\g(l'), Vo e X. (84)

Then by Proposition 5.3,
conv [As(x)]w +rec A(z) C thg(x) +rec A(x) C Ax +rec A(z) = Az, Ve X.

Thus, on appealing to Theorem 5.2, we obtain (73). O
Remark 5.6 Property (Q) first introduced by Cesari in Euclidean space, was

recently established for maximally monotone operators with nonempty domain
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interior in a barreled normed space by Voisei in [15, Theorem 42] (See also [15,
Theorem 43] for the result under more general hypotheses.). Several interesting
characterizations of maximally monotone operators in finite dimensional spaces,

including the property (Q) were studied by Lone [40]. O

6 Further Examples and Applications

In general, we do not have Az = mw*,wc € dom A, for a maximally
monotone operator A : X = X* with S C intdom A # @& such that S is dense
in dom A.

We give a simple example to demonstrate this.

Example 6.1 Let C be a closed convex subset of X with S C int C' # & such

that S is dense in C. Then N¢ is maximally monotone and gra(N¢g)s = C x {0},

but Ne(z) # conv [(Nc)s(x)]w*,Vx € bdry C. We have

N.soconv [No(z +eBx)] = Ng(x), Vo € X.
Proof. The maximal monotonicity of N¢ is directly from Fact 3.2. Since, for

every z € int C, N¢(z) = {0}, gra(N¢)s = C x {0} by (3) and Proposition 5.2.

Hence conv [(No)s(x)] = {0},Va € C. However, N¢(x) is unbounded,

Va € bdry C. Hence N¢(z) # conv [(Nc)s(x)]w*,Vz € bdry C.

By contrast, on applying Theorem 5.3, we have

*

Nesoconv [Ne(z +eBx)] = Ne(z), Vo € X. O

While the subdifferential operators in Example 4.1 necessarily fail to have

property (Q), it is possible for operators with no points of continuity to possess
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the property. Considering any closed linear mapping A from a reflexive space

X to its dual, we have A = A and hence A has property (Q). More generally:
Example 6.2 Suppose that X is reflexive. Let A : X = X* be such that

gra A is nonempty closed and convex. Then A = A and hence A has property

Q).

Proof. It suffices to show that grale\ C graA. Let (z,2%) € gra A. Then we

have

2 € () conv {A(z + :LBX)] T M conv [A(JH— iBX)} — A+ %BX).

neN neN neN

Then there exists a sequence (a,, a’ )nen in gra A such that a,, — x,a) — z*.
The closedness of gra A implies that (z,z*) € gra A. Then grad Cgrad. O

It would be interesting to know whether A and A can differ for a maximal
operator with norm x weak* closed graph.

Finally, we illustrate what Corollary 5.3 says in the case of
2 15y () + Ll

Example 6.3 Let p > 1 and f: X — ]—o00,+00| be defined by

T 1y (2) + S|P,
p

Then for every « € dom f, we have
Ry - Jz, if|lz]| =1;

Ndom () = (85)
{0}, if [|z|| <1

[z][P=2 - Ja, if|lz]| # 0;
(Of )int(z) = (86)

{0}, otherwise
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where J := 01| - ||* and R := [0, +oo[. Moreover,

6f = Ndomf + (8f)int = Ndomf + 6%” . ||p7 and then

Of(z) # (0f)imt(x) = conv [(3f)int(x)]w*7Vx € bdrydom f. We also have

*

W

Nesoconv [0f(z +eBx)] = df(x), Vo € X.

Proof. By Fact 3.2, df is maximally monotone. We have

of = B%H P, Vz € intdom df. (87)
By [27, Lemma 6.2],
1 ll|P=2 - Tz, if [l # 0;
3};“ P (z) = (88)
{0}, otherwise.
Now we show that
1
(0f )int (2) = 3];” -|P(z), Va e domf. (89)

Let € dom f. By Corollary 4.1 and (87), we have
Lo
(0f Jine (@) S %H P (). (90)

Let z* € 8%” -||P(x). We first show that (x,2*) € gra(df)mnt. If ||| < 1, then
x € intdom f and hence by (87) and Corollary 4.2, z* € 0f(z) = (0f )t ().
Now we suppose that [|z|| = 1. By (88), 2* € Jz. Then 21z* € J(21z) and

hence (24)P~ z* € 1| - [P(" =) by (88), ¥n € N. By (87),
(=l € 0f(2t2), VYneN. (91)

Since 0 € intdom f, "T_lgc € intdom f = intdom df,Vn € N. Since

ily — o, (2P et — 2, by (91), 2 € (Of )ine(z). Hence
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8%” “||P(x) C (Of )int(z). Thus by (90), we have (89) holds and then we obtain
(86) by (88).
By (89),

*

(Of )int(z) = conv [(Of)int(x)] , Vo € dom f. (92)

On the other hand, since Ngom f = Np,, we can immediately get (85).
Then by Corollary 5.3, (92) and (89), we have
1
9f () = Naom £(z) + (9 )int(¥) = Naom (z) + (9];|| |P(z), VeeX. (93)

Let « € bdry dom f. Then ||z|| = 1. On combining (93), (85) and (86),

*

Of(x) = [1,+oo[ - Jx # Jx = (Of )int(x) = conv [(Df )ins (z)]

Theorem 5.3 again implies that

Neao conv [0f(z + eBx)]" = 0f(x), Vo € X. O

7 Concluding Remarks

We have provided explicit structure formulas for maximally monotone operators
in Banach space whose domains have nonempty interior (see Theorem 5.2 and
Theorem 5.3). In the process, we also gave new proofs of some results of Voisei
and one due to Auslender.

The results herein reinforces the need for answers to the three questions

listed below.

e How does one give characterizations of the structure of maximally mono-

tone operators with no interior point. The article [28]) treats various
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cases—for both subgradients and monotone operators—where the domain
while having empty interior is large in category. It might be possible to

extend and make more uniform the results therein.

e How does one refine the recession cone component in our main results so
as to better generalize the use of horizon subgradients used in nonsmooth
analysis (see, for example, [9])? That is, to represent any member of the
recession cone as a limit of scaled multiples of nearby elements of the range

of the operator.

e In [41], Vesely shows among other results that: The domain of the sub-
differential operator for a closed convex function is arcwise and locally
arcwise connected. When the space has a Fréchet renorm, and the func-
tion is not affine, then the range of the subdifferential is locally pathwise

connected.

This naturally raises this question: Can such results be extended to the
domain of some or all maximally monotone operators? The difficulty here
would appear to be in determining how to exploit some variant of the
Fitzpatrick function—to replace the use of the sum of the function and
its conjugate. More generally, what can be said topologically about the

domain of a maximally monotone operator?

As discussed in [1-3,5], the two most central open questions in monotone

operator theory in a general real Banach space are almost certainly the following:

(i) Assume that two maximally monotone operators S, T satisfy Rockafellar’s
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constraint qualification, i.e., the domain of one operator meets the interior
domain of another operator [42]. Is the sum operator S + T necessarily

mazimally monotone?

(ii) Is the closure of every mazimally monotone operator necessarily convex?
Rockafellar showed that the answer is ‘yes’ for every operator that has
nonempty interior domain [22] and it is now known to hold for most classes

of maximally monotone operators.

A positive answer to various restricted versions of (i) implies a positive answer
to (ii) [5,11]. See Simons’ monograph [11] and [1-3, 5, 25, 32, 43] for recent

developments of (i). Recent progress regarding (ii) can be found in [44].
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