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“intuition comes to us much earlier and with much less outside influence than
formal arguments which we cannot really understand unless we have reached a
relatively high level of logical experience and sophistication. Therefore, | think
that in teaching high school age youngsters we should emphasize intuitive

insight more than, and long before, deductive reasoning.”
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Polya Made Plausible by Computers

“A mathematical deduction appears to Descartes as a chain of
conclusions, a sequence of successive steps. What is
needed for the validity of deduction is intuitive insight at
each step which shows that the conclusion attained by that
step evidently flows and necessarily follows from formerly
acquired knowledge (acquired directly by intuition or
iIndirectly by previous steps). | think that in teaching high
school age youngsters we should emphasize intuitive insight
more than, and long before, deductive reasoning.”

“This "quasi-experimental” approach to proof can help to de-
emphasis a focus on rigor and formality for its own sake, and
to instead support the view expressed by Hadamard when he
stated “The object of mathematical rigor is to sanction and
legitimize the conquests of intuition, and there was never any
other object for it.”

George Polya, Mathematical discovery: On understanding, learning, and teaching problem solving (Combined Ed.), New
York, Wiley, 1981.



Current and expected advances in mathematical
computation and scientific visualization make it
possible to display mathematics in many varied and
flexible ways. I'll explore some of the present
opportunities to integrate graphic and other tools into
the curriculum --- for pedagogic and aesthetic reasons.

URLS http://projects.cs.dal.ca/ddrive/
http://users.cs.dal.ca/~jborwein/
http://www.experimentalmath.info
http://www.mathresources.com
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. Experimental Mathodology

1. Gaining insight and intuition

2. Discovering new relationships
3. Visualizing math principles
4

. Testing and especially falsifying
conjectures

5. Exploring a possible result to see
If it merits formal proof

6. Suggesting approaches for
formal proof

/. Computing replacing lengthy
hand derivations

8. Confirming analytically derived
results

Comparing —y2In(y) (red) to y-y? and y2-y*



“I't says it's sick of doing things like inventories
and payrolls, and it wants to make some break-
throughs in astrophysics."



Il. Collaboration goes National: East meets West

Welcome to D-DRIVE whose mandate is to study and
develop resources specific to distributed research in the
sciences with first client groups being the following communities

» High Performance Computing
» Mathematical and Computational Science Research

e Science Outreach
v' Educational
v Research




5 SMART Interwoven Screens

Experimental Inductive Mathematics

Our web site:

www.experimentalmath.info

contains all links and references

“Elsewhere Kronecker said "'In mathematics, |
recognize true scientific value only in concrete
mathematical truths, or to put it more pointedly, only
In mathematical formulas.” ... | would rather say
““computations” than ~formulas”, but my view is
essentially the same.”

Harold Edwards, Essays in Constructive
Mathematics, 2004


http://www.experimentalmath.info/

The 2,500 square
metre IRMACS
research centre

v'The building is a
also a 190cpu G5
Grid

v'At the official April
opening, | gave one
of the four

presentations fro
D-DRIVE




The present



Advanced Networking ...

Components include
= AccessGrid
= UCLP for
v haptics
v’ learning objects
v’ visualization
= Grid Computing




Haptics in the MLP

Haptic Devices extend the world of I/O into the
tangible and tactile

We are linking multiple devices
together such that two or more

users may interact at a distance

. Sensable’s Phantom Omni
* in Museums and elsewhere

* Kinesiology, HCI ....



And what they do

Force feedback informs the
user of his virtual
environment adding an
Increased depth to human
computer interaction

The user feels the contours of
the virtual die via resistance
from the arm of the device









Caveman Geometry
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“an Rob Scharein’s KnotPlot



Interactive Proofs

10161 and 10145

are two adjacent 10-crossing knots (1900)

« first shown to be the same by Ken Perko in 1974

« and beautifully made dynamic in KnotPlot



Mathematical Data Mining

An unusual Mandelbrot
parameterization

Various visual examples follow
v Roots of "1/-1’ polynomials
v' Ramanujan’s fraction
v Pseudospectra

v Code optimization
AK Peters, 2004

(CD in press)



Indra's Pearls
A merging of 19t
and 21st Centuries

http://klein.math.okstate.edu/IndrasPearls/



http://klein.math.okstate.edu/IndrasPearls/

Roots of Zeros

What you draw is

what you see
(visible patterns in
number theory)

Striking fractal patterns formed by plotting complex zeros for all
polynomials in powers of x with coefficients 1 and -1 to degree 18

Coloration is by sensitivity of polynomials to slight variation around the
values of the zeros. The color scale represents a normalized sensitivity to
the range of values; red is insensitive to violet which is strongly sensitive.

« All zeros are pictured (at 3600 dpi)

« Figure 1b is colored by their local density

« Figure 1d shows sensitivity relative to the x° term

« The white and orange striations are not understood

A wide variety of patterns and features become visible, leading
researchers to totally unexpected mathematical results

"The idea that we could make biology mathematical, | think, perhaps is not
working, but what is happening, strangely enough, is that maybe mathematics
will become biological!" Greg Chaitin, Interview, 2000.



http://www.cs.umaine.edu/%7Echaitin/cdg.html

The TIFF on THREE SCALES

Pictures are more democratic
but they come from formulae






2

/\,:

’ ZnGZ q"

2
|

FRACTAL of a

Modular Inequality

v’ related to Ramanujan’s
continued fraction

v' took several hours to print

v" Crandall/Apple has parallel
print mode




Mathematics and the aesthetic

Modern approaches to an ancient affinity
(CMS-Springer, 2005)

Why should | refuse a good
dinner simply because |
don't understand the
digestive processes
involved?

Oliver Heaviside
(1850 - 1925)

v"when criticized for his
daring use of operators
before they could be
justified formally




An Early Use of Pseudospectra (Landau, 1977)

An infinite dimensional integral equation in laser theory
v'discretized to a matrix of dimension 600
v'projected onto a well chosen invariant subspace of dimension 109




232 Mflop/s Visual Representation of
Automatic Code Parallelization




Many students actually look forward
to Mr. Atwadder’s math tests.



IVa. Inverse & Color Calculators

nverse symbolic Computation
» “Inferring symbolic structure frorr/l,/ri‘umerical data”

» Mixes large table lookup, intege_;félation methods and
intelligent preprocessing — ne_edé micro-parallelism
= It faces the “curse of exponentiality”

» Implemented as in‘/MépIe and
e.ih Mathematica

. '\dent'\W(SQrt(z-)stqﬁ(S )

3146264310



ENTERING

‘Simple Lookup’ fails;
‘Smart Look up’ gives:

—,
— .,
‘-\




“Just a darn minutel — Yesterday
you said that X equals twol"



IVb. Numeric and Symbolic Computation

O Central to my work - with Dave Bailey -

meshed with visualization, randomized checks,

many web interfaces and

v Massive (serial) Symbolic Computation < >

- Automatic differentiation code
v Integer RelationiVlethods
v Inverse Symbolic Computation

Parallel derivative free
optimization in Maple

Other useful tools : Parallel Maple

» Sloane’s online sequence database
» Salvy and Zimmerman'’s generating
function package ‘gfun’

» Automatic identity proving: Wilf-
Zeilberger method for hypergeometric
functions







Uber die Anzahl der Primzahlen unter einer Gegebenen Grosse

On the number of primes less than a given quantity EEEEHESSEESS page 1859

‘Paper of the Millennium’?

RH is so
important
because it
yields precise
results on
distribution and
behaviour of
primes




The Modulus of Zeta and the Riemann

Hypothesis (A Millennium Problem)

The imaginary parts
of first 4 zeroes are:

14.134725142
21.022039639

25.010857580
30.424876126

The first 1.5 billion
are on the critical line

Yet at 1022 the “Law

of small numbers” . _ : _
still rules (Odlyzko) Note the monotonicity of |( ¢+iy)| is equivalent to RH

‘All non-real zeros have real part one-half’
(The Riemann Hypothesis)

(discovered in a Calgary class in 2002 by Zvengrowski and
Saidak)






V. Access Grid, AGATE and Apple

|—° First 25 teachers identified
*










MITACS — MRI

putting high end science
on a hand held

D4 Wednesday, December 15, 2004 B“Sl“!ss

Try your hand at new math

Firm develops
software to help
guide kids through
maze of numbers

By GRED WacVICAR

Hon Fitagerald 5 5 matl 15 a Janguage
and most studeats are Wliterate.
The président of Halifax software

company MathRescurces Ine. wants 18

change that, That's why M, Fitzgerald

and his wife quit their jobs as haok

editors in Toronto i 3
Fon years Jater, hosays his company

s ready o rép! graphing calcul

tors with graphing software for W

Tehed COMPALErS.

“what we predict over the next
thiee to five yers 18 Aat we can buid
a1 company that would hi $40 million
0§60 million in revens M. Fitagor
41 savs in his gocond-storey suite o1
‘Spring Garden Rosd.

Ho and two professec friends
Caralyn Watters and Jonathan Bor
wein — Tounded MathResougees Ine
in 1984, They wanted to creste
software in the form of an in
msath divtionary.

Qver the next 15 months, the
about  §T0.0M of M, Fits
maney of prototyps development and
mark

By
all of my money.” MT.
“gp n friend of mine John Lindsay
. — provided us with a Hoe of eredit
of g250,000."

ACQA Kicked in anather F300,000.

Mr. Lin {s now the chalrman of
MathResour Incs singmember
boagd of directors, There are a0
sharetolders

The dictionary software wes pe
eaged i 1997, MathResource wils
senred towsrd high school, colloge and
garsily students.

“Wo sald a few thousand copies of It
and that was nice,” Mr. Fitzgerald
says. But it wasw't # coup in the
softwars world

“We thought electronic dictionaries
would be hot and we're going to be
"“l:.‘r‘“‘_ ’:,::L‘nl"“r‘;h“:!‘l‘j‘d — Ronald Fitzgerald, president of MathResolrws ., halds &
-Iuwns.\mm"d&ntl croate software for convontiondl comy L g the compA'S s progeams.
younger students. Lets Do Math: Tl\.-sa-mnlmwul:wlm-m'nphlm supt & math fosson (o explain ochnol-
ol & Things, designed for grades 1 caleulators, Mr. Fitzgerald savs. ber  ogy, Mr, Fitzperali s
to 12, was released in late 1953, Cap they're aflordable now and it woula be like trying to expla
Wo'ro gotting_respectably oo e 30 U5 chalk in $he middle of writing notes o

feedback oo the woduct,” Mr. Fitzger i s jerg- -

=-|\!‘*::.\"=< D Dy BRI soft Window: ‘:;:I;x”-‘.—“;:‘;;e:trc:wll: mii‘w?-l' WI.T S. e the Wi
Tyt o ve-oleasid next year under - already o eratand the (chnoloRY. gyl r. Fitzgorald says the BB
1 W Game. My, Fitzgeraki savs. calculator  husiness worldwide %

e whal Mr. Fitzgesald hopes will —+Tho Arning CUTVe BYaporates.” wosth over & billion dollars. He wants
sy really profitable i He says, Marning curve for 8 SR of i
the near future i AMittGraphing  traditional eraphing calculator 8 Whin we started on this project in :tr :mf'r'.

00 good for

m':-ph\nq;lmlrulrul:umg much stoeper 1904, (here was ¥ery istle interest
ibly

software for hand-hel computers A professor shouldn't have to inter-  bacausé pocket PCs were incred

mitacs



PROTOTYPE for handheld
collaboration

/




MRI’s Newest Product



MRI's First Product in Mid-nineties

~
< MATHEMATICS J Maplesoft

In-Degeh Explanations and Examples Covering Over | £, Borowal & |, Borwein
A 000 Entries with Extensive Diagrams and Charts

ATHRESOURCE
» Built on Harper Collins dictionary
- an IP adventure!

» Maple inside the MathResource
» Data base now in Maple 9.5/10
» CONVERGENCE?







M The MathResource

File EBookmarks Index Appendix

4z | PreCaous | Caloabis | Lineardlecbrs |  Huwber Theory  |Differential Equstions| Wumerical nalysis |

4Back | [anticlastic | Forvat )

anticlastic
anticlockwise anticlastic

antiderivative _ || wdi (afasurface) having curvatures of opposite signs in two perpendicular directions at a given point; saddle-shaped. Fore:
antidesignated shown [in
antidifferentiate
antilog
antilogarithtm
antiparallel
antipodal points
antisymrmetric
antitone

Apery's theorem
apex

Apallonian packing
Apollonins' circle
apothen ¥ is aminimum between & and B, but a mammum between O and D, Compare synclastic. See also saddle point.
application
applied
oyt maics [ R=IEY
approximate File Style Color  Axes| Projection

approzitmate line search

approzximation ﬂ
apse
Arabic nurmerals

arbiteary constert » Any blue is a hyperlink

e et & / > Any green opens a

arc-connested *reusable Maple window

arc-cosecatt . . ..
arc-cosech with initial parameters set
arc—cnsh
arc-colange > Allows exploration with
arc-cotatth

arc-secant xrange From: [ To: i no learning curve

atrc-sech

| arc-sine y-range From: |- To: |1

[l ||| ]e]=|o]=|o =] |« |n]|m|a|a]~ =] || [m]




Building on products such as:

MRI Graphing Calculator

& Robert Morris College

Ed Clark, an instructor at Robert Morris College,
has been using the MRI Graphing Calculator
with his students. Ed says:

/p» “The learning curve for the MRI
Graphing Calculator is very very short.”

4 “Just the fact that a handheld computer
displays color is huge.”



7> Graphing in Color

;'5.}' Inequality Plot ofx 3:45 @

Example 2
L

A

Traditional

Graphing Calculator /‘
_1|:| —

MRI Graphing Calculator
File Edit Tools| J 1| 4 B3 (3 B+




Learning Curve

ax11:56 €3

Y

Sample Labels

chocolake warilla

Sample

[ = | | veberr gy aobther

File Edit Tools | 7 | %

; pata___, _

Lalbel o Cata
wariilla =5
cChhocolate =5
stawhbhaerrv |25
otHher =5

Labe File Edit Tools | & | % C= == |~

wvanilla

chocolate
strawberry
other

-

I | -
File Edit Tools | 7 | % Bz (3 E|-




A selection of appropriate

virtual manipulables
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Enigma

“The object of mathematical rigor is to sanction and legitimize the
conquests of intuition, and there was never any other object for it.”

 J. Hadamard quoted at length in E. Borel, Lecons sur la theorie
des fonctions, 1928.
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