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ABSTRACT

Jonathan M. Borwein

Director

Newcastle Centre for

Computer Assisted Research Mathematics 
and its Applications (CARMA)

"The object of mathematical rigor is to sanction and legitimize the conquests of 
intuition, and there was never any other object for it." – Jacques Hadamard

Integer Relation Methods were named as one of  the 'top ten' 
algorithms of the 20th century by Computers in Science and in 
Engineering (1999).

In my talk I will outline what Integer Relation Methods are and I will 
illustrate their remarkable utility on a variety of mathematical 
problems, some pure and some applied.
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Let (xn) be a vector of real numbers.  An integer relation 
algorithm finds integers (an) such that 

or provides an exclusion bound

– i.e., testing linear independence  over Q

• At present, the PSLQ algorithm of mathematician-
sculptor Helaman Ferguson is the best known integer 
relation algorithm.

• High precision arithmetic software is required:  at least    
d £ n digits, where d is the size (in digits) of the largest of 
the integers ak.

INTEGER RELATION ALGORITHMS: 
WHAT THEY ARE
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INTEGER RELATION ALGORITHMS: 
HOW THEY WORK

PSLQ is a combinatorial optimization algorithm designed 
for (pure) mathematics

The method is “self-diagnosing”---- the error drops 
precipitously when an identity is found. And basis 
coefficients are “small”.



TOP TEN ALGORITHMS

• integer relation detection (PSLQ, 1997) was the most 
recent of the top ten



HELAMAN FERGUSON
SCULPTOR and MATHEMATICIAN



Ferguson’s Sculpture



MADELUNG’s CONSTANT
David Borwein CMS Career Award

This polished solid silicon bronze sculpture is inspired by the work of David
Borwein, his sons and colleagues, on the conditional series above for salt,
Madelung's constant. This series can be summed to uncountably many
constants; one is Madelung's constant for electro-chemical stability of
sodium chloride.

This constant is a period of an elliptic curve, a real surface in four dimensions.
There are uncountably many ways to imagine that surface in three
dimensions; one has negative gaussian curvature and is the tangible form of
this sculpture. (As described by the artist.)

../My Documents/JB616/My Documents/My Pictures/Family Canada Oz/Family/Parents/borweinSculptureLrg.jpg
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INTEGER RELATION ALGORITHMS: 
WHAT THEY DO: ELEMENTARY EXAMPLES

An application was to determine explicitly 
the 4th and 5th bifurcation points of the 

logistics curve have  degrees 256.



FINALIZING FORMULAE

If we try with arctan(1/238) we obtain huge integers

In his head



INTEGER RELATIONS in MAPLE

• Maple also implements the Wilf-Zeilberger algorithm
• Mathematica can only recognize algebraic numbers



INTEGER RELATION ALGORITHMS: 
WHAT THEY DO: ADVANCED EXAMPLES

• THE BBP FORMULA FOR PI

• PHYSICAL INTEGRALS

–ISING AND QUANTUM FIELD THEORY

• APERY SUMS 

–AND GENERATING FUNCTIONS

• RAMANUJAN SERIES FOR 1/¼N



The BBP FORMULA for Pi

In 1996 Bailey, P. Borwein and Plouffe, using PSLQ for 
months, discovered this formula for :  

Indeed, this formula permits one to directly calculate 
binary or hexadecimal (base-16) digits of  beginning at 
an arbitrary starting position n, without needing to 
calculate any of the first n-1 digits.

A finalist for the Edge of Computation Prize, it has been 
used in compilers, in a record web computation, and in 
a trillion-digit computation of Pi.



PHYSICAL INTEGRALS (2006-2008)
The following integrals arise independently in mathematical 
physics in Quantum Field Theory and in Ising Theory:

where K0 is a modified Bessel function.  We then (with care) computed 400-
digit numerical values (over-kill but who knew), from which we found with 
PSLQ these (now proven) arithmetic results:

We first showed that this can be transformed to a 1-D integral:



IDENTIFYING THE LIMIT WITH THE ISC (2.0)

We discovered the limit result as follows:  We first calculated:

We then used the Inverse Symbolic Calculator, the online numerical constant 
recognition facility available at:
http://ddrive.cs.dal.ca/~isc/portal
Output: Mixed constants, 2 with elementary transforms. 

.6304735033743867 = sr(2)^2/exp(gamma)^2 

In other words,

References. Bailey, Borwein and Crandall, “Integrals of the Ising Class," J. Phys. A., 
39 (2006) 
Bailey, Borwein, Broadhurst and Glasser, “Elliptic integral representation of Bessel 
moments," J. Phys. A, 41 (2008) [IoP Select]

http://ddrive.cs.dal.ca/~isc/portal
http://ddrive.cs.dal.ca/~isc/portal


APERY-LIKE SUMMATIONS
The following formulas for (s) have been known for many decades:

These results have led many to speculate that

might be some nice rational or algebraic value.

Sadly (?), PSLQ calculations have established that if Q5 satisfies a polynomial with 
degree at most 25, then at least one coefficient has 380 digits. But positive results 
exist.

The RH in Maple



3. was easily computer proven (Wilf-
Zeilberger) (now 2 human proofs)

2

Riemann (1826-
66)

Euler 
(1707-73)

1

2005 Bailey, Bradley  & 
JMB discovered and proved
- in 3Ms - three equivalent

binomial identities

2. reduced as
hoped

APERY OGF’S

1. via PSLQ to    
5,000 digits
(120 terms)

3



NEW RAMANUJAN-LIKE IDENTITIES
Guillera (around 2003)  found Ramanujan-like identities, including:

where

Guillera proved the first two using the Wilf-Zeilberger algorithm.  He 
ascribed the third to Gourevich, who found it using integer relation 
methods. It is true but has no hint of a proof…

As far as we can tell there are no higher-order analogues! 



REFERENCES

• www.experimentalmath.info is our website

http://www.experimentalmath.info/


“The Crucible” An advert


