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``intuition comes to us much earlier and with much less outside influence than 
formal arguments which we cannot really understand unless we have reached a 
relatively high level of logical experience and sophistication. Therefore, I think 
that in teaching high school age youngsters we should emphasize intuitive 

insight more than, and long before, deductive reasoning.”
George Polya
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Mathematical Visualization  
and other Learning Tools



PolyaPolya Made Plausible by Computers

“A mathematical deduction appears to Descartes as a chain of 
conclusions, a sequence of successive steps.  What is 
needed for the validity of deduction is intuitive insight at 
each step which shows that the conclusion attained by that 
step evidently flows and necessarily follows from formerly 
acquired knowledge (acquired directly by intuition or 
indirectly by previous steps).  I think that in teaching high 
school age youngsters we should emphasize intuitive insight 
more than, and long before, deductive reasoning.”

“This "quasi-experimental" approach to proof can help to de-
emphasis a focus on rigor and formality for its own sake, and 
to instead support the view expressed by Hadamard when he 
stated “The object of mathematical rigor is to sanction and 
legitimize the conquests of intuition, and there was never any 
other object for it.”

George Polya, Mathematical discovery: On understanding, learning, and teaching problem solving (Combined Ed.),  New 
York, Wiley, 1981.



ABSTRACTABSTRACT
Current and expected advances in mathematical 
computation and scientific visualization make it 
possible to display mathematics in many varied and 
flexible ways. I'll explore some of the present 
opportunities to integrate graphic and other tools into 
the curriculum --- for pedagogic and aesthetic reasons.

URLS http://projects.cs.dal.ca/ddrive/
http://users.cs.dal.ca/~jborwein/
http://www.experimentalmath.info
http://www.mathresources.com



Outline of Presentation

I. Experimental Mathodology
II. Collaborative Tools 
III. Visualization and Data Mining
IV. Inverse and Color Calculators
V. Access Grid & Atlantic Gateway to Math
VI. University-Industry Partnerships

• MathResources Software
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I. Experimental Mathodology

Comparing –y2ln(y) (red) to y-y2 and y2-y4

1. Gaining insight and intuition

2. Discovering new relationships

3. Visualizing math principles

4. Testing and especially falsifying 
conjectures

5. Exploring a possible result to see 
if  it merits formal proof

6. Suggesting approaches for 
formal proof

7. Computing replacing lengthy 
hand derivations

8. Confirming analytically derived 
results

Science News 
2004





II. Collaboration goes National: East meets West

Welcome to D-DRIVE whose mandate is to study and 
develop resources specific to distributed research in the 

sciences with first client groups being the following communities
• High Performance Computing 
• Mathematical and Computational Science Research 
• Science Outreach

Educational 
Research



Experimental Inductive Mathematics

“Elsewhere Kronecker said  ``In mathematics, I 
recognize true scientific value only in concrete 

mathematical truths, or to put it more pointedly, only 
in mathematical formulas." ... I would rather say 

``computations"  than ``formulas", but my view is 
essentially the same.”

Harold Edwards, Essays in Constructive 
Mathematics, 2004

AMS Notices 
Cover Article

Our web site:

www.experimentalmath.info
contains all links and references 

5 SMART Touch-sensitive Interwoven Screens

http://www.experimentalmath.info/


The 2,500 square 
metre IRMACS 
research centre

The building is a 
also a 190cpu G5 
Grid

At the official  April 
opening, I gave one 
of the four 
presentations from 
D-DRIVE

Trans-Canada Seminar Thursdays  

PST 11.30 MST 12.30 AST 3.30



The present



Components include
AccessGrid
UCLP for 

haptics
learning objects
visualization

Grid Computing

Advanced Networking …



Haptics in the MLP
Haptic Devices extend the world of I/O into the 

tangible and tactile

Sensable’s Phantom Omni

We are linking multiple devices 
together such that two or more 
users may interact at a distance
• in Museums and elsewhere

• Kinesiology, HCI ….



And what they do

Force feedback informs the 
user of his virtual 
environment adding an 
increased depth to human 
computer interaction

The user feels the contours of 
the virtual die via resistance 
from the arm of the device



Mr Pi



III. Visualization now               
and in the future



Caveman Geometry



May 2005 
AMS Notices Cover



Rob Rob SchareinScharein’’ss KnotPlotKnotPlot



The The PerkoPerko PairPair

are two adjacent 10-crossing knots (1900)

Interactive Proofs

• first shown to be the same by Ken Perko in 1974

• and beautifully made dynamic in KnotPlot



Various visual examplesvisual examples follow
Roots of `1/-1’ polynomials
Ramanujan’s fraction
Pseudospectra
Code optimization 

AK Peters, 2004
(CD in press)

An unusual Mandelbrot 
parameterization

Mathematical Data Mining



2002: http://klein.math.okstate.edu/IndrasPearls/

IndraIndra’’ss PearlsPearls
A merging of 19th

and 21st Centuries

http://klein.math.okstate.edu/IndrasPearls/


Striking fractal patterns formed by plotting  complex zeros for all 
polynomials in powers of x with coefficients 1 and -1 to degree 18 

Coloration is by sensitivity of polynomials to slight variation around the 
values of the zeros. The color scale represents a normalized sensitivity to 
the range of values; red is insensitive to violet which is strongly sensitive. 

• All zeros are pictured (at 3600 dpi) 
• Figure 1b is colored by their local density
• Figure 1d shows sensitivity relative to the x9 term
• The white and orange striations are not understood

A wide variety of patterns and features become visible,  leading
researchers to totally unexpected mathematical results

Roots of Zeros

What you draw is
what you see

(visible patterns in 
number theory)

"The idea that we could make biology mathematical, I think, perhaps is not 
working, but what is happening, strangely enough, is that maybe mathematics 
will become biological!" Greg Chaitin, Interview, 2000.

http://www.cs.umaine.edu/%7Echaitin/cdg.html


The TIFF on THREE SCALESThe TIFF on THREE SCALES

Pictures are more democratic 
but they come from formulae



Roots in the most stable Roots in the most stable colouringcolouring



FRACTAL of a  
Modular Inequality

related to Ramanujan’s  
continued fraction 

took several hours to print
Crandall/Apple has parallel 

print mode

I only roughly understand the self-similarity

plots in disk• black exceeds 1• lighter is lower



Mathematics and the aesthetic  
Modern approaches to an ancient affinity 

(CMS-Springer, 2005)

Why should I refuse a good 
dinner simply because I 

don't understand the 
digestive processes 

involved?

Oliver Heaviside
(1850 - 1925)

when criticized for his 
daring use of operators

before they could be 
justified formally



An Early Use of Pseudospectra  (Landau, 1977)

An infinite dimensional integral equation in laser theory
discretized to a matrix of dimension 600
projected onto a well chosen invariant subspace of dimension 109

ε =10t



Visual Representation of 
Automatic Code Parallelization





Inverse Symbolic Computation
“Inferring symbolic structure from numerical data”
Mixes large table lookup, integer relation methods and 

intelligent preprocessing – needs micro-parallelism
It faces the “curse of exponentiality”

Implemented as identify in Maple and
Recognize in Mathematica

identify(sqrt(2.)+sqrt(3.))

IVa. Inverse & Color Calculators

Input of π

3.146264370



ENTERING

‘Simple Lookup’ fails; 
‘Smart Look up’ gives:

evalf(Sum(k^k/k!/exp(k)-1/sqrt(2*Pi*k),k=1..infinity),16)

= K





IVb. Numeric and Symbolic Computation

Parallel derivative free 
optimization in Maple

Other useful tools : Parallel Maple
• Sloane’s online sequence database
• Salvy and Zimmerman’s generating 

function package ‘gfun’
• Automatic identity proving: Wilf-

Zeilberger method for hypergeometric 
functions

Central to my work - with Dave Bailey -
meshed with visualization, randomized checks,       
many web interfaces and

Massive (serial) Symbolic Computation
- Automatic differentiation code

Integer Relation Methods
Inverse Symbolic Computation





Uber die Anzahl der Primzahlen unter einer Gegebenen Grosse 

On the number of primes less than a given quantity Riemann’s six page 1859
‘Paper of the Millennium’?

Euler’s product makes the key linkbetweenprimes and ζ

RH is so 
important 

because it  
yields precise 

results on 
distribution and 

behaviour of 
primes



The Modulus of Zeta and the Riemann 
Hypothesis (A Millennium Problem)

The imaginary parts 
of first 4 zeroes are:

14.134725142 
21.022039639 

25.010857580 
30.424876126

The first 1.5 billion 
are on the critical line

Yet at  1022 the “Law 
of small numbers”
still rules (Odlyzko)

‘All non-real zeros have real part one-half’
(The Riemann Hypothesis)

Note the monotonicity of  |ζ( ¢+iy)| is equivalent to RH
(discovered in a Calgary class in 2002 by Zvengrowski and 

Saidak)





V. Access Grid, AGATE and Apple 

First 25 teachers identified







MITACS – MRI       
putting high end science  

on a hand held

VI. University – Industry links



PROTOTYPE for handheld PROTOTYPE for handheld 
collaborationcollaboration



MRI’s Newest Product



MRI’s First Product in Mid-nineties  

►Built on Harper Collins dictionary
- an IP adventure!

► Maple inside the MathResource

► Data base now in Maple 9.5/10

►CONVERGENCE?





Any blue is a hyperlink

Any green opens a 
reusable Maple window 
with initial parameters set

Allows exploration with 
no learning curve



MRI Graphing Calculator
& Robert Morris College

“The learning curve for the MRI 
Graphing Calculator is very very short.”

“Just the fact that a handheld computer 
displays color is huge.”

Building on products such as:

Ed Clark, an instructor at Robert Morris College, 
has been using the MRI Graphing Calculator 
with his students.  Ed says:



Graphing in Color

Traditional 
Graphing Calculator

MRI Graphing Calculator



Learning Curve

Sample 
Data



A selection of appropriate  
virtual manipulablesmanipulables









J.M. Borwein and D.H. Bailey, Mathematics by Experiment: 
Plausible Reasoning in the 21st Century A.K. Peters, 2003.

J.M. Borwein, ``The Experimental Mathematician: The Pleasure    
of Discovery and the Role of Proof,'' International   Journal of 
Computers for Mathematical Learning, 10 (2005), 75--108. 

D.H. Bailey and J.M Borwein, "Experimental Mathematics: 
Examples, Methods and Implications," Notices Amer. Math. Soc., 
52 No. 5 (2005), 502-514. 

“The object of mathematical rigor is to sanction and legitimize the 
conquests of intuition, and there was never any other object for it.”

• J. Hadamard quoted at length in E. Borel, Lecons sur la theorie
des fonctions, 1928.
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