UNIFORMLY CONVEX FUNCTIONS ON BANACH SPACES

J. BORWEIN!, A. J. GUIRAO?, P. HAJEK?, AND J. VANDERWERFF

ABSTRACT. We study the connection between uniformly convex functions f :
X — R bounded above by ||z||?, and the existence of norms on X with moduli
of convexity of power type. In particular, we show that there exists a uniformly
convex function f: X — R bounded above by || - ||? if and only if X admits a
norm with modulus of convexity of power type 2.

1. INTRODUCTION

Uniformly convex functions on Banach spaces were introduced by Levitin and
Poljak in [13]. Their properties were studied in depth by Zalinescu [17], and then
later Azé and Penot [2] studied their duality with uniformly smooth convex func-
tions; see also [18] for more details. Yet, surprisingly, little precise information
seems to be known about when they can exist on Banach spaces. For example, [18,
Theorem 3.5.13], shows that a Banach space admitting a uniformly convex function
whose domain has nonempty interior is reflexive, and in fact, it can be shown that
such a Banach space is superreflexive—see Theorem 2.5 (recall that a Banach space
is superreflezive if and only if it admits an equivalent uniformly convex norm [9]).
On the other hand, if one does not require the function to be globally uniformly
convex, then [4] and [5] show f(z) = ||z|" is totally convex and uniformly convex
on bounded sets whenever || - || is uniformly convex and r > 1. See also [3, 6] for
further applications of totally convex and other related convex functions.

In this note, we will focus on the class of uniformly convex functions, i.e. func-
tions that are globally uniformly convex as studied in [17] and defined below. This is
known to be a more restricted class of functions than those that are uniformly con-
vex on bounded sets; see e.g. [18, Proposition 3.5.8] which shows that f(z) = ||z||”
cannot be uniformly convex for » < 2. We will sharpen this by establishing the
precise connection between the uniform convexity of f(z) = ||z||” and the modu-
lus of convexity of || - ||. We also examine the more general converse problem: if
f: X — R is uniformly convex and bounded above by | - ||", does X admit a norm
with a modulus of convexity of power type related to r?

We work with a real Banach space X with dual X*, and let Bx and Sx denote
the closed unit ball and sphere respectively. The Fenchel conjugate of f is the
function f* : X* — (—o0, +00] defined by

fr(x*) =sup{z*(z) — f(z) : 2z € X}.
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For a given convex function f: X — RU {400} we define its modulus of convezity
as the function 6 : RT — [0, +-00] defined by
(1 1 T4y
op(t) =t {160+ 5700~ (552 ) s llo —vll =t 5y € dom
where the infimum over the empty set is +0o. Similarly we consider the modulus
of smoothness of f: X — R as the function ps : R — R defined by

i) = {51+ 51 -7 (32 ) =yl = 1.

We say that f is uniformly convex when d7(t) > 0 for all ¢ > 0, and f has a modulus
of convezity of power type p if there exists C' > 0 so that d(t) > Ct? for all t > 0.
We will say f is uniformly smooth if lim, o+ ps(¢)/t = 0, and f has a modulus of
smoothness of power type q if there is a constant C' > 0, so that ps(t) < Ct? for
all t > 0. Let us note that these concepts are sometimes defined using the gage of
uniform convexity and gage of uniform smoothness respectively as found in [18]; it
is important to note that these alternate definitions using the respective gages are
equivalent to those just given; cf. [17, Remark 2.1] and [18, p. 205].

2. UNIFORM CONVEXITY OF FUNCTIONS AND NORMS

This section will demonstrate for 1 < p < oo that f(-) = || - ||? is uniformly
convex if and only if || - || has modulus of convexity of power type p.

Lemma 2.1. Let 0 <r <1, then |t" — s"| < |t — s|" for all s, t € [0, 00).

Proof. First, for x > 0, (1 4+ )" < 1+ 2" (see [16, Example 4.20]). Setting = =
(t—s)/s with t > s > 0, and then multiplying by s”, we get t" < s" + (t — s)". The
conclusion follows from this. O

Theorem 2.2. For 1 < g < 2, the following are equivalent in a Banach space X .

(a) The norm ||-|| has modulus of smoothness of power type q.
(b) The function f(-) = ||||? has modulus of smoothness of power type q.
(c) The function f(-) = ||| is uniformly smooth.

Proof. (a) = (b): We assume that ||-|| has modulus of smoothness of power type
g. Then it has a (Fréchet) derivative satisfying a (¢ — 1)-Holder-condition on its
sphere, see [7, Lemma IV.5.1]. Moreover, f(z) = |z|? satisfies f'(0) = 0 and
fl(xz)=q ”qu—l ¢, where ¢, € J(z), the duality map, for  # 0 (i.e. ¢, € Sx, and
¢z(z) = ||z||). Observe that if z =0 or y = 0 then ||f'(z) — f/(v)| < q|lz —y||".
Assuming that z,y € X \ {0} we compute,
F@) =1 = allal™™ 6 —alyl” &,
1 —1 —1 -1
= gl ¢e —allzl" by +allzl™ by —allyl* ¢y

(2.1) = alle| (6x = &) + (alle|" = allyll” )6y

Using Lemma 2.1 we also compute
-1 -1 -1 -1
(2.2) qllzl*" = qllyll* ‘S gl llzll =yl |* < qlle -yl """

We now work on an estimate for ¢z (¢o — ¢y). First, consider the case
where 0 < [ly] < [lo]l < 1. Tf |y < |z} /2, then

-1 —1 -1
|zl 1da — ¢yl < 2q |21 < q27 lz —y|I""".
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If ||z]| < 1 and |ly|| > ||z|| /2, consider @’ = Ax where A = ||y||/||z||, so that
'] = [lyll. Then

2" =yl < ll2" =2l + [l - yll
el = Myl + llz = yll < 2|z =yl

Thus, given the Holder-condition for the derivative on spheres, there is C' > 0 such

that [|¢y — dol| < Cllu—o]|2" /|u|?*"" when |ju|| = ||v||, and so we have
2|z -yl "™
62— @yl = i — 1l < C ( |
[yl
Consequently,
—1
&S

-1 — —1 — —1
gz lga — ¢yl < Cq 207 lo —y[|" < C22 gz —y)| "

-1
lyll?
Hence in either case we have K > 0 so that for z, y € Bx we have
-1 -1
|z g — ¢yl < K flz —y)* .

Now consider the case ||z]| > 1, and let A = ||z||. Denote u = z/\ and v = y/\.
Then u, v € Bx and ||lu — v|| = |Jx — y|| /A. Thus one can write

-1 -1
=" ¢z — ¢yl a1 lpu — ¢l

< gllal" K Ju— o)

1 1 1
= gllell* = K [z —
Iz

— Kqllo—y)"".

Consequently, in any case

(2.3) allz]* 16x — ¢yl < Kallo —y|* "

Combining (2.1), (2.2) and (2.3) shows that for f(z) = ||z||?, f/(x) satisfies a (¢—1)-
Hélder-condition and hence that ||z]|? has modulus of smoothness of power type ¢,
on appealing to [18, Corollary 3.5.7] (see also [7, Lemma V.3.5]).

Now (b) = (c) is trivial, so we prove (c) = (a). Suppose ||-|| does not have
modulus of smoothness of power type q. Then using [7, Lemma IV.5.1] there are
X, Yn € Sx such that ||z, — yn|| — 0 while

—1
¢z, = by, Il Z 0 llen —ynl ™

Let 6, = ||zn — ynl|| and define u,, = ﬁxn and v, = ﬁyn. Then |[u, — v, =

1
Tm 0. However

1 ) = £ @)l = [alunl ™" 6w, = allonll ™ b,
-1 -1
™™ 62, = alloall™™ 6y,

q
i 60, = 00|
n N 2
q _ 3—gq
L ) = 5 o
n 12




4 J. BORWEIN?, A. J. GUIRAO?, P. HAJEK®, AND J. VANDERWERFF

Consequently, f’ is not uniformly continuous, and so [18, Theorem 3.5.6] (see also
[7, Lemma IV.3.5]) shows that that f(-) = ||-|? is not a uniformly smooth convex
function. O

The results in [2] enable us to derive the dual version of Theorem 2.2 for uniformly
convex functions.

Theorem 2.3. Let X be a Banach space, and let 2 < p < co. Then the following
are equivalent.

(a) The norm ||-|| on X has modulus of convexity of power type p.

(b) The function f(-) = ||-||* has modulus of convexity of power type p.

(¢c) The function f(-) = ||-||” is uniformly convez.

Proof. (a) = (b): Let us assume that [|-|| has modulus of convexity of power type
p, then the modulus of smoothness of the dual norm on X*, namely |-||,, is of
power type g where ]l) + % = 1; see [7]. By Theorem 2.2 the function g(-) = % [I-1¢

has modulus of smoothness of power type ¢q. The Fenchel conjugate of g is g*(-) =
% |I-II7, see [2, 18]. Now g*—and hence ||-||"—has a modulus of convexity of power
type p according to [2] (see also [18, Corollary 3.5.11]).

Observe that (b) = (c) is trivial, so we prove (¢) = (a). Indeed, assuming that
f() =" is a uniformly convex function, then [2] shows that f* (and hence |-||%)
is a uniformly smooth function. According to Theorem 2.2, ||-||, has modulus of
smoothness of power type g; therefore ||-|| has modulus of convexity of power type
p, see [7]. O

We close this section by confirming that the spaces with nontrivial uniformly
convex functions are the superreflexive spaces. First, we record a simple sym-
metrization fact.

Lemma 2.4. Suppose f : X — (—o0,+00] is a l.s.c. uniformly convezr function.
Then there exist a uniformly convex l.s.c. function h : X — (—o0,+0o0] that is
centrally symmetric with

0= h(0) =inf{h(z) : z € X}.

Proof. We can assume that f is centrally symmetric and u.c. by replacing f with
w Observe then that f(0) = min{f(x) : z € X} and thus, the function
h(z) = g(x) — ¢g(0) satisfies our requirements. O

Theorem 2.5. Let X be a Banach space. Then the following are equivalent.

(a) There exists a l.s.c. uniformly convex function f: X — (—o0,+00] such that
the interior of the domain of f is not empty.

(b) X admits an equivalent uniformly convex norm.

(c) There exist p > 2 and an equivalent norm ||-|| on X so that f(z) = ||| is
uniformly convez.

Proof. (a) = (b): Shift f so that 0 € int(dom f) now by Lemma 2.4 and its
proof there is a l.s.c. uniformly convex function g that is is centrally symmetric,
g(xz) > g(0) = 0 for all z, and 0 € intdom g. Fix r > 0 so that rBx .|y C domg.
Then for ||h|| = r we have

3900+ 5900 =9 (5 ) = 6,01 > 0.
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Thus g(h) > 264(r) for all h such that ||k|| = r. Let us consider the norm ||-|| whose
unit ball is B = {z : g(x) < dy4(r)}. We have shown that B C rB(x,.|) and since 0
is a point of continuity of g (see [18, Corollary 2.2.13]) then 0 € intB and so ||-|| is
an equivalent norm on X.

If flzn ]l = llyn]l = 1 and

Tn + Yn

2 -0,

1 1
S lall + 5 lgall -

then d (IEn;ryn’ SI‘I) — 0 where Sy = {x : ||z|| = 1}. Because g is Lipschitz on

B by [18, Corollary 2.2.12], this means g (Z23¥2) — §,(r). Consequently 1g(z,,) +
39(yn) — g (%) — 0, so the uniform convexity of g ensures that ||z, — yn| — 0
and hence ||z, — yn|| — 0

(b) = (c): According to the well-known Enflo-Pisier theorem ([9, 14]), there

exist p > 2 and an equivalent norm ||-|] whose modulus of convexity is of power
type p. Consequently, Theorem 2.3 shows the function ||-||” is uniformly convex.
(¢) = (a): This is trivial. O

Note that the indicator function of a single point in any Banach space is trivially
uniformly convex. Thus, some domain interiority condition is required in Theo-
rem 2.5(a).

3. GROWTH RATES OF UNIFORMLY CONVEX FUNCTIONS AND RENORMING

In this section we will construct a uniformly convex norm whose modulus of
convexity is related to the growth rate of a given uniformly convex function on the
Banach space thus sharpening Theorem 2.5.

Lemma 3.1. Let ||-|| be a norm on a Banach space X. Suppose ||z|| = |ly|| > 1,
and ||x —y|| > § where 0 < § < 2||z||. Then inf;>o ||z — ty|| > /2.

Proof. Assume that ||z — toy|| < /2 for some ¢y > 0. Then |1 — to| |Jy|| < §/2 and
s0

=yl < [lz— toyll + |1 — tol [lyl] <.
which is a contradiction. (]

Lemma 3.2. Suppose F: R — [0, 00) is continuous and conver with F(0) =0 and
F(t) >0 fort > 0. Suppose for alln > N that {||-||,, }n>n are norms on X with

K 1
—=== I <l < 55 I
F(2m) 2
for some K > 0. Assume that ||z||, = ||y|l,, = 1 with ||z —y|| > 1 implies that
Tty S
2 |, F (% F(2”))

for some C > 0. Then the modulus of convezity of the equivalent norm |-| =

anN ||||n satisfies
R
oy.4(t) =

FOME)F (% F(Mt—l)) ’

for some positive constants R and M.
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Proof. Tt is clear the norm || is equivalent to ||-|]. Moreover, we can find another
scalar k > 0 so that the norm ||-|| = k|| satisfies
K’ 1
K/ A< 1 < - and — |- ]Il < ||- < — |-
- < - < -1 e I <1l = 5 01
for some 0 < K’ < 55— and for all n > N. Now suppose that [lz]| = ||yl = 1 and
x #y. We can choose and fix n > N so that
1 1
(3.1) o1 <z —yll < g g
We may without loss of generality assume that ||z||,, < [|y||,,. Now let us denote
a= Hx||;1 and b = ||yH;L1 Then 2" <b<a < };((/Zn), and therefore
a 2
laz — ayl > ey > .
According to Lemma 3.1 [laz — by|| > 7, which in turn implies |jaz — by|| > 1.
Thus we compute
ax + ay ax + by 1
“la—b
Rl S R L
1 1 1 C
< 5 laall, + 5 oyl + 500 =) Il — —
F(%F@E)
a c
= Ll + il — =
F (? F(Z“))
This inequality implies
T+y 1 1 C
(32 U< D+ g Il — — .
0 aF (? F(2"))
Thus, using (3.2), and the triangle inequality on [|-||; for j # n, we get
z+y k k K'kC
22 <5 X ety 5 S, - : .
i>N i>N VE@MF (f\/F(?”))

Let us denote M =4/K’ and R = K'-k-C. Let ¢t = ||z — y||, according to (3.1),
t < 75—z and thus F(2") < F(7%). Therefore

Kian—2 tK'
T+y m <1- R ’
2 VEQIEHF (%\/F(Mt—l))
which finishes the proof, since d). = d,. (]

Lemma 3.3. Suppose f: X — (—o00,+00] is a l.s.c. convex function.
(a) If f is uniformly convex, then liminf) ;o % > 0.
(b) Suppose f(x) < F(||z|)) for all x and F : [0,4+00) — [0,+00] is non-
decreasing. If xg # 0, and f(xo) > 0, then

Hilﬂlglf’(xo,h) < F(2]zoll)/ o]l -
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Proof. (a) This is shown in [18, Proposition 3.5.8].
(b) Given that zg # 0, f(zo) > 0 and ||h]| = 1, we have

(20, h) = lim flzo +th) — f(xo) < flxo + ||zo|l h) — f(xo) - F(2 ||x0||)7
— ! ol ol
where the first inequality above follows from the convexity of f. m

Theorem 3.4. Let X be a Banach space and let f : X — R be a continuous
uniformly convex function satisfying f(x) < F(||z||) for all x € X for some non-
negative real function F with F(0) = 0. Then X admits an equivalent norm |-| so
that R

5|.|(t) >

 VEQIENF (FMET))

for some positive constants R,M and S.

Proof. First of all, replacing f with w we can assume that f is centrally
symmetric. Using Fenchel conjugation we obtain f(z) < F**(||z||) for all z € X.
According to Lemma 3.3 we choose N € N and K > 0 so that f(z) > K2 ||z|*
whenever ||z|| > N. Thus we have

K*||z|* < f(z) < F*(|lz]}) whenever ||z|| > N.

For n > N, let |-|,, have unit ball B,, = {z : f(z) < F**(2")}. For any 2 € X \ {0},
f(z/|z|,) = F**(2"). Hence F**(||z| / |z|,) > F**(2"). Since F(0) = 0, F** and
F**(s)/s are non-decreasing. This implies that ||z|| > 2" |z|,. Analogously, using
that K2 ||z/|z|.]|* < f(z/ |z|,)) one obtains \/F**(2") |z|, > K ||z||. Consequently,

1
el < lal, < o7 Nl

Now suppose |z, = [y[,, = 1, and ||z —y|| > 1. Letting 5 denote the modulus of
convexity of f with respect to ||-||, the uniform convexity of f ensures é¢(1) > 0.
Then denoting z = ¥ and 2’ = z/|z|,, we obtain
_ !
51 < 1&)=L cp oy

2 —z
3) — 1=l (s ) < Ml =

12" = =]

where M, = sup{f'(u,v) : |u|,, = 1,[v]| = 1}. Using the fact that F**(r)/r is
nondecreasing for r > 0 (see [15]) along with Lemma 3.3 while noting f(u) > 0
when |u|,, = 1, we obtain

(3.4) M, < P (2 \/F**(Qn)> /\/F**(Qn)

K K

Consequently, using |-| > —& |||, (3.3) and then (3.4), we obtain
aently, using |, > <K 1. (3.3 (34)

x4y , K dr(1) K
R Y :
2 " F**(2n) M, /F**(?n)
1
(3.5) < 1- or(1)
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Applying Lemma 3.2, and noting F** < F', we obtain that
R R

> )
PN P (£F(MEY) — FOMEDF (2 FOMET))

This completes the proof. ([l

5 (t) =

Corollary 3.5. Let X be a Banach space and [ : X — R a continuous uniformly
convex function satisfying that f(x) < ||x||’ for some p > 2 and for all x € X.
Then X admits a norm with modulus of convexity of power type §(p +1).

Proof. Applying Theorem 3.4 for F'(t) = tP we obtain an equivalent norm |-| and
positive constants R, M and .S such that

J. (t) > D 2
T e (syare) (anyf e ()%

R e
Sp A5 (P+1) ’

i.e., there exists a positive constant K such that 6. (t) > Ktzp+1), O

4. A SHARP RESULT FOR p =2

In this section, we will sharpen the result from Corollary 3.5 in the case p = 2
to obtain the optimal result that if X has a uniformly convex function bounded
above by ||-||* then there is an equivalent norm on X with a modulus of convexity
of power type 2. We refer to [8] for some related information on this case. We begin
with some preliminary results.

Let X be a Banach space. We can associate to X the following modulus

~ 1
0x(e) = sup {57'5 - px*(T)},
>0
where € € [0,2]. By Lindenstrauss’ formula ox < 6x while dx () > dx(g/2), see
[10].

The modulus of smoothness associated with X satisfies the following property
which characterizes those functions being a modulus of smoothness of a Banach
space (see [11] for a dual result).

Proposition 4.1. [10, Proposition 10] Let (X, ||-||) be a Banach space. If 0 < 1 <
o, then

px(0)/0* < Lpx(1)/7?,
where L is a constant smaller than 2T~ (1 +27™/3) ~ 3.6591297. ...

Lemma 4.2. Let X be a Banach space. Suppose {||-||,}n>n are norms on (X, ||-||)
so that for some K >0 and alln > N, one has

K< M- < T
Then there exists an equivalent norm |-| such that for alln > N
Op1(8) = Rody g, (2),

where Ry > 0 is a universal constant.
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Proof. A norm with the required property can be defined by the formula

2 2
o> =) an |zl

n>N

2
K . . ey
SRoL and where L is as in Proposition 4.1.

Let us fix n > N and denote Y = {5(X, |-]|,,).- Applying [10, Prop. 19] with
M(t) =2 and X; = (X, |-||,,)* one has that

where a,, satisfies Y -y an =

py-(T) < Ko sup pex,), )+ (T/u)u?,
T<u<l

where K¢ depends neither on X nor on ||-||,,. Now, applying Proposition 4.1 we
obtain

py= (1) < KoLp(x |,y (),
and by duality

5y(€) > gy(&?) > KOLBV(X,H‘H”) (E/K()L) > KOL(S(X,HN") (6/2K0L),

forall 0 <e < 2.
From the proof of [10, Prop. 18] one has that 0(x |.y(¢) > %53/(05), where
¢ = 2Ky L. Therefore

KoL
dx () 2 —5=0ex )1, (€
which finishes the proof. O

We can now complete our final result.

Theorem 4.3. Let X be a Banach space and f : X — R a continuous uniformly
convez function satisfying f(z) < ||z|* for all z € X. Then X admits a norm with
modulus of convezity of power type 2.

Proof. Again replacing f with W clearly preserves the uniform convexity
of f and allows us to assume f(—xz) = f(z) for all z € X. According to Lemma 3.3
we may choose N € N and K > 0 so that f(z) > K2 ||z||> whenever ||z > N.
Thus we have
K2|jall? < f(z) < ljall® whenever |lz] > N.

For n > N, let |-|,, have unit ball B, = {z : f(z) < 2*"}.

For any z € X \ {0}, f(z/|z|,) = 2*". Hence, using f(z) < |]|*, we obtain
lz|]| > 2"|z|,. Analogously, using that K? ||33/|:1c|n||2 < f(z/|z|,) one obtains
2" |z|,, > K ||z||. Consequently,

el < Jel, < o N
o 2l < lel, < o el
Let us consider |z|, = |y|, = 1, this is f(z) = f(y) = 22", with |z —y|,, > 1/2".

Then ||z — y|| > 1, and letting z = £5¥, 2/ = 2 /|2, and M,, = sup{f’(u,v) : |u|,, =

1, |lv|| = 1}, as in (3.3) in the proof of Theorem 3.4 one has
(4.1) 0<dp(1) <M, ||z —z|

Because, f(z) < ||z||*, and proceeding as in (3.4) we obtain

(4.2) M, < (2. 2n)2/2n _ 42

K K K
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Using |-[,, > & |||, (4.1), (4.2) and proceeding as in (3.5), we obtain

K K C

Tty

n

where C' = 6;(1)K?/4. This implies that

i (32 (d)

For a fixed n > N let us consider k = 1,2,...,2" and the constant R = o where
L is the Figiel’s constant of Proposition 4.1. Then

4L

c 1 _9,@ 0, (k27
C= QTTL ’ 92—2n S 2—2n S AL k22—2n

This implies

k R [k
(5‘.| — | >= = .
n 2n RO 2n

For each n > N, let us consider the new norm |-||,, = 2" |-|,. These new norms
satisfy

K< Al < - and 81 () = dyy, (-

Applying Lemma 4.2 we obtain an equivalent norm |-| on X such that 0. (t) >

Ro(SH.Hn(t) for n > N.

Finally, let us fix ng and k£ < 2™°. For any n > ng we have that 250 = kQ;L;nO.

Therefore 5H-Hn (%0) = §||_||n (m%no) > B (250 )2, which implies that

2n = Ro

k k2
5‘.‘ <2n0> ZR(2n0> .

In the previous paragraph we have shown that §;./(t) > Rt? for all ¢ lying in D =

{£ :neN,1<k<2"}. Since D is dense in [0, 1] and since d)./(+) is continuous
[12], we have §),/(t) > Rt?, which finishes the proof. O

Acknowledgment. We thank Professor C. Zalinescu for several helpful sugges-
tions concerning this note.
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